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Abstract

We define the value, at any non-commutative finite stop time, of some vector
semimartingales in Fock space. We apply it to stop a large class of operator pro-
cesses, including all processes given by Hudson-Parthasarathy quantum stochastic
integrals.

1. Introduction and notations

The theory of non-commutative stop times, as an extension of the classical
theory of stop times on a probability space, has been mainly developed in [Hud]
and [P-S] (revisited in [Mel]). In [P-S] the value at any stop time 7 of some Weyl
processes in the Fock space is computed. It gives rise to a factorization of the Fock
space into a part “before 7”7 tensor a part “after 7”7. In this way they generalize
the strong Markov property of the quantum Brownian motion proved in [Hud].

In [Mel] it is emphasised that the work of [P-S] gives the value at a quantum
stop time of processes of vectors which are constituted of the tensor product of a
complete martingale and a process in the future.

The aim of this article is to extend this latter result to processes of vectors
which are constituted of the tensor product of a regular semimartingale of vectors
and a process in the future. As a byproduct we obtain a method of stopping a
large class of operator-valued processes, which contains all the non-commutative
stochastic integrals. We recover in this latter case a definition given in [P-S].

Let us now examine the context in which we work. Let ® be the boson Fock
space over L2(IRT). Let ®,, resp. P, be the Fock space over L2([0,t]), resp.
L2([t,+00]), for t € IRT. One then has the continuous tensor product structure:
¢ ~ Oy @ Py for all ¢ € IRT. Recall that the Fock space ® is isomorphic to
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the Guichardet space L?(P) ([Gui]). Indeed, let P be the set of finite subsets of
IR™ that is, P = U, P,, where P, is the set of subsets of IR™ with cardinal n and
Po = {¢}. Each P, is equipped with the restriction of the corresponding Lebesgue
measure on IR"™ and Py is equipped with the unit mass. Thus P is equipped with
a o-finite measure, denoted do, and ® is isomorphic to L2(P). Consequently for
f € ® we have

112 = /P (o) do.

For all element v € L2(IRT) define the associated coherent vector e(u) € @ by
[e(u)](0) = [1 s u(s), for o € P (with the usual convention [] .4 u(s) = 1). For
all s <t define uy = ull[g 4], U[ss) = Ull[s 4], U = ull[ oo[; define oy = {1 € o357 <
t} and oy = {r € o;r > t} (note that it makes no difference whether we take
strict inequalities in the latter definitions or not, as the set of o € P with t € o is
of null measure for every fixed t).

The tensor product structure @ ~ ®;; ® ®; can be seen to correspond to the
following :

(i) f € @4 if and only if f(o) = Ounlesso C [0, 7]

(ii) h € @ if and only if h(c) = Ounless o C [t, +o0[

(iii) g = f ® h if and only if g(o) = f(oy)h(op)-

In this way we observe that e(u) = e(uy) ® e(uy) for all u and all .

Following [H-P] an adapted process of operators in ® is a family (H)i>o of
operators on @, defined on the dense subspace £ = span {e(u); u € L?(IR™)}, such
that t — Hye(u) is strongly measurable and

{Ht e(uy) € Oy
Hie(u) = [Hye(ug)] ® e(u)

for all u € L2(IRT), t € IR™. In this case we say that H; is adapted at time t.

2. Calculus on the Guichardet space

The results of this section can be found in great details in [A-L]. For all
t € IR, define the operator E; on ® by

[Eefl(o) = f(U)]lac[o,t]; o €P.

The operator E; is actually the orthogonal projection from @ onto ®;;. The oper-
ator Ey, also denoted IF, is given by

E[fl(0) = f(0)Ug=p, 0 € P
For all f € ®, all t € IRT, define
[D:f1(0) = foeU{tHloclo, o € P
It can be easily seen ([A-L]), from the f-Lemma ([L-P]) that

/OOO/P ‘[th](0)|2dodt < 00.
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Thus, for almost all ¢, D, f defines an element of ® and

o
/nmm%<w-
0

From these definitions one can check that the following properties are satisfied:

0 fora.a. u >t
D,f foraa. u<t

(ii) for all uw € L2(IRT), Dye(u) = u(t)e(uy) for a.a. ¢
(iii) if g = f ® h in the structure ® ~ &, ® Py, then for almost all u > ¢
Dy g = f ® Dyh.

