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QUANTUM STOCHASTIC DIFFERENTIAL EQUATIONS
WITH UNBOUNDED COEFFICIENTS AND DILATIONS
OF FELLER’'S MINIMAL SOLUTION

By ANILESH MOHARI
Indian Statistical Institute

SUMMARY. Quantum stochastic evolutions are constructed for unbounded coefficients
and infinitely many noise components. A sufficient condition for the evolution to be conser-
vative is obtained. The theory is then used in dilating Feller’s minimal process, associated with
an unbounded Markov generator, in boson Fock space. A necessary and sufficient condition for
the dilation to be conservative is obtained. It is also shown how to realise the minimal process
as a commutative stochastic flow. A notion of quantum exit stop time is introduced.

1. INTRODUCTION

The basic tools for bosonic stochastic calculus were developed and a
necessary and sufficient condition for existence of a unitary evolution, satis-
fying a quantum stochastic differential equation (q.s.d.e.) with bounded
coefficients was obtained in [17]. In [23] these results are extended to include
the cases where infinitely many noise components are present.

This theory has many applications : the dilation of dynamical semigroups
[7], the construction of quantum diffusions in the sense of [9] and modelling
physical systems [4] etc.

However, in the context of [2-4, 6, 10-13, 18, 22], the coefficients are
irregular and therefore there arises the problem of extending these results.
In [11], improving the basic inequalities concerning iterative integrals, a suffi-
cient condition on the coefficients is obtained to guarantee the existence of
a unitary evolution. In particular it successfully deals with the quantum
harmonic oscillator. On the other hand in [10], equicontinuity method has
been employed to guarantee the existence of a unique contractive evolution
associated with a pure birth (pure death) process and a necessary and suffi-
cient condition for the evolution to be unitary is obtained. Model dependent
studies have been carried out and some more results in this direction can be
found in [3, 5, 6, 12, 22].
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In this paper we consider a class of g.s.d.e.s with unbounded coefficients
and infinite degrees of freedom. In Section 2, mostly, we review the basic
results in quantum stochastic calculus with regular coefficients [8, 9, 16, 17,
18, 23, 24, 25]. In particular we recall the ‘time reversal property’ indicated
in [18], which allows us to derive some analytical properties of the evolution
from that of the dual process.

In Section 3 we exploit the method outlined in [10] to ensure the existence
of a contractive operator valued process satisfying a quantum stochastic
differential equation with unbounded coefficients which admits an approxi-
mating sequence of regular elements. The spirit is similar to that of semi-
group theory developed as in [27]. The approximating sequence of evolutions
being non-commutative, it only guarantees a contractive solution as a ‘weak
operator limit * of a subsequence of the evolutions. Analyticity of exponen-
tial vectors (Wiener chaos expansion) plays an important role in setting up
an inductive procedure to get a sufficient condition for the solution to be
unique or isometric. Analysing the dual process we also obtain a sufficient
condition for the evolution to be co-isometric. It is worth noting that the
condition for the evolution to be isometric (co-isometric) is similar to that of
Feller’s condition for the minimal process, associated with a Kolmogorov’s
differential equation, to be faithful. To emphasise this point we shall deal
with two classes of dilations associated with countable state Markov processes.
To this end, in Section 4, we review a construction of Feller’s minimal solution
and some basic analytic facts from the literature ([14], [19], [20]) on classical
theory of Markov processes.

In Section 5, a generalised quantum harmonic oscillator [11], associated
with a Markov generator, is constructed. It is a contractive process satis-
fying a cocycle property in the sense of [18], and the induced family of Evans-
Hudson maps dilates Feller’s minimal solution in Fock space. Teller’s con-
dition is still necessary and sufficient for the dilation to be conservative, For
an unbounded generator 1t is not clear whether this dilation admits a diffu-
sion equation in the sense of [9].

In Section 6, we continue the programme begun in [21]. In a series of
papers [24, 23, 10], it has been shown how to realise a classical Markov process
with countable state space as a commutative Evans-Hudson flow. But it
is restricted only to processes with bounded Markov generators. Here, in
Section 6, we consider the general situation and realise Feller’s minimal
solution as a commutative Evans-Hudson flow. Motivated by the construc-
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tion of Feller's minimal solution, as outlined in [20], we introduce a special
sequence of commutative KEvans-Hudson flows which approximates the
induced Evans-Hudson flow on a suitable algebra in the strong of operator
topology. A necessary and sufficient condition for the flow to be conservative
is obtained. A notion of quantum exit stop time is introduced. It is a com-
mutative adapted family of strongly continuous increasing projections on
Fock space. Feller’s exit stop time is realised as the vacunm expectation
of these projections. In view of Feller’s boundary theory [14] we expect this
stop time to play a crucial role in describing the dilations of other solutions
associated with Kolmogorov’s first and second differential equations. In
the spirit of [19] we hope to deal with the dilation and non-uniqueness prob-
lems associated with birth and death processes. Finally imposing a weak
bypothesis on the Markov generator, we show that the dilation admits a
diffusion equation for suitable elements.

2. NOTATIONS AND PRELIMINARIES
All the Hilbert spaces that appear here are assumed to be complex and
separable with inner product < .,.> linear in the second variable. For
any Hilbert space H, we denote by I'(H) the symmetric Fock space over H
and B(H) the C* algebra of all bounded linear operators in H. For any
uw e H, we denote by e(u) the exponential vector in I'(H) associated with u :

e(u) = @ un
n20

. (n) —
where % 1 &
vVn!

The family {e(w) : w € A} is total for any dense linear manifold # in H
and linearly independent in I'(H). So operators may be defined densely on
I'(H) by giving their action on each e(u). Thus, when C is a bounded operator
on H and u is an element of H, the second quantized I'(C) of C' and the Weyl
operator W(u) are determined uniquely by the relations :

T(C) efv) = ¢(Ch)
W) e(0) = oxp { — 3l — <, 0>} e(utv)

for all ve H.
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Fix two Hilbert spaces b, and k and write I',, I's; for I'(H) when
H = 11, k) and I = R, [s, t) respectively. Set

H=hy@Ty, Hy=hy® Top, Hy = Tto

we have the decomposition =1 4 ®FIU. The Hilbert space ﬁ,] will be
identified with the subspace ﬁ,] ® O of H where @, is the vacuum vector in
Hy. Every operator defined on a tensorial factor of H will be identified with
its canonical ampliation to the whole space and denoted by the same symbol.
Fix dense linear manifolds & in A, and A in L?* R, k). The algebraic
tensor product & @ € () is dense in H, where ¢ (M) is the linear manifold

generated by the vectors e(u) : u € A.

Definition 2.1 [17). A family X = {X(t) :¢ > 0} of operators in H is
called an adapted process with respect to (&, ) if

(3) B(X®)DI®e(A

(b) X(0)fe(uxin) € Hyand X(Ofe(u) = (X(O)fe(uxion)) ewxy,«) for all
1 >0,fed, ue A

It is said to be regular, if in addition, the map t— X(¢) fe(w) from 72,

into H is continuous for each f¢.B,ue A An adapted process is called
bounded, cantractive, isometric, co-isometric or unitary according as the operators
X (t) are bounded, contractive, isometric, co-isometric or unitary for every
t> 0.

