Journal of Multivariate Analysis 95 (2005) 153181

Depth estimators and tests based on the likelihood
principle with application to regression™

Chnistine H. Miiller'*

Institute of Mathematics, Carl von Ossietzky University of Oldenburg, Postfach 2503,
D-26111 Oldenburg, Germany

Received 24 October 2003
Available online 27 August 2004

Abstract

We investigate depth notions for general models which are derived via the likelihood principle. We
show that the so-called likelthood depth for regression in generalized linear models coincides with the
regression depth of Rousseeuw and Hubert (J. Amer. Statist. Assoc. 94 (1999) 388) if the dependent
observations are appropriately transformed. For deriving tests, the likelihood depth is extended to
simplicial likelihood depth. The simplicial likelihood depth 1s always a U-statistic which is in some
cases not degenerated. Since the U-statistic is degenerated in the most cases, we demonstrate that
nevertheless the asymptotic distribution of the simplicial likelihood depth and thus asymptotic a-level
tests for general types of hypotheses can be derived. The tests are distrbution-free. We work out the
method for linear and quadratic regression.
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1. Introduction

For generalizing the median to multivariate data sets, maximum depth estimators based
on different depth notions have been introduced. Different depth notions are, for example,
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the half space depth of Tukey {22] and the simplicial depth of Liu [12,13]. For other depth
notions see the book of Mosler [18] and the references in it. Multivariate depth concepts
were transferred to regression by Rousseeuw and Hubert [19], to logistic regression by
Christmann and Rousseeuw [4] and to the Michaelis—-Menten model by Van Aelst et a].
[24].

Since many depth concepts exist, there are attempts to provide a general theory for them.
Zuo and Serfling [26] proposed properties which are desirable for depth notions. In [271,
it is shown that these desirable properties ensure well behaved contours and almost sure
convergence. While Zuo and Serfling provided a general theory via some properties, Mizera
[16] introduced a general definition of depth by using general objective (criterial) functions
and constructed a differential approach for it. Especially, the half space depth of Tukey [22)
and the regression depth of Rousseeuw and Hubert [19] are special cases of the general
definition. Although the approach of Mizera [16] holds for general objective functions, the
objective functions, given in that paper by examples, all base on residuals, i.e. on y, — 6 or
¥n — x, 6. But they also can be based on likelihood functions as Mizera and Miiller (17]
pointed out. They worked out this possibility for simultaneous estimation of location and
scale leading to location-scale depth.

In this paper in Section 2, the approach of likelihood depth, where the objective function
and thus the depth notion is based on the likelihood function, is studied for a broader class
of applications. Likelihood depth is worked out for regression in generalized linear models
as logistic regression and regression with Poisson distribution, geometric distribution and
exponential distribution. It is shown that in all cases the depth notion is equivalent to the
regression depth of Rousseeuw and Hubert [19] if the dependent observations are trans-
formed appropriately. This means that the depth in these generalized linear models has the
same robustness properties as the regression depth of Rousseeuw and Hubert [19] and can
be calculated like this.

In Section 2 it is also shown that the half space depth of Tukey [22] is a likelihood depth.
Since the simplicial depth of Liu [12,13] is an extension of the half space depth we also define
simplicial likelihood depth as extension of the likelihood depth in this section. We are aware
of the fact that simplicial depth and thus also simplicial likelihood depth possesses not all
of the desirable properties proposed by Zuo and Serfling {26]. But simplicial depth and thus
simplicial likelihood depth has the strong advantage that the depth function is a U-statistic.
For U-statistics, the asymptotic distribution can be derived rather easily. Unfortunately, the
simplicial depth for multivariate location is a degenerated U-statistic as Liu [13] pointed
out. Hence the asymptotic distribution is not that easy to derive.

