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In this article we study the codes given by / hypersurfaces in P7 to obtain a new
formuia for the dimension of codes given by (n -/) flats. We also obtain a new
formula for the dimension of the vth order generalized Reed Muller code and
describe the code given by the hyperplane intersections of the Segre embedding of
Pex P, & 2001 Academic Press

1. INTRODUCTION

This article grew out of our attempt to understand the methods of [6]
in the context of Veronese and Segre embeddings of projective spaces over
finite fields.

Let ¢ = p® p a prime, and P denote the n dimensional projective space
over the finite field I . The zero set in P of a homogeneous polynomial of
degree / over ¥, is called a [ hypersurfuace in P. Let k be a field of characteristic
p. Let C%(l, q) denote the subspace of k¥ spanned by the characteristic
functions of / hypersurfaces in P. Our main results give a basis for C";q(l, q)

consisting of monomial functions (Theorem 2.5), its cardinality (Theorem
2.13) and therefore the dimension of C7%(/, q).

et ~z(l,q) denote the subspace of k¥ spanned by the characteristic
functions of / flats in P. Clearly, C%(l,q)=C{(n-1,q) for I:-0,1. We
prove this equality for all /< (Theorem 3.3). Therefore, Theorem 2.13
provides an alternative to the well-known Hamada’s formula [ 4, Theorem
1]. This identification also follows from recent results of M. Bardoe and
P. Sin and we thank P. Sin for pointing this and sending us a copy of [2]
Apart from a conceptually different approach, our formula is also simpler.
See Remarks 3.5 and 3.6. In Appendix, we use our formula to write certam
explicit formulae. See [ 1, Corollary 5.7.5, pp. 186] for the words of minimum
weights of these codes and [2] for their PSL(n+ 1, g) module structure.
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VERONESE AND SEGRE CODES 21

[3] discusses words of minimum weight of their duals and a reformulation of
Hamada’s formula.

In Secton 4, we give a new formula for the dimension of the vth order
generalized Reed-Muller code (Theorem 4.1). In Section 5, we describe the
code over k generated by the characteristic functions of intersections of the
Segre embedding of P§ x P in P{"* Vem+1 -1 with hyperplanes (Theorem 5.1).

2. THE ! HYPERSURFACE CODE

Let R=F_[ X,, .., X,]. For any graded ring S, we denote by S, its r'®
graded piece. The zero set of an element in R, in P is also the zero set of
its /** power. Thercfore C4(/, ¢) contains the code generated by the hyper-
planes of P and thus the all one vector 1. Hence C}{/, q) —k1® Dyl ¢)
where Dj(/, g) is the k span of the characteristic functions of complements
of | hypersurfaces in P. If f € R,, then 9! defines the characteristic func-
tion of the complement of the / hypersurface defined by f.

Let T=F,[Z,|meR, m a monomial]. We denote by ¢, the /'™
Veronese homomorphism from 7 to R defined by ¢,(Z,,) =m and ¢,(4) =
A for Aetr, (See [5, pp.23]). Linear forms in T correspond to / forms in
R under ¢@;. Thus the characteristic function of the complement of a /
hypersurface in P is given by ¢,(h? !) for some he T,. Thus Di(l ¢) is
spanned by functions on P defined by elements of the form ¢,(h? 1),
heT,. Further, the F, span T;__, of {h?~!:heT,} has a basis consisting
of monomials Z :go o f; of degree (g — 1) such that the multinomial coef-

ficient (, 2! ) is not divisible by p. Thus,
Ags Aps s G,

ProPOSITION 2.]. D?q( [, q} consists of functions on P defined by elements
of 9«(T}_,). Therefore, Dy ( I, q) has a monomial basis.

A monomial in R, .,y can be written as a product of (p— 1) monomials
in R,;. Therefore we have

LemMMA 2.2. The map @, induces a surjection from the vector space T,
onto Ry, _).