For 0 < s < ¢ denote by a,; the von-Neumann subalgebra of a = B(I';)
given by
{W(u) : supp u C_[s, i}

This is simply Iy, @ B(l'st) @ It The family {Ny ;= aq@® ags;
0 < s <t} forms a filtration of the Von-Neumann algebra N : = a, @ @ where
@y : = B(hy). Vacuum conditional expectations {&s;:0 < s < #} on each
of these subalgebras exist and are characterized by

85t [BR Ww)] = < ¢(0), W(uyyeur)e(0) > B @ W(uy,,n)
where [s, f]c = #2,\[s, t]. They satisfy the relations :
G084 1 = 84
where [s, (] C [s',#']. We also write &, for &g
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Definition 2.2 [25]. A bounded operator valued process X = (X(#) : ¢ > 0
is called a martingale if

&5 [X(0)] = X(s)

for all 0 < s < ¢t and a regular martingale if there is a Randon measure x on
72, for which

X E) =X WAPHIX ) — X () Tll2 < pl[ss DI ?
whenever 0 < st and yrel'y s @ D
We fix an orthonormal basis {¢; : i ¢ E} in k and sot E’; = |leg > < e :

i,je 8. The basic quantum stochastic processes {Ai:i,jeS:= S|J{0}
are defined by

AXwoy ® B 5 4,5 ¢ 8
. | alyen®e) ;i€8,j=0
Aj(t) = ) ‘ .
a(Xo ®ej) 5 i=0,4¢8

tl ;1 =0=3.
Then quantum Ito’s formula can be expressed as :
dAidA} = Sl A% e (2.1)
for all ¢,4, k,1e S8 where
N 0 ;Il=0o0ri=0
0 = ;
of ; otherwise.

We denote by wui(s) = << e, u(s) >, us(s) = wi(s) for jeS and wuys)=
uy(s) = 1. Choose M = {ueH :ul(.)=0 for all but finitely many je S}
and set N(u) = {j;u/ () # 0}. So 3 N(u) <oo for ue A

Definition 2.3 ([17],[25]). L == {Li(s):14,j¢ S_’} is said to be a (.8, )
adapted square integrable family of processes of each L} is (&, «#) adapted and
for each je §,fe 8, ueMand t > 0

t
I T Il duds) <oo . 22)

where

[
lt) = [ (- fu(e)P)s
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We shall denote by o8 (%, ) the class of all such square integrable families.
For further details on these definitions and quantum Ito’s formula the reader
is refered to Hudson-Parthasarathy [17], Evans [8] and Mohari-Sinha [23].
A complete account is available in Parthasarathy [26].

Theorem 2.4 [17,23]. Suppose Le L£(8, AH). Then

XO)= S [ Lit)A)

i,js,S 0

cxisls in the strong sense on B @ e (M) and defines a regular adapted process
salisfying for f,ge B and u,ve M

< fe(u), X(t)ge(v) > = ?@ gt dsuy(s)vi(s) < fe(u), Li(s)ge(v) > ... (2.3)
i
IX(E)fe()]| 2< 2 exp (v“(t))ies‘j:z}v(u OI ILj(s)fe()i? dva(s) ... (2.4)

If M is another element in £ (R, M) and

Yt)= = _ f Mi(s)dAi(s)
i,jeS 0

then
Y(t)fe(w), X(t)ge(v) > = g sui (s vJ(s N < Y(s)fe(u), Li(s)ge(v) >
< Mi(s)fe(w), X(s)ge(v) > + Z < M¥(s)fe(u), L(s)ge(v) >} ... (2.5)

Proof. This is a generalisation of the basic result of Hudson-
Parthasarathy [17]. We omit the proof since, in this generality, it is presented
in Mohari-Sinha [23] and a complete and self-contained account is included
in Parthasarathy [26].

Denote by &g the class of elements Z = (Zi:4,j e S) where Zie 8(h,)
for all 7,7 ¢ S and there exist non-negative constants (depending on Z) ¢;, j e S
satisfying

2 HZ‘fH2 cp ILfIP e (26)

for all feh, Also denote by Jg the class of elements Z ¢ &g satisfying for

all i,7¢8
Z5-(ZY)y* + z (242 =0 e (27)
c €S
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The necessary convergence in (2.7) follows from (2.6) and the following
Lemma 2.5.

Lemma 2.5. Suppose {Ag};»1 and {Bglx»1 are two families of bounded
operators in hy such that £ A;Ax and X BBy converge in strong operator
k=1 rz1

topology. Then T A3By also converges in strong operator topology.

Proof. For a proof, see Mohari-Sinha [23].
For any Z =(Z} :je S), denote by 7= (Z{- 14,7 € 8) where
Zi = (Z*.
Also seb Yp={Z:Z¢ Yg} and In={Z:Ze¢ IR}

Theorem 2.6 [17, 22, 23]. Suppose ZeXr and ZeJp Then there
evists a unique strongly continuous co-isometric operator valued (hy, M) adapted
process V ={V(t) : t > 0} satisfying

av) = ;§ V(t)ZidAi(t) ; V(0) = I .. (2.8)
on hy@ e (A).
And (a) for all fehy,ue M O0Ls<E<T
[[V(6)—TV(s)lfe()? < Kz(f, w)vu(t)—vuls)] e (29)
where .
Ko(f,w) =2 expu(T)e@)* _ = |Zf]*.
1€8,j € N(w

(b) V 1is also isometric if and only if Z e Ig.

Proof. 1t is essentially a restatement of the basic result in Bosonic cal-
culus developed in Hudson-Parthasarathy [17]. For this generality, seo
Mohari-Sinha [23] except (2.9) which follows from the basic estimate (2.4)
and the fact that |V(t)] < 1 for all ¢ > 0.

Denote by 0 the right shift on L2 (#,, k) so that for all ¢t > 0

((wl@e—t) ; x>t
(Opw) () = i

0 ;0L et

For any bounded operator 4 in H, I'(6;) AT(6}) takes h, ®'.CI),]®I~I[¢ into

itself. Denote by I'(6;)AT'(6;) the canonical ampliation to the whole space i
Definition 2.7[18]. An adapted bounded process V = {V(¢):t> 0}

is said to be a cocycle if for all s, ¢ > 0

V(t+s) = VO)I'(G) V(8)T(E;) v (2.10)
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For a cocycle set Py : = &[V(t)] and observe [1,16] that P = {P;:¢ > 0}
is a semigroup. V = V(t) : t > 0} is said to be a regular cocycle if P is norm

continuous.
We quote the following theorem without proof.

Theorem 2.8 [1, 15]. Suppose V = {V(t) : t > 0} is a strongly continuous
contractive cocycle. Then there exist two weakly* continuous semigroups

={rg:t > 0}, 7= {7 :t > 0} of positivity preserving contractions on 3(h,)

such that
1(B) = &,[V(t) (B @ I)V(t)*]

7(B) = &[V(H*(B @ V(1)) e (211)
for all B e B(hy). '
Denote by R; the time reversal operator on £L%#2., k) so that for ¢ > 0

[(ut—2) ;0< et
R, =
LEEES PN

and & : == I'(R;). For any bounded adapted process V = {V(f):¢ > 0} we
write V = {I7(t) 1t > 0)} for the dual process ([18]) defined by

71ty = e vy e, . (2.12)
Proposition 2.9 [18]. V = {V(t): ¢ > 0} is a (regular) cocycle if and only
if V= {V(t) 1t > 0} is a (regular) cocycle.

Proof. Since V = V, it suffices to show ‘only if’ part. As in Journé
[18] observe that

(a) for X eBh,)®B(ys) and Y = I‘(ﬁt)X[‘(B‘) we have & X&;!
= %Nﬂyahs

(h) for X e B(hy)@®AB(T'y:) we have

%t_LsXQ‘(l_*_S - F(Bs)%tX%‘ 1P(6 )
and

V(t+s) = U sTO) V(s) TOF) U UV (E) B

= UV (s) U T(0s) ¥, V()" €1 T(0;)

= Ty Tiore)
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when (a) and (b) have been used to get the second equality. So Visa cocycle.
Now set 13; D= &O[I?(t)]t > 0 and observe that Pt P;. Hence this
completes the proof.