(i) for all f € ®, D,E,f = {

For a strongly measurable family g. = (g¢)¢>0 of elements of ® such that g; € @
for all ¢ and [ ||g¢||?dt is finite, define

U@M®0={O if o =0

gvo(o0—) otherwise
where Vo = max {s € ¢} and 0— = o\{Vo}. It can be easily seen ([A-L]) that
I(g.) defines an element of L?(P), thus an element of ®. From now on I(g.) is
denoted fooo g: dzy. This notation is justified by the following. Let f € ®, we can
compute fooo D, f dx; and observe that

0o 0 ifo=10
[/0 Dy f da)(o) = {f(o) otherwise

Thus, we have the following Fock space predictable representation.

Theorem 1— For all f € ® one has the representation

f:E[f]-l-/O D f dxy

and -
() = BRI B+ [ (Do, Defya
for all g € ®. u

This result is an analogue of the probabilistic predictable representation prop-
erty of Brownian motion, compensated Poisson process, Azéma’s martingales...
(for which the notation z; stands), but here it is purely intrinsic to the Fock space
structure and has nothing to do with probabilistic interpretations of ®.

A process of vectors is a strongly measurable family (z;):>o of elements of ®.
A process of vectors is adapted if z; € @4 for all t. An adapted process (m;);>0 is
a martingale if E; my = m, for all s <¢. A martingale (my)>0 is complete if there
exists a m € ® such that m; = Eym for all ¢ (or equivalently, if m; converges in
® to a vector m when ¢ tends to +00).
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If (g¢)+>0 is an adapted process of vectors such that f: ||lg:||?dt < oo for every

0 <a<b< +4oo, then define

b oo
/ gt dxy = / gt ﬂ[a,b] (t) dx;.
a 0

Lemma 2 - Let (my)t>0 be a martingale in ®. Then there exists a unique adapted
process (&)e>o in © such that for allt € IRT one has f(f |€ul?du < oo and

t
my = Mo +/ gu ATy
0
The process (&)e>o0 15 given by & = Dymyy = Dymyyy, for almost all t,h > 0.

Proof

From Theorem 1 one has m; = mg + fooo D,m;dz,. But we have seen that
for all f € ®, almost all w > ¢ one has D,FE;f = 0. Thus one has in fact
my = mg + f(f D,mdx,. Furthermore, as D, FE; = D, for almost all © < t, we
have for all t < ¢/, almost all u < t, D,my = D, Eymy = D,m;. Consequently the
vector Dy, m,p does not depend on A > 0, one can choose &, to be D,m, . for
any h > 0. [ |

Lemma 3 Let H be a bounded operator on ®, time t adapted. Let (g5)s>0 be an
adapted process of vectors in ® such that [~ ||gs||*ds < co. Then one has

H/ gsdzs :/ Hg,dz,.
t t
Proof

First of all notice that the boundedness and adaptedness of H implies that
(Hgt)y>p is strongly measurable and [ Hg, dz, is well-defined. For all u €

L2(IRY), one has

), 1 [ gudn,) =
= (H"e(u), /t N gs dxg) = /t OO(DSH*é(u), gs) ds
= [0 eu @ etu). gy ds = [ e(ug) © Diclu). ) ds
= [T o) e ) @ eCue ). aab s = [ (i), ) ds

= /too<U(8)€(us])a Hgs)ds = /toowse(u),Hgs) ds = (e(u), /too Hys dzs).

One concludes by density of the space £ in ®. [ |

3. Non-commutative stop times on Fock space
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Let us recall the main definitions of [P-S].

A stop time T on @ is a spectral measure on IR U {+o0o} with values in the
space of orthogonal projections on ® and such that, for all ¢, the operator ([0, t])
is adapted at time ¢.

In the following we adopt a probabilistic-like notation: for any Borel subset
A C IRT U {+o0}, the operator 7(A) is denoted 1,¢4; in the same way 7({t}) is
denoted 1,—;, 7([0,¢]) is denoted by 1,<, etc.

A stop time 7 is finite if 1, = 0. It is bounded by T if l,<7 = I for
some T € IR™.

A point ¢t in IRT is a continuity point for 7 if 1.—, = 0. Note that, unless
7 = 0, the point 0 is always a continuity point for 7. It is also easy to check that
the set of points ¢ € IRT which are not continuity points for 7 is at most countable.
If 7 and 7/ are two stop times on ®, one says that 7 < 7/ if, for all ¢ € IRT one
has 1,<¢ > 1l1<; (in the usual sense of comparison of two projections).