For an integer a;, let ;=3 a, ;p’ denote its p-adic expression.

DerINITION 2.3.  We denote by S7, the set of monomials X = X%... X%
of degree (/—r)(g—1) such that there exist integers | <r, .., r, ;</such
that (1) >7_, Zj;e--l a:’,jpj- el =p(l—r}y—r, , and (ii) i A
priv1—r; for all 0 j<e—2 with ro=/~r. In this case, we say that
(7o, 715 - Te—1) is the associated tuple of X“.
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LemMma 24. X“e 8% if and only if there exist monomials X® e Ryp—1y
and X e S8h% _ | such that X°= (X% x-.

y €=

Progf. Let X°=Xgp...XheS}" with associated tuple (/,ry, ., r,_,).
Choose mtegersb such that lp—l 2ioobiwith0<b; <Y s, a; ;p/et!,
Let X°= X[ [ (X*)*")= X5 Xo.

Then Z:r-Dije 1 €, ij e+1—l e land Z: OZJ‘Be 2cijpj-e+2
Ip—r,._,. Since ¢; ;=a, ,; for 0<j<e 2, we have 37 _g ¢, ;=r; . p—r, for
every 0< j<e—3. Hence X°e S}%_ ) with associated tuple (/, ry, .., r,_,).

Conversely, let X°=Xp...X%eRy,_ i, X°=Xo. X"neSf,‘i, |
with associated tuple (7, .. ,r,_z) and X% = X‘(X")"““” Xg-- X,
Since 370 Xjze-2 ci.jpj 2 =lp—r._,, 20 Lize—t Ca,;Pj'-e+2="P
and i—0Cie-2=(—ryp—r._, for some O<r<i—1  Also,

0 2jze—1 “i,j]f’"f“g-"l = ?_ozj;e—l Ci,ij- e+l 4 2icobi=1Ilp—
(/ —r). Moreover, a; ;=c, ; for j<e-2. Hence X} _qa; ;=r; .\, p—r; for
0<j<e—~3 and Ziqoa,e 2=(l—r)p—r._,. Thus X°eS:° with
associated tuple (rg, .., ¥oa, I—7). |

THEOREM 2.5. C" ( l, q) is the [, span of 1 and the functions on P defined
by elements of S};°

Proof. Let Me T*_, be a monomial. Then there exist monomials
My, ..M,_,inT bt "such that M = [1626(M;)*’ (See [6, p. 357].) There-
fore, ¢,(M)=T115Zg(@,M; ))”. Now Lemmas 2.2 and 2.4 imply

S:l={g,(M)|MeT}_,, M a monomial}.

Proposition 2.1 now proves the theorem. |

We now determine distinct functions on P given by elements of S;9. Let
I be the ideal in R generated by X7 — X, for 0<i<n and [T7_o(1 —X?¢7')
Then R/I is the ring of functions on P,

LemMMa 2.6 [6, Lemma 4]. Let feF [Y,,.., Yy] be a polynomial
having degree at most q— 1 in each of the vartables If f vanishes on F)*!
then f is the zero polynomial.

DeFmNiTION 2.7. Let S47,(g—1) denote the subset of S};", consisting of
elements all of whose exponents are at most g — 1.

ProposITION 2.8. For 1<!<n, S5 and S5 1S, (g—1) define the
same set of functions on P.

Proof. Since S}'7'=58%"Yg—1), we assume that r</—2. Let X°=
X%... X% be an element ofS’ " \S%" (g — 1) with associated tuple (rg, «s re—1)-
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Without loss of generality, we may assume that a,=>¢. Then the monomials
X°= XX} 'and X°define the same function on P, We prove that X e S4"+1.

Case 1. ag ;=p—1for0<j<e—1. In thiscase, r;=2as 2.} ;o=
pri—(—r)=zp—1 and (I—r)=2. Similarly, r,z2 for all 1<jge~1.
Thus X*eS:"*! with associated tuple (ro—1, .., 7,_, —1).