Theorem 2.10[16]. V = {V(t):t > 0} 18 a regular unitary cocycle if and
only if it satisfies (2.8) for some Z € Igr () JR. The choice of Z is unique.

Proof. °If’ part is similar to Proposition 3.1 in Hudson-Lindsay [16].
To show the converse we shall adopt‘the method outlined in Hudson-Lindsay
[16]. First observe that P = (P;:{> 0) is a norm continuous semigroup

with Py == I, hence it has a bounded generator, say Z3. Define the bounded
adapted process

X(t) = Vit)— | V(s) Z8ds.
0

Now exploiting the cocycle property and boundedness of the generator Zj
as in [16] observe that X = (X(¢) : ¢ > 0) is a regular martingale. So by
Theorem 3.8 in Parthasarathy-Sinha [25] we have the representation

av(t) = _;;S V(t) Zig)dAie) ; V(0) = I o (2.13)

on k@ € (M) where Zj(s) are bounded (h,, .#) adapted processes for ¢, j € S

and for je S, the series
2 (Z(s))* Zi(s) o (2.14)

converges in strong operator topology. Now employ the method used in
[16] to conclude that Zi(s) are independent of s > 0, say Zi. So by (2.14)

Z=(Z:i,je S) is an element in &g. Quantum Ito’s formula (2.1) and
Vv = 1t > ) implies that Z ¢ Jp. To show Ze 'E:;, congider the dual

cocycle V and employ the above argument to get a representation

avity = = _ VoLidAe) ; V(0) =1 .. (2.15)

i,jES
on hy® € () for some Le gr. The proof is complete once we have shown
that . = Z. To this end we introduce for any fixed f,gebh, u.ve A

At = < fe(w), Vit)yge(v) > — < felw), ge(v) > (> 0)
we have from (2.14)

Aty = Z j ug(8)vi(s) < fe(u), (s)L'ge('v > ds . (2.16)

ijes

A 3-2
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and from (2.15)

Aty = S _ w(i—s)wi(t—s) < fe(u), Ziet:V(s)' e ge(v) > ds. ... (2.17)

ijed
.1 . .

Note that for u,v continuous at 0, lim N A(t) exists and equating the
tro

limiting values one gets from (2.16) and (2.17)

P u;(O)vl 0) < fi (L Z')g > = 0. ... (2.18)

1,j€ES

Since (2.18) holds for all f, g € ky, taking {u = 0, v = 0}, {u = 0, v = 0,41 &},
{w = Xpo,n v = 0} and {u = X, 118, ¥ = Xio,1) &} in (2.18) we obtain the
required result.

Theorem 2.11 (Journé’s time reversal principle). Fix any Ze Jr () Jr.
= {V(§) : t > 0} is the unique unitary solution for (2.8) with coefficients Z if

and only zf V= {V(t) t > 0} is so for (2.8) with coefficients Z.

Proof. It follows from the last part of the argument employed in Theorem
2.10. ]

Let _f be a unital subalgerba of 43(h,).

Definition 2.121[9,23]. p={uj:i,j¢ S} is said to be a family of regular
structure maps if it satisfies the following : For z,ye «

(1) p is linear on 4 ;
@) m)=0;
(3) pia)t = uia®);

(4) for each j e 8, there exist constant ay > 0, a countable index set Sj;
and a family (Di: i e Sy) € & (k) such that for all fe b,

2 Il i) f 112 < 2 I = D3 fII*

where

“23 leDi f 112 < oy L1125
(6) milxy) = uie)y+auily)+ E ﬂk(w),u ()

where the necessary convergence in (5) follows from (4) and and Lemma 2.5.

We shall quote without proof the following result.
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Theorem 2.13 [9, 23, 24]. Let u be a family of regular structure maps.
Then there exists a unique contractive (hy, M) adapted family {js:¢t> O} of
identiry preserving » homomorphisms from A into &8 (H) satisfying : for
ze At>0

dji (%) =”§€3§ Jlpi(@)AASE) 5 jolz) = @
on Iy ®e€ ().
And if 4 is commutative then for s,¢(2> 0,2, y¢ A
J8Y)js(®)—j (x)jsly) = 0.

3. A QUANTUM STOCHASTIC DIFFERENTIAL EQUATION (QSDE)
WITH UNBOUNDED COEFFICIENTS

In this section we shall consider stochastic evolutions satisfying a q.s.d.e.
with unbounded coefficients. To this end we introduce some notations.
For a dense linear manifold 8 in %k, we denote by Z(8) the class of

densely defined operators Z == (Zi:1,je S) satisfying
(@) B3CB(Z);6G,je8); o (3.1)

(b) There exists a sequence Z(n)e g ﬂ%,n) 1 so that for all

fed,i,jes
s-lim Zin)f = Zif e (3.2)
n—y oo
and for each je S
sup Z_|| Zi(n) fI? < co. . (8.3)
n=14€8

Lemma 3.1. Let Z =(Z}:4,j¢ S) be a SJamily of densely defined operators
satisfying (3.1) and (3.2) where Z(n) € Jrp;n 2> 1. Then (3.3) holds.

Proof. Z(n) ¢ Jg implies that for each fixed je S
2 I1Zim)fI2 = 1| ZYLIP— < Zim)f, f > — <[, Ziin)f >
<11 25 (fI*+20 £ 2 f 1. e (34)

Now the required results follows once we apply (3.2) in (3.4). [J
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Lemma 3.2. Let Z ¢ &(8) then for each f € &, j € S there exisis a constant
¢/(f) > 0 such that

121 < o). . (35)

Proof. A simple application of Fatou’s lemma in (3.3) and (3.2)
establish (3.5). (]

Fix Z e Z () and Z(n) e Zr ) Ir satisfying (3.2) and (3.3). We denote
Vm = {V®)(t) : ¢ > 0} the unique co-isometric operator valued (hy, )
adapted process satisfying (Theorem 2.6)

AV = £ VO Zmarlee) ; Vo) = e (3)
3]6

on hye @ (A).

Following an idea cf Frigerio as outlined in Fagnola [10] and Mohari.
Parthasarathy [22] we shall investigate the asymptotic behaviour of {V®)}
as n—> 0.