A stop time 7 is discrete if there exists a finite set £ = {0 <t <ty < --- <
t, < 400} such that I,cp = I.

A sequence of stop times (7,)y, is said to converge to a stop time 7 if, for all
continuity point ¢ for 7, the operators 1, <; converge strongly to 1L,<;.

A sequence of refining T-partitions is a sequence (E,), of partitions E, =
{0 <t} <tf <--- <t} < +4oo} of partitions of IR* such that

(i) all the ¢ are continuity points for 7;

(ii) E, C Ep4q for all n;

(iii) the diameter, max {7 ; —t7' ;i =1,...,i,}, of E, tends to 0 as n tends
to 4+o0;

(iv) t7 tends to +oo when n tends to +oo.

The following result is taken from [P-S|, Proposition 3.3 and [Mel].

Proposition 4 Let 7 be any stop time. Then there exists a sequence (Tp)n of
discrete stop times such that 7 > 179 > --- > 7 and (7,)n converges to T.

Proof

Let £ = {0 <t <ty <+ <t, < +oo} be a partition of IRT. Define a
spectral measure 7 by

N 1T<t1 ifi: 1
e({ti}) = { Lrefs v H1<i<n—1,

TE({tn}) = Lr>¢, -

The spectral measure 75 clearly defines a discrete stop time on ® and 75 > 7.
Taking a sequence (FEy,),, of refining 7-partitions of IR™ gives the required sequence

(Tn)n = (TEn)n- |

4. Stopping vectors processes
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Our aim is to define the value z, at a finite stop time 7 of a large class of
processes of vectors (Zt)tZO in .

An adapted process of vectors (z:);>o in @ is a regular semimartingale of
vectors if (z;);>0 admits a decomposition (always unique) as z; = m; + a; where
my is a martingale and a; = [ hyds with h; € @, and [ |[hs|lds < oo for
all ¢. The integral fg hs ds is understood in the usual hilbertian sense that is,

(f, f(f heds) = fg(f, hs)ds which defines a vector in ® for

t t t
, / ha ds)) < / (s ha)lds <[] / Ihallds.

It is interesting to recall a characterisation of the regular semimartingales of
vectors in ®.

Theorem 5 An adapted process of vectors (z;)i>0 in ® is a regular semimartin-
gale of vectors if and only if there exists a locally integrable fucntion g on IRT such
that, for all s <t, one has

t
1B =2l < [ gwdu

Proof

If (2¢)¢>0 is a regular semimartingale of vectors the estimate is trivial. The
converse is a simple consequence of Enchev’s characterization of Hilbertian quasi-
martingales in [Enc] (see also [Me2]). [ |

A process of vectors (y;)¢>o0 in ® is said to be adapted to the future if y; € Py,
for all ¢.

For any process of vectors (wy):>0 in ® and for any discrete stop time 7 one
can obviously define, following the case of classical stop times, w, by

Wy = Z ]lT:tl.wti. (1)
7

But when 7 is any finite stop time we wish to pass to the limit on the expression
(1) for a sequence (7,), of discrete stop times converging to 7 (Proposition 4).

In [P-S] and [Mel] it is shown that this convergence can be obtained when
(we)e>o0 is of the form (m; ® y¢)i>0 where (my)¢>0 is a complete martingale and
(yt)tZO is a process of vectors adapted to the future. We are going to extend
this result to processes (w¢)¢>0 of the form (z; ® y¢)s>0 Where (2¢):>0 is a regular
semimartingale of vectors and (y:);>0 is adapted to the future and bounded in
norm. We first need some preliminary results.