Arcones et al. [1] derived the asymptotic normality of the maximum simplicial depth
estimator via the convergence of the whole U-process. The convergence of the U-process was
also shown by Diimbgen [6]. However the asymptotic normal distribution has a covariance
matrix which depends on the underlying distribution. Hence this result cannot be used to
derive distribution-free tests, a hope which is related to the introduction of depth notions
since the depth generalizes the rank of a one-dimensional observation. Therefore Liu [14],
Liu and Singh [15] proposed a different approach for deriving distribution-free multivariate
rank tests based on depth notions. It generalizes Wilcoxon’s rank sum test for two samples.
While the asymptotic normality is derived for several depth notions for distributions on R!,it
is shown only for the Mahalanobis depth for distributions on R¥, ¥ > 1. Hence it is unclear
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how to generalize the approach of Liu and Singh to other situations as regression. Bai and
He [2] derived the asymptotic distribution of the maximal depth estimator for regression so
that tests could be based on this. However, this asymptotic distribution is given implicitly
so that it is not convenient for inference. Tests for regression based on depth notions are
derived only by Van Aelst et al. [24]. They even derived an exact test based on the regression
depth but did it only for linear regression.

In this paper in Section 3 we derive simple distribution-free tests for regression based on
the simplicial likelihood depth. These tests can test all hypothesis of the form Hp : 6 € &¢
where € is a subset of the parameter space and are not restricted to regression problems.
It is a general approach and the only thing what has to be done is to find the asymptotic
distribution of the simplicial likelihood depth by using known results on the asymptotic
behavior of U-statistics. We demonstrate this for some regression problems. In particular we
show that in some cases as regression with exponential distributed errors, which is relevant
for reliability theory, the simplicial likelihood depth is not a degenerated U-statistic so that
its asymptotic normality follows directly from the Theorem of Hoeffding. Hence there is
the hope that in other cases, the simplicial likelihood depth is not a degenerated U-statistic
as well.

However, in the most regression problems, the simplicial likelihood depth is a degenerated
U-statistic as Liu’s simplicial depth. But we demonstrate that this can be treated as well. In
these cases the asymptotic distribution is given by the asymptotic distribution of the second
term of the Hoeffding decomposition which can be found by the spectral decomposition of
the reduced normalized kernel function. For some cases like linear regression through the
origin, the spectral decomposition is easy to find.

For other cases like polynomial regression of higher order, this is not so easy but can be
done as well. In Section 4 it is shown how this can be done by solving differential equations.
For that we derive at first a general formula of the reduced normalized kernel function for
general polynomial regression. Then we demonstrate how the spectral decomposition can
be found for two cases, namely linear regression with constant term and quadratic regression
with constant term. Although the results are derived only for special regression problems
we believe that the method can be applied also for other problems.

Section 5 contains a short conclusion and some open problems. The proofs are given in
Section 6.

2. Likelihood depth and simplicial likelihood depth

If the variable Z,, n = 1, ..., N, has a discrete or continuous density function fa(z,),
thenlet L(0, z,) = fg(zn) denote the likelihood function at the parameter 6 and the observa-
tion z,,. We assume that Z1, ..., Zy are independent and identically distributed throughout

the paper. The following definition generalizes the concept of the nonfit of Rousseeuw and
Hubert [19].

Definition 1 (Likelihood nonfit). 8 € RY is a likelihood nonfit within z1, ..., zy if there is
al # 0 with

L@, z,) > L(O,z,) foralln=1,...,N.



156 C.H. Miiller / Journal of Multivariate Analysis 95 (2005} 153181

A likelihood nonfit 8 is also called not weakly optimal [16] and was extended as aboye

also in (17]. Having the definition of a nonfit the depth of a parameter 6 can be defined as
in [16,19].

Definition 2 (Global likelihood depth). The global likelihood depth of O withinzy, ..., 7
is the minimal number m of observations z;,, . .., z;, so that @ is a likelihood nonfit withip
LS PRRPRE 4} BN tTPRRI 1 X

Assuming differentiability of the logarithm of the likelihood function h,(6)=
log L(8, z,,), a sufficient condition for a likelihood nonfit is

u h, (@) >0 foraln=1,...,N,

for some direction u € R?, where k) (6) is the vector of partial first order derivatives at
6. This sufficient condition leads as in [16] to tangent likelihood depth, a notion of depth
which is more operational (see also [17]).