Proposition 3.3. The sequence {V®} defined as in (3.6) admits a subse-
quence {V )} satisfying the following :

() w- lim VOt = V(t) exists for all £> 0; . (3)
- w®
() V={V(t):t> 0} is a contractive (hy, H)-adapted process for which
lim sup | < ¥, (V"6 — V() fe(w) > | =0
k—> ot

for 0 < T<OO,?/I€H fed,ue M.,

(i) For each 0L T <0, fe ,&, u €M there erisis a constanl ¢ =
o(f, w, T) such that

VO —VE)fe@)l < clult)—vu(@)] ;0 < s <ES T - (3.8)

(iv) V ={V(t):t> 0} is a strongly continuous (hy, A) adapled process,
(V) Z} e LL B, M) and

avi) = 25 V() ZidARe) 5 V(0) = T .. (3.9)
'!je
holds on & @e(.//() ;

«v) If (3.9) admits a unique contractive solution then V is a cocycle and
w. bm V() = V()¢ > 0).
n—pe
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Proof. As in [22] consider the sequence {p,} of continuous functions on
72, defined by
Palt) = < b V() fe(u)

where weﬁ,fe,&,ue./ﬂ are fixed. By (2.10) and (3.3) we have for
0<s<t<T

[P)=pu(&) | < WPV — V®(s)]fe(w)]
S M (s a, T) va(t)—vals) |2

where ¢(f, u, T') is a non-negative constant independent of n. IFurthermore
oa8)] < ¥llife(w)) for all ¢ > 0 and = > 1. Hence by Arzela-Ascoli theo-
rem {p,} is conditionally compact in the topology of uniform convergence on
compacta. Using the seperabality of the spaces involved and usual diagonal-

isation procedure extract a subsequence {V(nk)} satisfying (i) and (ii). For
(iii) observe that for any e A, fe B, ue A

| <Y V)= V)lfelw) > | = lim [ <y, (V%) ¥ "® () fe(w) > |

< Ilielf, w, T)vu(t)—vals)]2.
So taking supremum over all unit vectors yr we get
V) —Vi)lfew)ll < olf, v, T) [vult) —va(s)]>

V = {Vi):t > 0} being contractive, strong continuity follows from
(3.8) and also {V(£)Z}} € £L(B, A) is immediate from Lemma 3.2. Now by
(2.3) and (3.6) we have for each f,ge 8, u,ve M and ¢t > 0

< fetw), Vithge(®) > = lim < fetu), V"% (t)ge(v) >

= < fe(u), ge(v) > + lim X% _ j’ dsuy(s)vi(s) < fe(u), V i k)(s)Z‘(nk)ge(v) >

—> @ 0,]5
t
= < fe(u), ge(v) > -+ Ze _[) dsuy(s)yi(s) < fe(u), V(s)Zige(v) >
t,J

which implices (3.9) and proves (iv).

Fix any s > 0 and define as in [16] the contractive adapted process
Vs = (Valt) 5t > 0) by

V() ;0<ES s
Vat) = { I
V(s)D(Ga) VE—8)T(E) 5 ¢ > s
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The proof of ‘first part’ is complete once we have shown that Vs is also a
solution of (3.9). V being a solution of (3.9), the following holds for £ > s:
AVit) = VOO V(t—9) { X ZdAt—s)T0}
1€

on B @e(M). Also observe that T(65)dAi(t—s)T(0]) = dA% (t) and
N)T(0s) = I. So

AVilt) = Vis)TO) Vi—)T() { X ZTONA—TE) |-

Hence we obtain the required result. The ‘second part’ of (v) follows by a
standard subsequence argument. [

Lemma 3.4. Suppose X == {X(t) : t > 0} ts a strongly continuous bounded
operator value (hy, M) adapted process satisfying

ax(t) = ‘ig X(H)ZiAie) ; X(0) = © ... (3.10)

on B @e(./lt), Then for all m, n > 0,f,ge B, u,ve M and t >0 the
following holds :

< fu'm X()go™ > == X _

¢
| dswu(s)vi(s) <fu(mi), X(s)gvmj) > ... (3.11)
PX) eS 0 )
where w™ = 0 and for any n > 0
(n , i=0
ng =
n—1, i¢8.
Proof. X being strongly continuous, for any T' > 0, osslt% . 1 X)) < oo.

Now use the fact that s— e(su) is real analytic for any fixed u ¢ A and domi-
nated convergence theorem to get (3.11) from (3.10). [J

Lemma 3.5. Suppose T = (T'(t) : > 0) is a family of strongly contiuous
operators in hy such that sup |T(@)| < oo and
t20
dT(t) = T(t)K dt, T(0) = 0 .. (3.12)

holds on %. If K is the generator of a contraction Cy-semigroup with & as a
core then T() = 0 for all t > 0.

Proof. & being a core for K, for all A > 0 we get

E=X & = by ' . (3.13)
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Define bounded operators R, ; n > 0 by

o]
R, = [ e M T(t)dt
0
and from (3.12) observe that
AR, = R,K ... (3.14)

on 8. Hence by (3.13) and (3.14) we have R, = 0 for all A > 0, so 7'(t) = 0
for all ¢ > 0.

Proposition 3.6. If Z3 is the generator of a contractive Cy-semigroup with
B as a core then euation (3.9) has a unique contractive solution.

Proof. Let V' = {V'(t) : t > 0} be an another contractive process sabis-
fying (3.9). Using the basic estimate (2.4) and (3.5) observe that }’ also satisfies
(3.8). Hence V' is strongly continuous. Define X(t) = V(t)—V'(t) (¢t > 0).
To show that X(f) = 0(f > 0) it is enough to show that for any w, ve A

Tu<m>,vm> (t)=0 . (3.15)
where Tu(m),vw (¢) € B (hy) is defined by

<£ Tmm),v(m (t)g > = < fu'm) X (t)gv'») >

In view of Lemma 3.5, we are to show that T, . . (f) satisfies (3.12),
We shall do this by induction on m,n > 0. For m = 0 =n it is imme-
diate from (3.11) (u = 0 = v). Assume that (3.15) holds for all u, v ¢ A and
m,n > 0 such that m-+n < k. Then by induction hypothesis and (3.11)
observe that T, . . . (t) satisfies (3.12) for all u, ve A and m, n > 0 where

m-+n = k+1. Now an application of Lemma 3.5 completes the proof. []
For any Xed (ﬁ) we define the bilinear forms o£f (X)(i, je S)
on 8 ®c¢ (A
< fe(u), o€ (X) ge(v) > = < fe(u), X Z§ ge(v) >+ < Z; fe(u), Xge(v) >
—l—kE < ZE fe(u), X ZE ge(v) > .o (3.16)
€8
where the necessary convergence follows from (3.5) and Cauchy-Schwarz

inequality. 1In order that the solution V = {V(f) : ¢ > 0} of (3.9) be isometric

it is necessary that £ (I) = 0(i,j ¢ S). Here our aim is to get a sufficient
condition for V = {V(t): t > 0} to be isometric. To this end we introduce
a few more notations :

={Ze&(B): Li(I)=0;4i,j¢ 8}
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and for A >0
Bi=1{B>0:BeBh); LYB) = AB}

Lemma 3.7. If Ze S then for all m,n > 0,f,ge B u,veM and t > 0

t
< fum, X(Bgo'® > = 3 [ dsuy(s)vi(s) < fu™, L(X (O™ > ... (3.17)
i,jES O

where my, nj(s, j € S) are as in (3.11) and
X(@t)y=I—-V@)yV) (t > 0).
Proof. Ze J and quantum Ito’s formula implies that for all f,ge B,
w,veMand t > 0

< fe(u), X(t)ge(v) > = %@ fdsui (syoi(s) < e(u), L5 (X(t))ge(v) > ... (3.18)

We obtain (3.17) from (3.18) and analyticity of the map s — e(sv) (for any
v € M, where the necessary convergence follows from (3.5).[]

Proposition 3.8. If Ze J and f;, = {0} for some A > 0 then the solution
V = {V(t): t > 0} of (3.9) is isometric.

Proof. Note that 0 < X(f) < I, X(0) = 0. Denote non-negative opera-
tors Y, ¢ B(H) and B{(w) € B(hg) (A > 0, n > 0, u e M) defined by

Y, = [ eMX(t)dt
0

and
< fy BP(w)g > = < fu™, Y ,gu® >,

Observe that for any fixed n > 0, u ¢ A, B{(u) = 0 for some A > 0 if and
only if X(t)fu® = 0 for all feh, and ¢ > 0. We shall show by induction
on n > 0 that for all fehy, ue M, t> 0

X()fum =0 .. (3.19)

Taking © = 0 = v in (3.17) observe that B®(0)e#,. So (3.19) follows for
= 0 by our earlier observation and the assumption that g, = {0} for some
A > 0. Now assuming (3.19) for n—1(n > 1) we get for (i,4) # (0,0) and
£>0
< "), &5 x@ngu™ > = 0.