Remark : If ¢ is an element of ®g; ~ €' 1 we have
Z IlT:ti C = C.
i

Thus, in the following we assume that all our martingales (m;);>o are such that
mo = (t) Conseque;tntly, by Lemma 2, every regular semimartingale is of the form
2= [y Esdrs + [) hsds, t>0.
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Proposition 6 — Let

t t
zt:/ fsdxs—l—/ hsds, t>0
0 0

be a regular semimartingale of vectors. Let T be a bounded stop time with bound
T. Let (E,), be a sequence of refining T-partitions of R™. Put 1, = 7g,, for all
n € IN. Then the sequence (2., )y converges to a vector z, in ® which is given by

T T
27 :/ || P da:s—l—/ 1,55 hsds.
0 0

Proof
One has

t;
Zry = Z ]]-Tn:ti 2t = Z n‘rn:ti [ o gs dzs +/()
- ZZ ]1Tn=ti [/tj+1 58 d'/L‘S + /tj+1 hs d3i|
tj tj

K2

hs ds]

i j<i
= ZZﬂTnZti [/tj+1 é-s dxs + /tj+1 hs d3j|
joi>j ti L
tit1 tit1
:zj:nwtj [/t + §sdws+/tj Y ds|

tj

tj+1 tj+1
= [ Mo fedm [ s, ]
7 J

(by boundedness and ¢;-adaptedness of 1,,,, and by Lemma 3)

tit1 tita
= Z[/ 1]-’7'n>8 é-s dajs‘i_/ 1]'Tn>8h8 dS]

i Ut tj
T T
= / ]17'”>s gs dxs + / ]17'n>shs ds.
0 0

Now, one has

T T
||Z7'n - [/ ]17'>s gs d-Ts + / ]17'>shs d5]||2
0 0

T T
<2 / (L, — Lyso)El®ds + 2| / (L, — o) lds]?.

The quantities inside the integrals converge to 0 when n tends to 400 and are
respectively dominated by 4||¢,||? and 2||hs|| which are integrable on [0, T]. Thus,
one concludes by the dominated convergence Theorem. [ |

7
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For any finite stop time 7 and n € IN one can define the stop time 7 A n by
1 _J0 ifn>t
TANSET A L, ifn <t

It is clear that 7 A n is a bounded stop time with bound n and that (7 A n),
converges to 7. Thus, we easily deduce the following result.

Proposition 7 Let z, = fot Esdxg + fot hsds, t € IRT , be a reqular semimartin-
gale of vectors. Let T be a finite stop time such that

oo oo
/ 155 &sl[%ds < oo and / 1,55 hsl|ds < 00
0 0

then the sequence (zran)n converges to a vector z; in ® given by

(ee) (ee)
2y = / N,vsésdes + / N,sshsds. [ |
0 0

If 7 is a finite stop time, the mapping A — ||1,c4f||? defines a measure on
(R*,B(IRT)) for any f € ®. We denote this measure by ||1,¢qsf]|>.

The following result is an improvement of [P-S|’s results, together with a
shortening of their proofs as we are dealing with a slightly simpler case.

Proposition 8- Let (m¢):>0 be a complete martingale. Let (y;)i>0 be a process
of vectors adapted to the future. Put wy = m; @y, t € IRT. Let T be a finite stop
time such that

oo
[ IlPitea miP < oo
0

where m = limy_, o, my. Let (E,), be a sequence of refining T-partitions. Put
Tn, = TE,, N € IN. Then the sequence (w,, ) converges in ® to a vector w, which
is independent of the chosen sequence (Fp, ).

Proof

Consider p < ¢ € IN. As E; D E, we can assume that E, is of the form
{0 <ty <---<t,}and E, is of the form {0 < -+ < t; =t <t} <--- <t} =
tix1 < ---}. So it is sufficient to prove that the expression

§ § o ) 2
” 117'E[t,',ti.,_1]wti+1 - nre[tg,tg+1]wt§+1 ”
i %,

converges to 0 when the diameter 0 of £, tends to 0.
As the space € is dense in ® there exists a m € £ such that ||m —m|| is small.
Suppose m is of the form

K
m = Z )\k e(uk)
k=1

In [P-S], Proposition 4.9, it is proved that there exists a sequence (y™),, of processes
of vectors adapted to the future such that, for all n, the mapping ¢ — y}* is strongly

8
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continuous, fooo llv2 (12|11 eqsm||? < oo and

o0
/ s — 5212 [ Lreasmll® = 0, n — +oo.
0

To simplify the notation choose a (g:)i>0 strongly continuous process of vec-
tors adapted to the future such that [;* [|7s]|?||1reas m||? < co and [;° |lys —
Us||?|| Lreasm||? is small.