Definition 3 (Tangent likelihood depth). The tangent likelihood depth dr (0, z) of 8 within
z2=(21,...,2n) is defined as

dr(8,z) := 3% #{n; u' k. (6) <O}

Since the tangent likelihood depth is more tractable we will work only with this and
denote it shortly likelihood depth.

Definition 4 (Likelihood depth estimator). ﬁ(z) is called a likelihood depth estimator at
zif

ﬁ(z) € arg mgx dr(0, 2).

Instead of defining the global likelihood depth via the definition of likelihood nonfit,
we could define it via a definition of admissibility. A parameter § € R? would be called
admissible if there is no &' # 6 with

L(#,2,)>L(0,z,) forallm=1,...,N,
L#,z,) > L(#,z,) foratleastonen=1,...,N.

Then an alternative definition of the global likelihood depth of 6 will be the minimal number
mof observations z;,, . . ., z;,, 5o that 8 is not admissible within {z1, ..., zv}\{zi), - - - + Ziw }-
However, the definition of the tangent likelihood depth would become more complicated,
namely like that

N —sup(§E; EC{l,..., N}, uTh,(§)>Oforalln € E and u" k', (6) >0
u#0

for at least one n € E}. 0y
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This is the reason that we prefer the definition via the nonfit although the characterization
of the simplicial likelihood depth for polynomial regression in Example 3 would hold in
more generality if we would use the definition given by (1).

Example 1 (Multivariate location with elliptical unimodal distribution). Let f, : R? —
R be a continuous density satisfying f,(z,) = fo(z, — 1) so that 4 € R? is a g-dimensional
location parameter. If there exists a strictly decreasing function gg : [0, 00) :(— [0, 00)
and positive definite matrix £ with fo(v) = go(v 7 Z™'v) for all v € RY, then we have
f3(@) = gp(wT Z710)2 271 v with gh(vT Z~1v) < 0. This means that £, has an elliptical
unimodal density. Examples of these densities are the multivariate normal distribution and
multivariate Cauchy distribution. For such densities we have

—80(2n — )T 7z — )
80((zn = )T 27 (20 — )
so that the tangent likelihood depth is

K (1) = 227 Y (za — p),

dr(p,z)=inf ti{n: u'(z, — W <O} = inf in : u' z,<u" p}.
u#0 u#0

But this is the half space depth of Tukey [22] (see also [S]). Hence Tukey’s half space depth
is a likelihood depth for any elliptical unimodal distribution.

In a generalized linear model, we have independent explanatory variables 7,, and ob-
servations Y, which depend on T, so that Z, = (Y,, T;,). Usually, it is assumed that the
conditional distribution of ¥,, given T,, = ¢, is a member of the one-parameter exponential
family, i.e. its density is given by

_ h(yn) T
I On) = 3Ty ©XP (HOwW g (xe)7B)).

where h, H,c,q : R - Rand x : R* — R? are known functions and § € R? is the

unknown parameter. Because of
: () ' B
BB = | e
c(x(ta) ' B)

the tangent likelihood depth is given by

+H(n)q' (x(tn)Tﬁ)) x(tn),

 (x(ta) " B)
c(x(ta)7 )
Under special assumptions on g and ¢ we have the following characterization of this likeli-
hood depth for generalized linear models.

dr(p,2) = inf bin (H(yn)q’(x(tn)Tﬁ) - ) u' x(t,) <0} )

c’(v)

Theorem 1. Ifg’(v) > Oforallv € Randb givenby b(v) = 5 7 IS strictly decreasing
or strictly increasing so that b= exists, then the tangent likelihood depth for a generalized
linear model is given by

dr(p.2) = inf tn: (67 CHOW) = x)TB) uTx() <O, @
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i.e. the tangent likelihood depth is the regression depth of Rousseeuw and Hubert [19] for
the transformed observations b1 (H{(yn))-

The equivalence of (2) and (3) is obvious from the assumptions of Theorem 1. Note
that this is based on the monotone invariance property of regression depth shown by
Proposition 2 of Van Aelst et al. [24]. But, if the assumptions of Theorem 1 are not sat-
isfied, then the likelihood depth for a generalized linear model can lead to a new depth
notion which cannot be interpreted as the regression depth of Rousseeuw and Hubert
[19]. However, the most well known generalized linear models satisfy the assumptions of
Theorem 1:

Example 2 (Examples of generalized linear models). For regression with exponential dis-
tributed dependent observations Y, the density of the conditional distribution of ¥, has the
form fgir,=1, (¥a) = An €xp(—An¥n) With A, = exp(—x(tx)T B). Then we have H(y,) =
Yn, gv) = —exp(—v), h(yn) = 1, c(v) = exp(v) such that b(v) = exp(v) and
b~ (H(y,)) = log(yn). We get the same b(v) and b~ 1(H (y,)) fora loglinear model, where

. yn -
the dependent observations ¥, have a Poisson distribution with fg7. _, (y) = 'l”—e’;:’f-ﬁ

and A, = exp(x(tx) T B), s that H(¥n) = yn, q(v) = v, h(¥n) = 7. c(v) = exp(exp(v)).
b Y (H(y)) = log(y,) holds also for observations with geometrical distribution since
I8iT,=1,(yn) = pa(l — py)’" with p, = m implies H(y,) = yu, g(v) =

log (r:%(p—”()v—)), h(yp) = 1, c(v) = 1 + exp(v). However, for logistic regression, where
the dependent observations have a binomial distribution, the observations have to be trans-
formed differently. In this case we have I8i7=, () = (’;‘:) ol — Pn)Y™ ¥ with

pn = F(x(t,) T B), where F(v) = 1—:_%(;(—)”)— is the logistic function. Here we have H(y,) =

Yn. q(v) = v, h(yn) = (';:) c(v) = (1 + exp(v))™, so that b(v) = m, F(v) and

b~1(H(y,)) = F1 (i—:) In the special case of Bernoulli distribution, i.e. y, € {0, 1} and

my = 1, the resulting likelihood depth coincides with the overlap measure of Christmann
and Rousseeuw [4].

In all examples for generalized linear models, it turned out that the likelihood depth coin-
cides with the regression depth of Rousseeuw and Hubert [19] if the dependent observations
are appropriately transformed. This means that the likelihood depth for these generalized
linear models has the same robustness properties as shown by Rousseeuw and Hubert [19]
and Van Aelst and Rousseeuw [23] for regression depth. In particular the likelihood depth
estimator has a breakdown point of % for multiple regression, i.e. for x(t;) = (1, t,)" with
tn € R". Moreover, likelihood depth and the likelihood depth estimator can be calculated
by the methods proposed by Rousseeuw and Hubert [19], Rousseeuw and Struyf [21], Van
Aelst et al. [24].

The calculation of the likelihood depth is in particular easy for g + 1 observations.
Counting all subsets with g + 1 observations which has a likelihood depth greater than zero
leads to the simplicial likelihood depth.
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Definition S (Simplicial likelihood depth). If dr is a tangent likelihood depth for § € R,
then the simplicial likelihood depth ds(0, z) of & within z = (z, ..., zy) is defined as

N
qg+1

N -1
= (q+l) Z: 1[dT(e,(an,...,an_H))>0},

ny<nz e <fg4l

~1
dS(ev 7) = ( ) ﬂ{{"l,---,nqﬂ} - {la“"N}; dr (01 (zm""’z”q+l)) >0}

where 1 {dr(8, (21, ..., 24+1)) > 0} denotes the indicator function
l{dr(e,(z, ,,,,, 294+1))>0} (21, ..., Zq+1))-

The name of this depth criterion is motivated by the example for multivariate location.
In Example 1 it was shown that the tangent likelihood depth for multivariate location y €
R? with elliptical and unimodal distribution is Tukey’s half space depth. This half space
depth satisfies dr (i, (zn,, ..., Zn,,,)) > O if and only if p lies in the simplex spanned
by Znys - Zn,,,- Hence the simplicial likelihood depth is counting the simplices which
contain u. But this is the simplicial depth introduced by Liu [12,13].