Case 2. ao ;<p—1 for some j<e—1. Let 0<r<e—1 be the smallest
integer such that a, ,<p—1. As before, r;>2 for all j<7 and b, ;=0 for
all j<t—1 by, =ay,+1, by j=a, ; for all t<j<e 1. Also, T ;.. b ;
Pl =(T s a0, ;07 °*)—p. Thus X°eSh"+! with associated tuple
(ro—1, s re= 1, Fr oy s o 1)

We now produce for every X” in S;”*' an element of S%", which defines
the same function as X® on P. Let (s,. ..., 5,_;) be the associated tuple of
X% and ¢ be the smallest integer such that p'fb, for some i. We assume
without loss of generality that b, is not divisible by p’. We prove that
Xoxg-teShn. Let X*=X°X3~'. For 1< j<min{s,e—1}, we have
5;<(I—1) since ps;, , —5;=0 and s, <.

Case 1. t>ze—1. In this case 3.7 oa; ,=a, ;=p—1 for all j<e—1.
Thus X°e S%” with associated tuple (so+ 1, ..., S,y + 1).

Case 2. t<e—2. We have a, ;=p—1 for all j<t-1, a5 ,=bg ,--1
and a, ;=b, ; for t < j<e. Thus X“e S}’, with associated tuple (sq +1, ...
st + 1’ sr+1: LAt ] Se—l)' I

Lemma 2.6 and Proposition 2.8 imply

CorOLLARY 2.9. U, 15 S5 (g—1) is a basis for Dj (1. q).

y €

DerFINITION 2.10. Let a and j be positive integers and let N, ; , denote
the number of monomials of degree ix—j in (n+41) variables with all
exponents less than a.

ProrPoSITION 2.11.  For positive integers o and j,

Niu—j,;::iil (—1y (n+ 1)(n+ia;j—m).

r=0 r

Proof. If a;=ko+r, with k;20, 0<r;<a—1, then Xg... X0 =
(X&... X%)* XTo... X™. Thus, a degree (sx—j) monomial is uniquely a
product of the a'® power of a monomial of degree (s —r) and a monomial
of degree (ra —j) whose exponents are less than «. Further ("!") is the
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number of monomials of degree r in (n+ 1) variables. Hence for | <8<,

we have
n+sa—j o n+s—r>
= N, _ ...
( n ) r}=d!( h ~ j'n

Solution to this set of equations in variables N, _; , is unique due to the
invertibility of the matrix 4 whose (s, r)th entry is ("*:~") for s> r and ¢
otherwise. Thus to check the formula, we need to prove that

z (_l)r(n+l)(n+ia-—j-—roc)

re=0 n

=(n+i:-j)_i'§ll (n+t )tgo(_l),(n+1)(n+ra;j"ra).

We compare the coefficients of ("~/™) for every 1 <m<i. For m=i|,
the coefficient on both sides is 1. For 1<m<i—1, the coefficient of
("=/*+m=) on the left side i is (—=1)~™(2*1). The coefﬁment on the right side

of the equation is —3¥—1-m(— l)‘("*‘)("“ =™). So we need to prove

that za;-= 1) (n+l)(n+! t——m)_;lz l)‘("“)l_["_,(r+z—t—m)
=(. That is, u=7—m is a root of

T (=1)" ("“) 1 Cx+r—n).

t=0

We can assume that u<n+1, since (**')=0 for all t>n+1. Also,
for u+1<t<n+1, u+r=t for 1<r<n Thus, u is a root of

e (=) ("N TI7_ (X +7—1). Therefore, it is enough to show that
u is a root of

n+1
P0=3 (=0 ("T ) T (rer-a),

t=0 t r=1

However, P,(X) is the zero polynomial since the coefficient of X"~ in
P,(X) is a linear combination of sums 3"} t5(—1)*(**') for 0<g<h
and each of these sums is zero (by induction on g). J

COROLLARY 2.12.  The cardinality of St",(q—1) is

| "“z"(—1)'("+1)("+pr,-+x-"f"”).