Finally, notice that an operator H which is adapted at time ¢ always satisfies
HE, = E,H for all u > t. One has

||Z]17'€[tutz+1 W1 — Z]ITE[t] t’+1 t]+1 ||

1,5
= ||Z ]lTe[t{,t{+1](wti+1 - wtg+1)||2
,J
= Z ||]1‘r€[tg,tg+1](mti+1 & Ytipr — mtg+1 & ytz+1)||2
1,
< 32 ||]17-€[tg7tg+1](mti+1 & Ytipw — Miyyq & gti+1)||2
2]
+3) I, gy gty (myer @ g — myer @ G )|
,J
+ 32 ”ﬂq—e[tg ,ti*l](mti+1 b2 gti—i—l - mthfl 02y gtg+1)||2' (2)
1,]
We now concentrate on the last term of the right hand side of (2). For any fixed
b > 0, it is equal to

3 Z ||]17-€[tg,tg+1](mti+1 029 gti-}—l - mtg+1 ® gt{+1)||2

i,9;tt1 <b
+6 E I g [67,43+1] Moty @ Gt ||® + 6 E re[t{,tf“] M+ @ ytg+1{g)
i.d tZ+1>b ,J,t”1>b

We now concentrate on the first term of (3). It is dominated by

9 Z ”ﬂre[tg,tg“](mtiﬂ — M) @ Ytips I

i,g;t] T <b
+9 Z ”nre[tj,tj“](mt{f“ - mt{“) ® Y+ I?
z,g,tg"'l <b
+9 Z ||]l7—€[tg,tg+1](mti+1 029 gti-}—l - mtg*'l b2y gtg"'l)”Q
’L,J,tg-'—l <b
<9 Z ||]17-e[tg,tg+1]Eti+1 (m_m)||2||gti+1“2
i,5;t1 T <b
+9 D g vy B (m— i) Pl |1
0,9 t3+1<b
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K
+ QKZ)\i Z ||]1T€[tg’tg+1] (s(ufiJrl]) ® Yty — 8(”%‘4—1]) ® ’ljtgﬂ)”z
k=1

=1 igeti<e
~ 112 ~ 2
<18maxlal® D I g eg(m — )|
0,55t T <b

K

k k ~ ~

+ 9K E :)‘129 E : ||]Lre[tg,t{+1]€(utj+1])||2||6(u[tq'+1,ti+1]) O Yt —1® yt{‘H ”2
k=1 gt < 1 l

<18 Js|12 |l — |
< Iggg<||ys|| |lm — |

K
FIBES N Y I g e WP, ) = 10
F=1 et <y ’ ’

K
k ~ ~
+ 18KZ X Z ||]]‘T€[t'z,t'z+1]6(ut.g+1])||2||yti+1 Y+ I”
k=1 it/ <

<18 7|12 lm — m|?
< rgggllysll || — |

K
+ 18K Y Xgmax(|gl® Y 0, p e (g7
k=1 o= i,j:t2T1<b o Z

g

tit1
<[ 1O ety )P ds)
It i

K
PN sup I =Bl Y L, g2
5,t<b . i i
k=1 s1d<s i3 tI T <b

<18 7|12 lm — m|?
< nsﬂggllysll [lm — |

K t
18K S0 X maxlgl S, e e @) sup [ (o) P
k=1 = i N s

%,J |sftT§6
K
R k
+I8K D A% sup s = el DI, g ()|
k=1 |s;tT§6 1,9

Inserting this in (3) and then in (2) we get

”pr - qu||2
<3 Znﬂre[tg,tg"‘l]m”z||yti+1 - gti+1 ”2 +3 Z”ﬂre[t{,t{“]mHZ||yt§'+1 - gtgﬂ—l ||2
i,j %,J

18 ~ 112 a2
18 ma 7. )

10
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+18KZ)\ lle(u )||2max||ys||2 sup /\u )|2dv

|s t|<6

FISKYRIGEI sup T~ il

k=1 |s—t[<&
o 21|~ 2
+12 Z ||]17-€[tg,tg+1]m” ||yti+1|| .
i,gitd T >b

When 4 tends to 0 the fourth and the fifth terms converge to 0 and the expression

above converges to
o0

oo
6 [l el P s+ 18 2l +12 [ )]
0 = b

This latter expression converges to 6 [, ||ys||||1rcasm||? when § tends to y and
m tends to m. This finally tends to 0 when b tends to +00. We have thus proved
the convergence of (w,, ), to a limit w, € ®.

