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SUMMARY. This note provides an uxismatisstion of a aocinl wolfara funotion, which
for 8 given mean incomo and n given population sizo ranks all po«ible incomn distributions in
oxaotly the opposito way aa the ontropy mensure of innguality.

Whilo the normative aspeets of tho Gini cocfficient have been discussed
cxtcns;i\'ely (see, for example, Newbery, 1970; Sheshinski, 1072; Kats, 1072;
Dasgupta, Sen and Starrett, 1973; Rothschild and Stiglitz, 1973; and Sen,
1073, 1974), Theil’s ingenious measure (Theil, 1967) derived from the notion
of entropy in information theory is yct to be discussed thoroughly. Here
we mako a completo axiomatisation of a rocisl welfare function that will
rank all possible income distributions with the same number of earners and
tho same mean income, in tho same way as the Theil measuro.

Let us assumo that 3 represents the income share of individual § in o
community S consisting of » individuals; & = 7%“ > 0, where ¥ 2 0 i3 the

income of the i-th individual and A > 0 is the mean income. We assume
that A is finite and is the same for all incomo distributions under comparison.

Let
&= (81, 8, o0y 8p)- - (1)
Assume that (8, £) is the stato of individual § in tho social state 3. We choose

the following weighted sum from of the social welface function :

W(8) = ‘% o vlsd- e {2

The weight on & is given by #{s¢) > 0, n function of income sbare of tho i-th
individual,
Wo now propose a set of axioms which scem to bo appealing within a

specifiec framowork. Theso axioms correspond to oxactly tho entropy moeasuro
helping us to understand it.
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Axiom 3 (Independent monolonicity) 1 Yor sll 8, all individuala regard
(3, 1) to be at least as good as {2, j) if snd only if & > 4y

Axiom M/ states that an individual decides his preferenco on the basis of
his income and he prefers more to less,

Axiom E (Relative equily) : If evervone prefers (8,1) to (8,7), then
ver) < vlsg).

This axiom says if in the social etate g, the position of an individual jis
regarded to be worse off than another individual f, then individual j deseves
greater weightago in the evaluation schemo (2).

Aziom D (Weight differential information): If overyone profers (s, 1) to
(8,3), then tho weight differentinl v(sy)—v(s;) will depend only on sfsy, the
income share of tho i-th individual relative to that of individual j, that is
only on their relative income.

This axiom implies that so long a3 tho relative income of two individuals
remain constant, the weight differential will remain unchanged.

Theorem : A social welfare function of the form \2) salisfying axioms
M, E and D must rank all income distribulions, with a given lotal income, over
a given population, in exactly the same way as the negative of Theil's entropy
measure of inequalily. .

Proof :  Counsider any two individuals ¢ and j. By axiom D, wsj)—v(a)
lepend b
depends only on e

Therefore wo can write

wo)—vle) = f (3 . ®

8

where f is some real valned fimetion whose domain of definition is the interval
(0, w0).

Choose ¢ 6 (0, 1)
RARNYYA:TR
j(“' 3;) _j( (2]} )
= v{esy)—v{esr) [from (3))

= [u(e)—v(car))+{v(esg) —v(c))

=13+ (%)
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1
= 3,

Juu)+.f( ‘). e (4)

Equation (4) is tho wellknown Caucny equution (sce Eichhorn, 1978, pp. 12-13).
Equation (4) along with axioms A/ and £ implies that

vlag) = A log (%‘) - {5

where A > 0 is independent of &.
This yields,

L] 1
W) = T a1 (A log ‘-‘)

=A'_§lulog (,l.) (]

The Theil entropy measuro of inequality based on 8 is
log n— £ slog
T(2) =logn— % alog 2o, e (D)

It is clear that given % and A, the odrering of § yickled by 1F(s) is exactly
the opposite that given by T(s). [

The theorem provides a completo axiomatisation of the Theil measuro
of inequality. Given tho woight differential information axiom, the other
axioms are necoseary and sufficient for the socia) welfare function to be o
negative transformation of . Therefore tho axiom system specifies a sot
of necessary and sufficient conditions for the welfare interpretation of the
entropy measuro,
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