17, s, €1 j=0 =0 n
ro==r ="""l'
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Proof. For X* in S%’(g—1) with associated tuple (ro,...r,. ;), we
have 7. ,a; ;=pr;,,—r; for 0<j<e—1 with 1<ry...,r, </ and
ro=r.=I—r. The corollary now follows from the uniquencss of the p-adic
expression of a; and Proposition 2.11 with « = p.

Corollaries 2.9 and 2.12 imply:

THEOREM 2.13. The dimension of Cell q) is

{ e--1 1y ..
i=1 1€r, .1, 1<l j=0 (-0 n
"o* r, -i
Remark 2.14. 1If I=1, the dimension is 1+ (?~2*") Since C%(1, q) is
the hyperplane code, above formula thus agrees with the known formula.

3. THE IDENTIFICATION

In this section, we identify the code given by / hypersurfaces with the one
given by (n--1) flats in P. This identification generalizes Remark 2.14 and
provides an alternative to Hamada’s formula.

For an integer a=3Y¢"4 a,p', with 0<a,<p—1 we define [a]=a,
[pal=pa—a,. (g —D)=a,. \+ap+ -+, 2p° ‘,_and [pla] -
[pip/~'a]] for 2< j <e—1. Note that the coefficient of p’ in the p-adic
expression of [ p/a] is a; where /+ j=:i mod(e). For X?=Xg... X% we
write Xt#/a1 for xip/al... x1#'a] If X2 S'7 (¢~ 1) with assomated tuple
(ro=I-—-r, 7y, ., r,..;) then, "xtralg gh b T ' with associated tuple (r, _,,
Tos «s Te—2)- For a€F,, we have olplal = grla thus X174l and X7’ define
the same function on IF"+l

By Proposition 2.8, S=j!-! S”(q— 1) is a basis for D (1, q). Let B

r=0
denote the subset of D (/, g) consisting of polynomials Zj._‘ a?’ x(p'a)
aeF, and X“e S. Note that every element of B takes values in F

PropoSITION 3.1. B spans Dg ( L q).

Proof. Let V denote the F, span of B. We check that for X“€ S, the
dimension of the F ,-span of {Z“ o X1P'9) (g e F o) 18 the cardinality ¢ of
{XtFa) |0 jge— 1} Therefore, dlmF(V) dlmF(D” (/,¢))and D} (I q)=V.

Since the function X* on F}*' is same as X [ria1 Xxr'a it takes values
in ¥,.. Let a,,..,a, be a basis of F,: over F, and ;e¥, be a preimage
of a; under the trace map from iF to Lrpc Since the P linear map
ar> (o a?, .., a?'”") from F #— (5, .)‘ is injective, it takes a f, basis of
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Fe to a linearly independent set. Therefore the set (X528 BP xtelal
L La? X122} 1 < i<t} is linearly independent. )

For convenience, we state a theorem of Delsarte; see for example
[1. Theorem 5.7.3, Example 5.7.2, pp. 187 -188].

PROPOSITION 3.2. The F,-span of the incidence matrix of the design of
points versus (n—1) flats of P consists of functions on P defined by the poly-
nomials p(Xo, s Xa) =Ty 1, .1, Aoy s 1) X2+ X' in @2, Ryy..) such
that 0 <1, < q— 1, and for every 0s1<e—l

1. 270 lei] <lg—1).
2. d[p'l), .. [P/1,1) = (dllp, .., I,))7"

TheoreM 3.3, Ci(l,q)=Ci(n—1, q).