Hence (3.17) implices that B{™(u)e¢ B, for all ue M, A > 0, so BP(u) =0
for some A > 0, which by the observation made earlier implies (3.19) and
completes the proof. [
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Now our aim is to exploit the time reversal principle to obtain a sufficient
condition for V == {V(f): > 0} to be co-isometric. To this end we impose
some additional condlt.lons on Z.

Assumption 3.9. For the triad (&, Z, Z(n) ; » > 1) satisfying (3.1)-(3.2)
and Z(n)e Jr () Jr there exists a dense linear manifold D in hy such that
(5, Z, Zv(nr) ;m > 1) also satisfies (3.1) and (3.2).

If Z satisfies Assumption 3.9, Lemma 3.1 implies that Ze (%) and
Ze &(g). For any X eﬂ(ﬁ) define the bilinear forms z; (X) (5,5 € S) on
D @e(,//() as in (3.16) with Z replaced by 7 and set

J={Z:Z)=0;i,je 8}
and for A > 0

B, =1{B > 0:BeB(h): £YB) = AB}
Since Z(n)e Jp () Jn(n > 1), VW = {Vw)(t) : ¢ > 0} defined as in (3.6) is a
regular unitary cocycle and by Theorem 2.11 the dual unitary cocycle
P = (Tt t > 0} satisfies

AV w(E) = V() Zin)dAie) ; To(0) = T .. (3.20)
on k«o@e(j). Also from (3.7) we get
w. lim 7" @) = 7 ¢ > 0) .. (321)
k=)o

where -
V(t) = e4V(E) &t > 0).

Proposition 3.10. Let for Z Assumption 3.9 be valid. Then
(1) = {V(t) t > 0} is a strongly continuous (hy, M) adapted process,
{I~’(t)5}} 6 L (B, M) and
dV(t) = X V(t) Z' dns (¢) : V(O) =1

i.j€S
holds on 2 ® e (AN). 9
(i) V*={V(®)*:¢> 0} is strongly continuous.
(iiiy If V is co-isometric then Ze J.
(iv) IfZe :2' and ﬁ"; = {0} for some A > 0 then V is co-isometric.
Proof. Ze.;z(,g), so i) is immediate from Proposition 3.3 and (3.21).
(ii) follows from (i) because t=» ¢¢; is continuous in strong operator topology.

For (iii) and (iv) observe that V is co-isometric if and only if 7 is isometric.
Hence the required results follow from Proposition 3.8 and (i).[]

A 3-3
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4. CLASSICAL MARKOV PROCESSES

Here our aim is to recall some basic facts from classical theory of Markov
processes. In particular we shall quote without proof the construction of
Feller’s ‘minimal’ solution -as outlined in Ledermann-Reuter [20] and a nece-
ssary and sufficient condition for the minimal solution to be strictly
stochastic. ‘ ' |

Definition 4.1. A family of matrices Q = {Q(t) = (Qi(): 3,5€Z); t > 0
is said to be regular Markov if the following holds :

(@) Quy@) > 06 #j); Qu (t) =— 2 Q;(@); o (41)

j=i

(b) t— Qq(t) is continuous for each i, ¢ Z.

For Q(t) = Q, Q = (Qq5 ;4,756 Z), independent of ¢, Q will be called a
Markov matriz. For any n > 1 denote the family of finite matrices

Q= {QW(E) = (Qy (t) : —n < 4,5 < n) 3¢ > 0}

and F : = {F™ (s, 1) = (F{P (s, 1) : 5, < n; 0L s t), the unique
solution of

;? Fm(s, t) = Fn)(s, t) Qn)(t), Fn)(s,s) =1 ; 0 < s K ¢

Lemma 4.2. Forall n > 1,0 s <t <o, —n < 1,j < n the following
holds :

(i) F(s,8) =ou . (42)

(i) ;t F@ (s; t)_‘n‘%sn F@ (s, t) Qe (t) A v (4.3)

i) JFPh=— I QuEFPEs (44

ds -n<jisn

(iv) F®(s,t)= = F(,-';) (& NFP @) ;< r <) .. (4.5)
-nSis

(v) F(s,t)> 0, Sz F{;)(s f) < ... (4.6)
—néi< |

(vi) FG*D(s,t) > Fis, t) e (&)

(vii) If Q ()=Q, setFﬁ},"(t):F&,’;)(o, ), then F@(s, )=FP(t—s). ... (4.8)

So as n > oo. F(s,t) tends to a limit say Fi(s,t). From Lemma
4.2 we have the following. theorem..
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Theorem 4.3. For any fixed s > 0, Fy(s,t) is absolutely continuous in
t, for any fived t > 0, Fy(s, f) is continuously differentiable in s. For all
0<s<t<oo and i, ke & the following holds :

(i)  Fals, s) = 0y ... (4.9)
(if) (% Fals, t) = z Fiyls, 8) Qult) .. (4.10)
for almost all t 2> s (s held fived)
(iii) (% Fy (s, t) = —3‘. Q;; (s) Fy(s, ) e (4.11)
(iv) Fuls, t) = szi,(s, r) Fpelr, £) o (412)
(v) Fuls, 1) > 0, ? Fii(s, 1) < 1. . (413)

(vi) IfQ(t) =Q as in Lemma 4.2 (vii) set Fy(t) = Fiu(0, 1), then
Fig(s, t) = F(t—s) . e (4.14)
and (4.10) is valid for all ¢ > s
Theorem 4.4. If a family of matrices P(s,t) = {Py(s,t) :1,keZ :0 &

s L t < oo) satisfying
Puy(s, 8) = O, Pex(s, t) > 0

and either (4.10) or (4.11) then
Pucs t) > firls, t) v (4.15)

Sfor all 0 < s <t <.

Proof. For a complete account of these results see Ledermann-Reuter [20].

Consider the situation when Q (¢) = Q and set Fy(t) : t > 0 as in Theorem
4.3 (vi). Itis clear from (4.13) that for all £ >0
ZFut)< 1 . (4.16)
k

The following theorem indicates a necessary and sufficient condition for equa-
lity in (4.16). ‘
Theorem 4.5. For all i ¢ Z and t > 0 equality holds in (4.16) if and only
if B, = {0} for some A > 0 where
B,={&>0,xel(Z). Qr=Az}
Proof. See Feller [14]. [] ‘

For a more explicit description of Feller’s condition for bhirth and death
processes, the reader is refered to Karlin-McGregor [19].
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5. A CLASS OF NON-COMMUTATIVE MARKOV PROCESSES

In this section we shall deal with a class of quantum stochastic evolutions
initiated by Fagnola [11]. Scme restuts in this direction will be found in [6].
We extend the results obtained in [11] and improve some unsatisfactory parts
in [6].