If (E,)n and (Fy,), are two sequences of refining 7-partitions, denote by E,, V
F,, the T-partition made of E,, U F,,. We then have

||wTEn — Wrp, ||2 < 2||wTEn —Wrg,vr, ||2 + 2||w7'Enan — Wrg, ||2

From the estimate obtained above we see that, as F,, V F,, C E,, and F,, V F,, C
F, that ||w;, — wr, . ||? (vespectively |lwr, . — wy. ||?) is dominated by
an expression which depends only on the diameter of E,, (respectively F,) and
converges to 0 with it. Thus, the limit w, does not depend on the choice of the
sequence (Fp ). |

Remark : The vector w, obtained from this proposition is denoted
/ nTEds(Esm) ® Ys.-
Let wy = my ® y¢ and w; = m} @ y; with integrability condition:

o0 o0
/ 195 Lreasml® < 0o and / 1P easm’[2 < oo,
0 0

Then it follows from the above that
<w7'7 w;—) - / <ys; y;)(ESHTEdSm7 ml>-
0

Theorem 9- Let 2z, = f(f Esdrs + fot hsds, t > 0 be a reqular semimartingale of
vectors. Let (yi)¢>0 be a process of vectors, adapted to the future and bounded in
norm. Let T be a finite stop time such that

oo o0
/ 1,5, &5]2ds < 0o and / 155 Ballds < oo.
0 0

Let wy = 2z @ yg, t > 0. Let (Ey), be a sequence of refining T-partitions of IR™.
Put 7, = 7g,,n € IN. Then the sequence (w,, ), converges to a vector w, which

11
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1S given by

Wwr = /HTEdS[ESzT] Q Ys-

Proof
One has

tit1 tiy1
Zr, = Z Dreqt; tiqq] [/() Esdxs + /O hs d3:| Q@ Ytiya
A

tit+1 ti+1
- Z Z ]lTE[tiati+1] / s dus + / hsds| @y,
i j<i t t
tit1 tita
= Z Z Ureptitiva)Lr>t, / §sdas + / hsds| @ ys,.,,
i g<i tj t;
[ ptiv iyl i
- ZZHTE[tiati+1]Eti+1]17'th / §sdxs + / hsds ® Yt 41
i j<i L/t tj i
i tit1 tit1 1
- Z Z Lrefeitipa) Btigs Lt / §sdas + / hsds| @y,
[ _7 L tj tj i

(as for j > i + 1 the terms inside the sum vanish)

[ rtis tj+1
- Z Z]]'Te[tiati+1]Eti+1 / Lr>e; & dzs + / Lr>t;hs ds| @ Yty
i g Rz tj
[ rtit tj+1
- Z ZnTe[tivti+1]Eti+1 / ]1Tn>s gs d-'L's + / nTnZS hs ds ® yti+1
% 7 |V b J

o0 o0
- Z Lreftitipa) Btigs [/ I, >s&sdrs + / I, >shs ds} ® Ytita
) 0 0

= Zﬂre[ti,ti+1]Eti+1 (ZT'n) ® Ytitq

(3

= Z]]'Te[ti,ti+1]Eti+1 (ZT) ® Ytiva
i

+ ZHTE[ti,ti+1]Eti+1 (ZT - ZTn) ® Ytiyq-
i
The first term of the right hand side converges to

/ ]lTGds Es (ZT) X Ys

by Proposition 8 (as the condition [~ ||ys||?[|1rcasz-||* < oo is trivial since s —

|lys|| is bounded). The second term has the square of its norm dominated by
D ettt Erps (2 = 20117 supllysl|* < supllysl[ |27 — 27, [1°
. S S

(2
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which converges to 0 by Proposition 7. [ |

5. Stopping operators processes

We now consider a process (X;)¢>o0 of adapted operators on ®. As for vectors
in the previous section, we want to define the value X, of (X¢)¢>0 at a finite stop
time 7. In the case of discrete stop times, three non-equivalent definitions appear:

left-stopping : To X =" 1, Xy,

right-stopping : X o7 =3, X, 1,—,

two-sided-stopping : To X or =" My, Xy, L -y,

As previously we wish to pass to the limit of discrete stop times converging
to a finite stop time, for a large class of processes of operators (X¢):>o-

Let 7 be a finite stop time. A regular semimartingale of vectors z; = f (f Esdx s+

J7 hs ds is said to be -integrable if

o0 o
/ |15 5&5]|?ds < oo and / |1, shs||ds < oo.
0 0

Proposition 10— Let (X;):>0 be an adapted process of operators on ®. Let u €

0
L?(IR™) be such that (X;e(ug))e>o0 is a regular semimartingale of vectors. Let T be
a finite stop time such that (X e(uy))i>o is T-integrable. Let (Ey), be a sequence
of refining T-partitions of IRT. Then the sequence (X,, e(u)), converges to a
vector X, e(u).