Example 3 (Regression). Example 2 has shown that the tangent likelihood depths for the
most common regression models coincide with the regression depth of Rousseeuw and
Hubert [19] after an appropriate transformation of the dependent observations. W.Lo.g. letbe
Y1, ..., yn the appropriately transformed observations. Then the simplicial likelihood depth
is counting all subsets z,,, . .., Zn,,, Withinfuzo B{i 1 (yn; —x ()7 B) 4T x(t,) <0} > O.
For polynomial regression with x(t,) = (1, t, £2, ..., 23 *)T and tny <ty < -+ <l
we have inf, 20 i : (yn, — x(tn,) ' B) 4" x(ta;) <O} > Oif

O — X)) B) (1) 20 forall i =ny,...,ng1
or
O — x(t) T BU=1)' <O foralli =ny,...,ng41,

i.e. the residuals have alternating signs. This condition is also necessary with probability
one if ¥, has a continuous distribution since in this case ¥,, — x(f,) T B # 0 with probability
one. If we generally assume that t; < #2 < « - < ty, then the simplicial likelihood depth
for polynomial regression with continuous ¥, is given with probability one by

q+l

-1
ds(f,z) = (q]_\:_ 1) 2 (l—! 1 {()’ni - x(tﬂi)Tﬂ) (—l)f >0l
ny<np<--<ngy \i=

g+l
+ l_[ 1 {()’n; '“x(tn,')-rﬁ) (_l)rgo}) ’ (4)
i=1

where 1{(yn —x(t:)7B) (1)) >0} is an abbreviation for the indicator function
1(( ya—x(t)T B) (~1¥ 20} (n, ty)). For linear regression this notion of simplicial depth for
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regression were derived in [19] via the dual approach. Here we get property (4) only with
probability one for continuous Y,. But if we would define the tangent likelihood depth via
admissibility, i.e. by (1), characterization (4) would hold always and for any distribution of
Y. Note that if we would base the simplicial depth on the depth notion proposed by Van
Aclst et al. [24] for polynomial regression, we would not get the depth function (4).

3. Tests based on the simplicial likelihood depth

For very small sample sizes, the distribution of the simplicial likelihood depth dg(8, Z)
under 8 can be calculated by combinatorial methods. However, for large data sets, approx-
imations of the distribution are necessary. For that note that the tangent likelihood depth
is a symmetric kernel, i.e. it satisfies dr (0, (z1,...,zn)) = d7 (0. (zrq). - . ., Zan))) for
all permutations n : {1, ..., N} — {1, ..., N}. Hence the simplicial likelihood depth is a
U-statistic with symmetric kernel function

Yo(z1, ..., zg+1) = 1{dr (6, (z1, ..., 2g+1)) > O)}.

The asymptotic distribution of U-statistics is well known. In particular if the U-statistic is
not degenerated, i.e. (/1};(7,1) = E(Wg(Z1,...,Z441)|Z) = z1) is not independent of z,,
then we have with the Theorem of Hoeffding (see e.g. [11, p. 76], or [25, p. 635])

L/NWEs®, (Z1. ... Zy)) - ) > NO©, (g + D2 63

with yg = E(Yy(Zy, ..., Zg441)) and ag = Var(l,l/é(Zl)). Hence a test for testing Hy : 0 €
6o against Hy : 04 &g, where € is a subset of the parameter space, can be based on the

test statistic T(z1, .. ., Zn) = supge @, 79(21, - - - » ZN) Where
VN(ds(8, (z1, .-, 2N)) — Vo)
To(z1, ..., 2N) = —— : (5)
o g+1)og

If the null hypothesis Hy is rejected if T(zy, ..., zn) is less than the a-quantile of the
standard normal distribution then this test is asymptotically an a-level test since for any
ceRandallf € O

Py, (sup To(Zy, ..., Zn) < c) < Py, (Toy(Z1, ..., Zn) < c).
0eBy

We will see later that usually the quantities yg and o are independent of 8 so that the test has
a very simple form. The main difficulty is the calculation of supy.g, ds(, (z1, .- - Zn))-
This difficulty disappears for tests of Hp : @ = 8o against Ho : 8 # 0y where 6 is a
given parameter. These tests also can be used to create confidence regions by defining the
confidence regions as the set of all parameters 8y for which Hy : 8 = 6y is not rejected.
Unfortunately, the simplicial likelihood depth is a degenerated U-statistic in many cases.
This is not only the case for Liu’s [12,13] simplicial depth for multivariate location. F(:’rr
polynomial regression (see Example 3) it depends whether P (¥, — x(Z,)" f20|T,) is