Fix a Markov matrix Q = (Qq;¢jeZ) and choose complex numbers
mqz (3, j € Z) such that

Imi|® 51 #]
Qy = . (5)

—|mul?; 1=

and § C Z\{0} so that for all keZ,i¢ S

meg =0

So for cach 1¢Z,—Qy = X 4y holds. Also fix an orthonormal basis
jieS

{fx : k € &} for h, and denote by & the linear manifold generated by the basis
vectors. Defne wu ¢ itary operators S ({¢S8) and projections ¢r(k e Z),
[Iu(n > 1) in hy by

S‘fk =fk+"
Sk = |fe > < fel, . (52)
kIS n

and denote by _g the von-Neumann algebra generated by {¢x ; k¢ Z}. Also
consider the normal operators Z; (i ¢ S) satisfying

Zifx = M st fr-

Observe that for each fe & there exists a constant ¢(f) > 0 such that

2 NSRS elf) .. (5.3)

Now consider operators Z = (Zi ; i, j ¢ S) defined by

(0 ;6,5€8
—84Z; ;1€8,5=0
. (5.4)
Z} = < Z;S; ;t1=20,5¢€¢8
1 X Z;Z =0
3 Em im0
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Taking Z(n)(n > 1) as in (5.4) with Z;(i ¢ S) replaced by Z": = Z;Il, a

routine verification shows that Z satisfies Assumption 3.9, 8 is a core for ZJ
which is the generator of a contractive Cy-semigroup. Also Ze g J.

Theorem 5.1.  Suppose operators Z = (Zi :i,j e S) are as in (5.4). Then

(1) there exists a unique strongly continuous (hy, f) adapted contractive
evolution V = {V(t) : t > 0} satisfying

av(t) = . 26.5 V(t)Zs dAit) ; V(0) = 1
on B Qe (M) ’
(if) V is a cocycle and for all i.je &, t > 0 the following holds :
@) <[ 1) fi > = Fyll)
(b) < foTds) fi > = Fylt)

where T = (T;50:t2> 0) and T= (;; 62 0) are as wn (2.11) and F(t) =
(Fy(t) : 3, j € Z) i3 the minimal solution for the Markov matriz Q.

(iii) The following statements are equivalent :
(a) V ={V({t):t> 0} is isomelric.
(b)y V={V(t):t> 0} is co-sometric.
(¢) By =0 for some A > 0.
where B,(A > 0) are defined as in Theorem 4.5.

Proof. (i) is immediate from Proposition 3.3 and Proposition 3.6. For
(ii) set matrices Pm.m)(t) = {P{"(t) : —n < 4,j < n} ;m > n defined by

Pt = < fi e(0), Vem(t)y* ¢, VW(2)fy e(0) >
We shall show that for each » > 1 and m > »
Plmm(f) = Fm(t) .. (5.5)

where FW(t)(t > 0) is described in Lemma 4.2 (vii). To show this first
observe that (5.5) is true for t = 0. Quantum Ito’s formula (2.1) implies that

d%_ Ptm, n)(t) = Q@) Pim, “)(t) ... (5.6)

where Q® = (Q¢: —n < 1, € n).
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But (5.6) admits a unique solution, so (5.5) is immediate. Now using
the fact w-lim V() = V(#)(¢ > 0) we have for all ¢ > 0,¢j¢Z '
n—y o

lim FQ@) = lim lim Pgn@) = < fi, 7lgs)fs >

n—yoo N=—Po0 N—PeO
Hence (b) in (ii) follows from Theorem 4.3 (vi). (a)in (ii) follows by an identi-
cal method and we omit the details. For (iii) we shall show that (a) & (e),
a similar method will yield (b)&= (c). For (a)== (c), observe that
V={V():t > 0} being an isometric process we have from (ii), for each
Jj€Z, X Fyt) = 1(t > 0). Hence by Theorem 4.5 we get B,= {0} for

J

some A > 0. To show the converse recall the sufficient condition for
V ={V(t) > 0} to be isometric, described in Proposition 3.8. Let Bep,
for some A > 0. Denote x = (a(k) : k ¢ Z) defined by

w(k) = < fr, Bfy >

A simple computation shows that x ¢ B;. Hence by our hypothesis « = 0, B
being a non-negative element we have B = 0. Hence g, = {0} for some
A > 0. This completes the proof.[]

16 is known [6] that {ay(@): = V(t)pV({t)*; ¢t > 0; de 4} is a non-
commutative family of bounded operators. By Theorem 5.1, o; is an
identity preserving homomorphism if and only if B, = 0 for scme A > 0.
For an unbounded Markov generaror it is not clear whether it satisfies a
diffusion equation in the sense of [8].

6. A CLASS OF COMMUTATIVE QUANTUM MARKOV PROCESSES

Here we shall continue the programme initiated by Meyer [21], studied
subsequently in a series of articles Parthasarathy-Sinha [24], Mohari-Sinha
[23], Fagnola [10].

As in Section 5, Q is a Markov matrix and operators Zg, S¢(¢ ¢ 8) and
IT,(n > 1) are as in (5.1)—(5.3). Now consider operators Z = (Z}:4,je §)
defined by

((—=Dsy i ijes,
— ;ieS,j:O,‘

B = < ) o (6.1)
Z; 8; ;1=0,7€8,
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Taking Z(n)(n > 1) as in (6.1) with Z(i e S) replaced by Z{M = Zll, a
routine verification shows thet Z satisfies Assumption 3.9 and Ze J() J.
Moreover R is a core for ZJ which is the generator of a contractive

Cy-semigroup. Exploiting the results proved in Section 3 and Section 4 we
have the following theorem.

Theorem 6.1. Suppose the operators 7 = (Z;i,je8) are as in (6.1).
Then

(1) There exists a unique strongly continuous (hy ) adapted isometric
evolution V ={V(t)} :t > 0} satisfying

AVit)y = S_ V(t) ZidA(t) ; V(0) =T . (6.2)
ijeS

on B @ e (M)
(it) V is a cocycle and for all i,jeZ,t > 0 )
< [fi Py fi > = ,_Fu(t) .-

where T = (1, : t > 0) 98 as tn (2.12) and F(t) = (ng(t)-: i, j € Z) 1s the minimal
solution for the Markov matriz Q. )

(iii) ¥V ={V(t):t > 0} is coisometric if and only if B, = {0} for some
A>0.

Proof. - (i) is immediate from Proposition 3.3 and Proposition 3.6 except
that V is isometric which follows once we verify the sufficient conditicn indi-
cated in Proposition 3.8. To this end let Bef, and set (k) := < f,
Bfy > (ke &). B being an element in 8, we have from (3.16)

Nolh) = — 3 [Pk~ ] (k) 2 | 1| 22(R)

= ( 2 Qpek) =0

i€§
Hence g, = {0} for all A > 0. This completes the proof of (i).

(ii) follows by a similar method employed for the proof of (b) in Theorem
5.1 (ii). Now for the ‘only if’ part in (iii) use (ii) and Theorem 4.5. For the
converse recall the sufficient condition indicated in Proposition 38.10 for
V ={V(t):t > 0} to be co-isometric and observe that it is the same as that
for V.= {V(f) : t > 0} in Theorem 5.1 to be co-isometric. So B, = {0} for

gome A >0 impies f, = {0} for some A > 0. Hence this completes the
proof of (iii). [
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Consider the family of maps « = {a; ; ¢ > 0} defined by
al) = VOBV e A) . (6.3)

It is shown in [23, 24] if the Markov generator is a bounded operator i.e.
sup | Qu| < oo then a = {a; ;¢ > 0} is the unique family of strongly conti-
(]

nuous identity preserving* homomorphisms satisfying :

dog(@) = Z a0} ()AANL) ; ay(@) = & .. (6.4)

1je8
on h@®e (), where 0= (0i:ije8) is a regular family of strncture maps

on /¥ given by

[ (Pr_1—Pr)dys i€l
, ME_t,k Ph—i— Mk, k1 iDk ,i€8,j=0 05
Oi(de) = 4 _ o .. (65
o j Mk_psk P — Mk 1Pk ,i=0,je8
IL ZS [ mp—ro | 2Pk v — | mik | °Pe, , == 0 =3
r€

Furthermore {afd):t > 0,¢e 4 is a commutative family of bounded
operators.