Proof. (A) We prove that C7(/,q) = C%(n—1, q). See atso [ 1, Theorem
5.7.7, Exercise 5.7.2, pp. 190- 192] for /= 2. It is enough to prove that D? (hq)
cCn (n l,q). The set B spans D} (l g) by Proposition 3.1. Smce each

element of B satisfies conditions of Pr0posmon 3.2, inclusion follows,

(B) We show C;P(l, q)=2C ;p(n —1/, g) by induction on /. An / hyper-
surface which is a union of hyperplanes is called a monomial I hypersurface.
For 1 <r</--1, the zero set of a monomial of degree r is also the zero set
of a monomial of degree / Thus a monomial / hypersurface under a change
of variables is the zero set of a monomial of degree at most /.

We claim that the characteristic function y, of any (n—1) flat L in P
can be written as a [, linear combination of characteristic functions of
monomial / hypersurfaces all of whose irreducible components contain L.

For /=1, the statement is obvious. We now assume by way of induction
that the statement is true for (n — r) flats with » </ — 1. Thus the characteristic
function of any (n —r) flat is a [, linear combination of characteristic functions
of monomial / hypersurfaces all of whose irreducible components contain L.

Any (n—1) flat L can be written as an intersection of a hyperplane H
and a (n—17+1) flat L' such that L' ¢ H. Thus, y.=xp+xux—xvon I
Xr=2.4a;Xp, With each P; a monomial (/—1) hypersurface and a;ef,
then P, U H is a monomial / hypersurface and yz,m#=2 @iXpa. Thus
the claim.

Now Theorems 2.5 and 3.3 yield

CoroLrary 34. Ifk2F,, C7(n—1, q) is generated by monomial functions.

Remark 3.5. Theorem 3.3 and Corollary 3.4 are some of the consequences
of much stronger results of Bardoe and Sin which describe all GL(n+1)
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submodules of k¥ using representation theory (see [2, Lemma 5.2 and
Sect. 8 ]). However, our methods are different and elementary.

Remark 3.6. We note that unlike Hamada’s formula, for fixed / and e,
the number of terms in the formula of Theorem 2.13 is independent of #.
Thus, asymptotically for fixed values of / and ¢, our formula is a simpler
alternative to Hamada’s formula.

When g = p, Theorems 2.13 and 3.3 imply

THEOREM 3.7. The dimension of Ci(n—1, p) is

H_Z Z (—1y (n+l)(n+ip-—i—tp).

i=1 (=0 n

Remark 3.8. When ¢g=p, the only GL(n-+1, p) submodules of k”
are Ci(l, p) for 0</<n together with the complement of k.1 in them;
see for example [2, Theorem A]. Thus taking orthogonal complements
with respect to Hamming metric on k¥ induces an isomorphism between
Ci(L p)/Ci(1+1, p) and C2(n--1, p)/Ci(n—1+ 1, p). Therefore,

I
"n—Lp)=k1® Y Ci(l—i p)/Cil—-i+1,p).
=1

Thus Theorem 3.7 can_also be obtained using above isomorphism and
Hamada’s formula for C};(/--i, p)/CL(I—i+1, p).

4. GENERALIZED REED MUILLER CODES

In this section we use Proposition 2.11 to obtain a formula for the
dimension of the v® order generalized Reed Muiler code R;q( v, 4 1).

Recall that R,q( v, n+1) is the subspace of the space of functions from F7* :
to [, defined by elements of P,,_, R

THEOREM 4.1. Let v=igq— jo with 0 jo<q—1, then

g—1 r—1 i
dlm(RF(vn+1))—1+Z y Y —l)'( 1)("”" / “’).

resl j=j, t—=0 h

where j,=0 if r <iy and j, = jo.
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Proof. The factor 1 corresponds to degree zero functions. For 1 gm g v,
we write m = rq — jwith 1 <r <. j, < j<g—1and use Proposition 2.11 with
a = ¢ to compute the number of monomials of degree /m all of whose exponents
are at most ¢ — 1.

Remark 4.2. Note that for fixed g and v, number of terms in the above
formula is independent of » unlike in [ 1, Theorem 5.4.1, p. 154].