Proof

As (X¢)¢>0 is an adapted process of operators, one has
Xie(u) = X 6(ut]) ® 6(u[t).

The process of vectors (e(up))t>o is clearly adapted to the future and bounded
in norm. By hypothesis the process (X;e(uy))s>0 is a 7-integrable regular semi-
martingale of vectors. Thus we can apply Theorem 9 to the process (w:)i>0 =
(Xt €(U))t20. |

Theorem 11— Let (X¢):>0 be an adapted process of operators on ®. Suppose
that for all u € L?(IR™) the process (Xye(uy))e>o is a regular semimartingale of
vectors. Let T be a finite stop time such that, for all u € L?>(IRY), the process
(Xt e(ug))e>o is T-integrable.

Then the left stopping T o X converges strongly on £.

Proof
By Proposition 10 we have that the quantity

Z]]‘TE[ti,tH—l] (Xti+18(uti+1] ) ® g(u[ti+1)

(3
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admits a limit when the diameter § of the 7-partition {¢;; i = 1,...,n} tends to 0.
But this quantity is also equal to

Z]]'Te[ti,ti+1](Xti+1€(u)) = [ZHTE[ti,ti+1]Xti+1] 5(“’)
i i

This proves that the Riemann sums associated to the left stopping of X converge.
|

One can wonder what is this class of operator processes such that (Xze(uy))e>0
is a regular semimartingale of vectors, and what are the stop time 7 such that
(Xte(uy))e>o is T-integrable.

We now recall the definitions of the non-commutative stochastic integrals
([H-P]) of adapted processes of operators with respect to the creation (4] )>o,
annihilation (A¢)¢>0, conservation (A¢):>o and time (tI)¢>o processes, and also
their extension as defined in [A-M].

Let H, K,L, M be adapted processes of operators defined on a domain D
containing £. Assume that the following integrals are meaningful (from the point
of view of domains) and finite for all f € D, t € IR*:

t t t t
/ |H,D, f|ds, / | KB, f|%ds, / |LaD,fds, / IM,E.fllds.  (4)
0 0 0 0

According to [A-M], we say that an adapted process of operators (7}):>o defined
on D has the integral representation

t t t t
Tt:/ HsdAs-l-/ stAj—l—/ LsdAs-i—/ M,ds
0 0 0 0

on the domain D if for all f € D one has that fg |TsDs f||?ds is well-defined
meaningful and finite, and

t t t t
T,E,f = / T,D, fdz, + / H,D, fdz, + / K, E, fdu, + / L,D,fds
0 0 0 0

t
+ /O M,E,f ds. (5)

Theorem 12 ([A-M], Theorem 1, and [Me3| p. 123) — On the domain D = &, this
definition is equivalent to Hudson-Parthasarathy’s definition of non-commutative
stochastic integrals. [ |

A consequence of Theorem 12 is that if (X¢):>0 is any process of the form (in
[H-P]’s sense)

t t t t
X :/ HdA, +/ K.dAF +/ LsdAs +/ Mg ds
0 0 0 0

then for all f € £, the process (X:E;f)¢>0 is a regular semimartingale of vectors.
Now, if 7 is a finite stop time such that the integral

X, = / 1,5 Hy dAg+ / 1,5, K,dAT+ / L,5sLsdAy+ / 1,55 M,ds (6)
0 0 0 0

oo
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is well-defined in [H-P]’s sense we have by Theorem 12 and (4) that (Xie(uy))t>o0
is a T-integrable regular semimartingale of vectors. The left stopping 7o X given
by Theorem 11 is then the operator X, given by (6). By this way we have seen
that the set of processes of operators concerned by Theorem 11 at least contains
all the Hudson-Parthasarathy stochastic integrals.

Note that, since (To X)* = X*or for discrete stop times, we get some obvious
extensions of the results of this section in the case of right-stopping.

15
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