Here our aim is to drop the boundedness assumption of Q and investigate
the family a = {oy : £ > 0} in detail.

By Theorem 6.1 observe that o = {a :¢ > 0} is a family of strongly
continuous* homomorphisms and it preserves identity if and only if B; = {0}
for some A > 0.

In [22] the asymptotic behaviour of the induced Evans-Hudson flows
JM(P) 1 = V() V ™) (t > 0, d € A) as n—> 00 has been investigated but it
is not clear whether it approximates the process o = {o;; : £ > 0} in a reason-
able topology. Here we shall modify the approximating sequence to ensure
it and conclude some properties of o = {o; : ¢ > 0}. In particular, we shall
show the commutativity of the process and prove that the differential
equation (6.4) is satisfied in weak sense. Finally with an additional hypothesis
on Q, we shall show it satisfies (6.4) in strong sense. To this end we intro-
duce some notations.

Define bounded operators S{"(i e S), Z(n) == (Zi(n) :¢,j € S)(n>1) by

r Slli_p-+1—Ii_p , >0
S =3 |
L Sinn]—}—l—"nnl s 1 < 0
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where
Hin= 2 ¢ Hyy= Z ¢
d kz-n ks n
an
[ (8™)*—I)éy y h,j€eSs,

—Zm ,1€8,7=0,

|
, I
Zin) = .. (6.6)
(Z(”))*(S(”))* L 1= 0,]' e,
l

z; (ZPMY 7™ | =0 =],
keS
A simple computation shows that for each n > 1, Z(n) € &g (") Jg and satisfies
(3.1)—(3.2) where Z is defined as in (6.1). Also for all 3,j ¢ S
: : [ (SY8PY—I)dy, i,5€ 8,
Zim)+ Zin)' + = Zm)* Bin) = i
ke 0

, otherwise.
So for each je § and fe & me have

.' €2§ 1Zi)fI? < IR+ Z5n)f 112+ 20£1l 1 Zim)f I
and (4.2) implies (4.4). Denote C® = {C")(¢):¢ > 0} the unique co-iso-

metric solution of (3.6) where Z(n) (n > 1) are as in (6.6). So by Proposition
3.3 and Theorem 6.1 we have

slim C®(t) = V(t) (¢ > 0) v (6.7)

. N=—Pp 0
Now consider the maps o‘mn) == (™™ : ¢ > 0) m, n > 1) defined by

afm™ () = O™ (O™ (H)*, ¢ ¢ A.
We also write a® for amn) (n > 1).

A simple application of quantum Ito’s formula (2.1) shows that

dofrng) = 5 cmm(mmp@NaND) s o) =p . (69)
where '
[ (odp)—P)0y , Ljes,
|
| ouP) L —ZM ,i€8,5=0,
|
(i) = <| (Z8)*ai(g)—P(Z§M)* ,i=0,§¢8,
l kg {(Zgm) (@) Z(n)__m( Z{™y* Zim g
L —3g(2m)*zm ,i=0=j .. (6.10)
and

TK(B) = (SMBSM, ke S.
A 3-4
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We also write ™y for my for each > 1. For n>1 denote

Y = (Wi g, j ¢ S} the rééul&r structure maps defined by (6.10) where
m =n and ox@) = S;PpSk,(keS). Some algebraic relaticns among these
maps are listed in the following lemma.

Lemma 6.2. Fix any n > 1. The following holds for all i,je S
(@) for pe A

: { I, ®6ig), 4,5 > 0
Muy(@) = ‘ T
L I, ™MO(@) , otherwise ;

(b) for |k|<n<m
() = ™™ ().
Proof. Note that for all ie¢S,n > 1
(i) SMZM = 8¢ Z{M,
(ii) for keZ
(S) P8 —p = {
(iii) for |k <n<m
(8fm)* P8 = (S() P8y,

Mi_p $ps—Pk), >0,

Mpy (Pe—t—Pk), ¢ <03

With these observations a routine co-mputation implies (a) and (b).[]

Let _#, be the linear mamfold generated by {¢r : ke %}. So A, is
weakly dense in _A4.

Proposition 6.3. For any n 2> 1,

(a) a® ={x™ :t> 0} is a family of » homomorphisms. The family
{™(P) :t > 0,d¢ J{} 18 commutative.

(b) for k)] <K n<m;t>0
oaf™(pr) = ™" (¢r) . (6.11)
fordge Apt>0
s- lim  o{™M(P) = au(@) .. (6.12)
n —) o

(d) the family of operators {as@p) ;t > 0, ¢ € A} is commutative.

Proof. Since ™@ is a family of regular structure maps Lemma 6.1 (a)
implies that ™y is also a family of regular structure maps on 4. Hence (a)
follows from Theorem 2.13.
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For any fixed f, g € by, u, v € M, n > 1 denote zm(t) = {«™(¢) : | k]| < n};
> 0, m 2 n defined by
) = < fe(u), 4™™(Pr) ge(v) >
From (6.9) we get for m > n
;—lf am(t) = amEQME)E > 0) .. (6.13)
where QW(¢) = {Qg(t) :—n < 1,5 < n} ;¢ > 0 defined by
(wi—g(8)-+mag) (VI +Mag) 5 ¢
Q4 (1) = o
— I Qu(t) yi1=J
r#d

Also observe that a'm)(0) is independent of m > n. Since (6.13) admits a
unique solution we have for all m > n 2> |k|,f,gehy u,veAHMand t >0

< fe(u), c™(r)ge(v) > = < fe(u), af™ "(¢r)ge(v) > .
Now a standard argument implies (b). For (¢) it is enough to show (6.12)

for ¢ = ¢g, ke . From (6.7) and (6.11) we have for each n > | k]|
aM(pg) = w- lim o™ () = V(£)PeC™(E)*(¢ > 0). .. (6.14)
m —» o

Hence we get applying (6.7) once more in (6.14)
w- Him o) = ou(gr) (¢ > 0).
n—ywo

Since ™ :n > 1 and oy(t > 0) are * homomorphisms, (6.12) follows. This
completes the proof of (¢). For (d) use (a) and (c) to show that {ay(d) : ¢ > 0,
¢ € A, is a commutative family. Since A, is strongly dense in A, (d)
follows by a standard approximation argument. []

We shall show that o = {a; : ¢ > 0} is indeed, a quantum analogue of
Teller’s minimal solution. To this end we introduce a few notations. For
any fixed u € A, consider the family of matrices P(s, £) = {Pyls, t) : —o0 < 3,
j< o), PM(s, t) = {PPs, t): —n <4, j <} 0K s< ¢ and n 2> 1, Q(f)
= {Qupt) :n < 4,5 < n} ;¢ > 0 where

PPla 1) = < fielw), CM(s)* OIS0 CWs)fielr) > | elw)]|-2

Py(s, t) = < fie(u), V(s)*V(t)psV(e)* V(s)fieu) > lle(w)]| ™2
{IM¢1+uj_i(t)I2, ey
Qis (t) = S
— 2 Qut); 1=
ks ’

and ) .
Me = {u € A ; u.is continuous}
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Proposition 6.4. For any fized u e M the following holds :
(@) Lim PYPs, t) = Py(s, 1) (0< s < ¢ < )

N—) 0

(b) {P(s,t);0< st} 18 the minimal solution satisfying (4.9)—(4.13)
and (4.156) where Q(f) = {Qut) : —0 < 4,5 < 0}, t > 0.