5. SEGRE EMBEDDINGS

Let R=F,[Xg, ., X,]. T=F,[ ¥y, ¥,,] and S=F[Z,|0<i<n
0< j<m]. The Segre embedding of P” x P™ in P+ 1m+ D=1 5 defined by
the map

(@05 wes Bys Doy e byy) = (a;D),

where a;b; occur in the lexicographic order on (i, j) (See [5, pp. 25]).

Let 8% ™(q) (resp. S% ™(q)) denote the k span of characteristic functions
of the intersections of Segre embedding of P} x P7 in Py + D™+ D=1 with
the hyperplanes (resp. complements of hyperplanes). The all one vector 1
on the Segre embedding is in S7™(g). Therefore, S™™(q) =k1® S»™(q).
Let D?(n—1, q) denote the k span of the characteristic functions of the
complement of hyperplanes in 5.

ProOPOSITION 5.1. 8%™(q) = D?(n—1,q) ® D'(m—1,q) and so has
dimension ((" 527 )™ 27 1))

Proof. We note that restriction of functions on P#*+1m+D=1 to the
Segre embedding is given by the graded ring homomorphism s: S—= R®T
defined by Z;— X,Y;. Thus, S';; ™(gq) consists of functions in F [ Xo, ... Xps
Yy, ., ¥,,] which arise as restrictions of elements of S _,. For a monomial
M in S, we write s(M)=s(M),s(M), where s(M)y€ R and s(M)ye?T
Then, MeS}_, if and only if s(M)yeR}_, and s(M)yeT}_,. This

proves that §%™(q) = Di(n—1, ¢)® D?(m— 1, g). The dimension follows
from Remark 2.14.

Remark 5.2. When n=m=1, the embedding of P} xP} in P; is the
non-degenerate quadric given by ZyZ,; — Zo1 Z 1o- In this case our formula
(which gives the dimension to be p*+ 1) agrees with the known formula.
See [ 6, Example 1.2, p. 355].
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APPENDIX

In this section we use Theorem 2.13 and Maple to compute the dimen-
sion cx(/, q) of Cx(, g), the code given by (n—[) flats in 7.

et p=1+(""2 )

1
32, pPP)=14+=pAp+1)2(P*—4p> +8p*>~4p +9)

367
1
L2 ) =1+ (n+2)n+1)(3n +n+6)

(n+2)

ci(3, 4)—— (n° +n*+2n + 1% + 150 + 36)

1 2
cr(4,4)=1 +-(£j_—-)(—"—t—2 (515 — 11n° + 250* 4 15513 + 21012

+576n + 1440)

n _ ( +1) 8 7 6 5
cx(5,4)= 1+302400 (21n° —91n® + 211" + 116915 + 4144n

+4466n* + 65,4641 + 120,456n> + 257,760n + 302,400)

2 1
c2(6,4)=1+PE2I D) (1500 18140 4 14068 — 498607 + 159117

7,257,600
—183,549n° — 270,916n* — 2,409,044n3 — 3,260,016n>
—1,146,240n + 3,628,800)
(rz +1)°
2880
+1632n + 2880)

ch(2,9=1+ (5n% +90n° + 473n* + 8521 + 1268n?

e2(3,9)=1 4 PFEIAEDIEL) o L o5ns 1 2508n7 + 4998nS 4+ 53135

3,628,800
+45,318n* + 157,052n° + 327,432 + 364,320n + 604,300)
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n i, (nt2)n+1) | g, 13 12 1
(4,9) = 14 g (oo (n™+ 207"+ 47450 439,11 Ln'" 467, 14741

+35,841#° + 3,019,9951 + 7,031,853n" + 57,976,822n5
+128,101,6921° + 282,873,560n* + 1,024,071,936n*
+1,891,398,528n% + 2,295,336,960n + 2,438,553,600).
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