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Abstract

A quantitative study of the unsharpness needed for unsharp spin-4 observables to satisfy the Bell/CHSH inequalities shows
that the result obtained by Busch has to be corrected due to unexpected correlations. It is also demonstrated that the original Bell

inequality is inappropriate for unsharp spin observables.

Bell inequalities have been derived as necessary and
sufficient conditions for the existence of a joint prob-
ability distribution for three observables with pair dis-
tributions as marginals [1, 2] In another version [3,4]
it can be stated that Bell inequaxmes and Clauser—
Horne-Shimony-Holt (CHSH) inequalities are the
necessary and sufficient condition for the classical rep-
resentation of the probability sequence obtained from
three and four observables ( here spin-; observables)
respectively in a quantum state (here singlet state).
Now a joint probability in standard quantum mechanics
is forbidden for incompatible observables. So it has
been suggested that violation of the Bell inequalities is

ted with th igt £ 1 1
connected with the existence of incompatible observ-

ables rather than with some non-local influence exerted
by the measurement of one local observable on the
measurement result of another local observable [5].
This idea has been supported by the fact that in gener-
alized quantum mechanics there exists a joint measure-
ment, hence a joint distribution of two incompatible
observables if the measurement is auulucuuy uubuaxp
or imprecise [6,7]. Here we are not going to discuss
the interpretational problem. We shall find the amount

TPIC

of unsharpness needed to make quantitatively the
observables satisfy the Clauser—Horne~Shimony-Holt
(CHSH) inequalities in the case of two spin-1 particles
ina singlet state. Then we shall show that a previous
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inequalities obtained by Busch [2,6,8] should be cor-
rected. This result also demonstrates that a direct appli-
cation of the Bell inequality for unsharp spin
observables is problematic due to unexpected correla-
tion. To show this let us consider unsharp spin-}
observables in the two-dimensional compiex Hilbert

space,

E(n:)z%(l'i')\’i,(fl), i=1’ 2’ 314,

where A is a real number with 0 < A < 1, the #; are unit
vectors and the o-are Pauli matrices. When A= 1, E(n;)
is a projection operator representing a sharp observable.

In Bohm’s version of the EPR experiment let us
consider a system consisting of two spin-} particles in

the singlet state,
Y= ¢>®‘/—[<p+(n)®<p (n)

—e_-(M®e.(n)]. (N
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¢, (n) are the eigenvectors of n-o, and the spatial
wave function ¢ represents a superposition of two one-
particle waves propagating into opposite directions.
Let us now designate the probability and joint prob-
ability distributions of the E(n;) in the state y by P;
and P;;.
Then

Py =(Y|IRE(n) Yy =(PIE(n) LYy =1, (2)
where [ is a unit operator and i=1, 2, 3, 4
Py = (Yl E(n;) ®E(nj) ) =4(1 _Azﬁi )

= (1-2¢) X }sin?(18;) + e, (3)

where €=14(1—A?) is the measure of the degree of
unsharpness and 6;; is the angle between #; and #;.

Let us now consider one of the four CHSH inequal-
ities given in Eq. (14) of Ref. [4], and let the quantum
state be a singlet state of two spin-} particles and let E,
and E, refer to the unsharp polarization measurement
along directions A; and A, respectively for one particle,
say the left one, and similarly E; and E, for the right
particle,

0<P1+P4_P13—P14_P24+P23<1. (4)

Writing the expressions of P; and P from Eqgs. (2) and
(3) we get from (4)

f=|cos 8,5 +cos 64 +cos By —cos 0,3 |

< 2 =F, (5)
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The left hand side attains its maximum when the »n; are
coplanar and

024=014=913=0, 023=30, 0=45°

Sof= 2\/5 = fmax- EQquating £, with F yields a minimal

valie for <
vaiul 10T €,

€>ECHSH=%(1_1/ﬁ) ,

e, A€ Apgey=1/244,

Busch has shown [2,6] that any three unsharp spin-
1 observables can satisfy Bell inequalities if
e>ey=1, i.e. A<Ap=(2/9)"% Now we see that
€g > €cpsy Which is obviously wrong because violation
in the case of CHSH inequalities is larger than that for

Rell ineanalities. Thig hanr\pnc because. when we write
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down the Bell inequalities directly in terms of unsharp

spin observables as done in Refs. [2,6], we ignore one
important fact. The point is that the original Bell ine-
qualities refer to three observables whereas the under-
lying experimental situation necessarily deals with four
quantities, two of which may or may not be correlated.
This was the reason for CHSH to derive their inequal-
ity. While for sharp observables it is possible to have
strict (anti-)correlation between two observables, each
belonging to one component of a singlet state system,
this no longer happens in the case of unsharp observ-
ables. In this latter case the reduction of the CHSH
inequalities to a situation where two spin observables
have coincident directions does no longer yield the
original Bell inequalities but instead a set of inequalities
containing an additional term accounting for the imper-
fect correlation.

When E(n;) and E(n;), each belonging to one com-
ponent of a singlet state system, are in the same direc-
tion, then in the case of sharp spin observables P;=0.
Hence for this case the CHSH inequalities reduce to
the Bell inequalities in the usual form. But for unsharp
spin observables

Py(h; =#;) =

Let us now find the restriction on € and A for the non-
violation of the modified Bell inequality with P, # 0 as
in (6).

For this purpose let us take the second inequality of
(14) of Ref. [4],

L(1-A%)=1e#0. (6)

O0<P,+P; =Py — Py =Py +P;3<1 (7
For 7, =i, it reduces to
P|2<P14+P24+P22<1+P12. (8)

Calculating all the probabilities for unsharp spin
observables in a singlet state we get from inequality

Q)
NG,
_ 3mie <f=cos 8,4 +cos 6,, —cos 6,
1_2e J 14 <9 12
1+2e .
< —2e (say), (9)

For first part of the inequality there is no violation even
in the case of sharp observables (e=0). Now f obtains

ite maximum when »n.. n, and n, are coplanar and
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0,,=0,,=60°=16,,. This gives f=f,.,=2. So the
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minimal value of € will be found by equating F to f, ...
Then we get €2 €, = 5 and A< A, =2/V5.

Let us denote these constants by the subscript MB
(modified Bell). So finally we get €cygy> €mp and
Acusu < Amp, Which are consistent.

The authors are greatly indebted to the referees for
valuable suggestions.
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