© Ifu=0
P(0, t) = F(t)

where F = (F(t) :t > 0) ts the minimal solution for the Markov matriz
Q=(Qy:—0<i,j < o0).

d) o=(o):=I--V@E)V{E)*;t > 0)is a sirongly continuous increasing
projection valued commutative adapted process.

Proof. (a) follows from (6.7) and (6.12). For (b) using quantum Ito’s
formula (2.3) we have for 0 L st <owand n>1

%Pmmﬁ=Pwmnwwo . (6.15)

Since (6.15) admits a unique solution, we have for any i,je¢ Z
n 2 max (|i], |§])

P{Ps, t) = mii | Ps, ) F5s 5 1) ... (6.16)

where F®)s, t) is the unique solution of (4.3). Now taking limit as »— o0
in (6.16) we get for all ¢,j¢Z

P‘j(S, t) = FU(‘?’ t)

where (4.7) and (4.13) bave been used to employ dominated convergence theo-
rem. Hence (b) follows by Theorem 4.3. (c) follows from (vi) of Theorem 4.3.

Fix any w,ve M and ¢ 7% j. Since (6.13) admits a unique solution, in
particular we have for |k| < n

< fe(w), of™(a)fpe(v) > = 0 (¢ > 0).
Taking limit as n— oo in the above expression we get for all k¢ Z
< fie(w), a(r)fse(v) > =0 (¢ > 0).
Hence for all u,ve M and & 5% 5
<fie), o (I)fe(v) > =0 (¢ > 0). . (6.17)
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So for an element y = Xc;fie(u;), where finitely many c¢; are non-zero,
ug € A we have from (6.17)
IV ¥R = Z [e2IVE) fie@)l? (¢ > 0) . (6.18)
For any fixed we S ieZ,0< s <t using (4.12) and (4.13) we get
IV (6) fre(w)? = % Fy(t) = % Fi(s) X Frj(t—s)
2 J
< %Fik(s) = [|V(s)*fre(u)] e (6.19)

Now exploiting the fact that & @ e ( ) is dense in 2, @ 1", (6.18) and (6.19)

implies that o is an increasing process. By Proposition 3.10 (ii) V* is strongly
continuous, hence Theorem 6.1 implies that o is a strongly continuous pro-
jection valued process. Commutativity follows from Proposition 6.3(d).
This completes the proof.[]

For the rest of this section we shall impose the following hypothesis on
the Markov matrix Q :

[A] for each je Z, sup Q;; < oo.

Observe that for Q satisfying (K), 0 = {0} :¢,j¢ S} described as in (6.5)
indeed maps ¥, into _¥. Furthermore we have the following lemma.

Lemma 6.5. Let (A) be valid. Then for ¢ e A, the following holds :

() S 6{6)°0i(8) o (6.20)
is convergent in strong operator topology for je S.
(b) w-lim a{M('W pui(B)) = o(0i()) .. (6.21)
n —) ©

for t > 0,%,j€8.

Proof. 1In view of Lemma 2.5 to show (a) it is enough to verify (6.20) for
¢ =¢r;keZ. For jeS (6.20) is always valid since only finitely many
terms are non-zero. For j = 0,7¢ S we have

0i(Bk)* O3 dr) = Qe_t, kPr_1+ Qe k4P
so for each feh,

S0 ef? < 2(] Qur| + sup Qtrc)ﬂf 2

ieS

Hence this completes the proof of (a). For (b) note that it suffices to
verify 621) for ¢ =¢x;keZ. For (i,5) #(0,0),® ui(@x) being equal to
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0;'(¢k) for sufficiently large n, (6.21) follows fiom (6.12). . Proof of (b) will be
complete once we verify (6.21) for ¢ = 0 = j. To show this observe the
following :

(i) “ud(Px) being an element in the linear span of {¢, : |7| < n}, (6.14)
implies that

M (Mpd(dr) = V() (Wpddr)) O (b)*(t > 0)
(i) Mud(dr) :n > |k| is a sequence of self-adjoint operators and
slim® uf(cy) = O3(Pr)-

A standard argument coupled with these observations and (6.7) lead us to the
required result. This completes the proof.[]

Theorem 6.6. Consider the family of maps o = (o : ¢ 2 0) defined as in
(6.3). Then the following holds :

@) a: D> AQRB(,);t >0 is a family of strongly continuous*
homomorphisms and {ou(@) : t > 0, p e A} is a commutative family of bounded
operalors ;

(b) « is identity preserving if and only if B, = {0} for some A > 0.
(c) If A holds then for all ¢ € A,
(@) = @, das(@) = i?‘;_at(ﬁ;:@))d!\? () (¢ > 0) .. (5.22)
holds on hy @ & (A " '

(d) For any fehyue M t2> 0,0 >0 and a positivity preserving
bounded process j = {jiP) :t > 0,¢ ¢ A} satisfying (6.22) the following in-
equality holds :

< fe(u), je(@)fe(u) > > < fe(u), u(P) fe(u) >

Proof. By Proposition 3.10 (ii) obscrve that ¥* is strongly continuous,
hence Theorem 6.1 implies the first part of (a). For the rest of (a) appeal tc
Proposition 6.3 (d). (b) follows from Theorem 6.1 (iii).

Tirst observe that for all f,gehy, u,ve M pe Ay and t > 0

< fe(u), x(p)ge(v) > = lim < fe(u), 1M(@)ge(v)) >

= < fe(u), ggelv) >+ & lim I dsuy(s)vi(s)< fe(u), af™ (W pi(¢))ge(v)>

$,j€S n— o

= %-,fe ('7),), 4598(5) > ~+j€§ _0"[' (lsu,;(s)vf(é.) < fé(ii), é,.(b;ééj):ge(b) >
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where (6.12), u, v e A and (6.12) have been used in the first, second and last
equality respectively. Now for (c) it is enough to show for each ¢ ¢ A,
{1(04(¢))} € o€ (hg,utt). Adaptedness of the processes is clear from Theorem

6.1 and for each ¢ ¢ A, je S, a; being a homomorphism we get from (6.20)
2 (05(@)) o (05()) = ou( Z 05(@)*05(8)). .. (6.23)
1 %

where the series converge in strong operator topology. «; being a contractive

map for each ¢ > 0, we get the required result from (6.23). This completes
the proof of (c).

For (d) we need to show for each fehy, ue A and |k] < »
ye(t) 2 =) (¢ > 0)

Yr(t) = < fe(u), ju(¢r)fe(u) >

where

and
() = < fe(w), ™ (Br)fe(w) >.
Fix any n > 1 observe by our assumption on j = {j;: ¢t > 0}

ddT yW(E) = ym () QW) () L2(¢) (¢ > 0) .. (6.24)

where y®W(t) = {yx(t) : —n < k < n} and 2MW(t) = LMW(t): —n < k< ) is
given by

A = I yt) Qalt) (¢ > 0)
151>n

and z™(t) > 0. Also note that x)(t) = {x®)(t) : —n < k < n} is the unique
solution of (6.24) where 2®)(t) = 0. With these observations we get the
required inequality by integrating the differential-equation. This completes
the proof.[]

In analogy with the classical Feller minimal process, we expect an
operator inequality in Theorem 6.6 (d). However, with an additional assump-
tion on j;, namely for all ¢ 45 and w,ve M, < fie (u), j(@)fe(v) > =0
for allt > 0, we have

Ji(@) = ou(@)

whenever ¢ > 0. It remains an open question whether Feller’s condition is

also sufficient for the existence of a unique positivity preserving contractive
flow satisfying (6.22).
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