C.H. Miiller / Journal of Multivariate Analysis 95 (2005) 153-181 161

equal 1 or not. To see this let
Porr:={m:{1,...,q+1} = {1,...,q + 1}; =n(i) # n(j) fori # j}

the set of all permutations of {1,...,4 + 1}. Then the simplicial likelihood depth for
polynomial regression can be written as (cf. with Example 3)

N -1
dS(ﬂ;Z)=( ) '/’ (Z ,'--szn )!
q+1 n1<n2;<nq+l e "

where

q
Ypat, ..., 2g41) = Z (nl {triy < tn(i+1)})

nePypr \i=l

g+1 _
X (l_[ 1 {(yu(i) — x(1a)) BY(=1)’ 20}

i=l1

i=l1

g+l
+]]1 { O'ntiy — *(tai)) ' B) (1) go}) : 6)

Then Y4 is a symmetric kernel function.

Proposition 1. Let be p = P(Y, — x(T;,) " B>0|T;,) with probability 1 and T, has an
absolute continuous distribution.
(a) If g + 1 is even, then with probability 1

E(Vp((Z1, -, Zgr0IZ1 = O1, 1))
=pF - pF-!
(@ = P 1y = x0T+ p 11 — x()TA<O)).
(b) If g + 1 is odd, then with probability 1
E (Vp((Z1, -, Zge)Z1 = G1.11)

3

= pi-la - pi-g. (p (1-p) Y PN <Tp < < Tgy1lTamp1 =11)
m=0

+(= P11 = x@)TBZ0) + p Lyt —x ()T B<0})
1
. Z P(Th < < - < Tyy1|Tom =tl)) .
m=1
©) Ifp =1, then EQp((Z1, - .., Zg+1)|Z1 = O, 1)) = ()7 with probability 1.

Proposition 1 shows that the simplicial likelihood depth for polynomiai regression is
a nondegenerated U-statistic if and only if the conditional probability of nonnegative
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residuals given T, is different from % This is for example the case for exponential dis.
tributed dependent observations where

p = P(log(¥Yp) — x(Tp) " B20IT, = t,) = P(¥y — exp(x(T,) ' B) 20T, =1,)
1y 1,1
=P, (Y,,;Z)— # 5.

e

Hence in this case, the test statistic is given by (5) where g and og are independent of 8
because of the invariance property of /5.

However, the conditional probability p is equal to % in most regression setups. This is
in particular the case if the median of the conditional residual distribution is zero, a case
which is often satisfied. In these cases, the simplicial likelihood depth is degenerated. But
asymptotic distributions can be also derived for degenerated U-statistics by using the second
component of the Hoeffding decomposition. We have namely the following result (see e.g.
[11, pp. 79, 80, 901, [25, p. 650]. If the reduced normalized kernel function

V31, 22) = EQg(Z1, . .., Zg41) = Yol Z1 = 21, Z2 = 22)

is L-integrable, then it has a spectral decomposition of the form

Vh(z1, 22) = ) oz ey (za),
=1

where the functions ¢; are L>-integrable, normalized, and orthogonal. Then the asymptotic
distribution of the simplicial likelihood depth is given by

L(N@ds(0,(Zy, ..., Zn)) = 7g)) 5 Q((q -2}- l)lt; le N), )

where Q(A%; 1 ¢ ) is the distribution of the random variable pad i?(Xf — 1) with
X; ~ N, 1). In the general case, it could happen that the eigenvalues A; depend on the
underlying parameter 6. But in the examples studied below this is not the case. Also y, is
independent of @ there. Having an asymptotic distribution which is independent of 8, tests
for Hy : 0 € @¢ against H| : 8¢ @ can be constructed as in the nondegenerate case as
explained above. In particular the test statistic can be based on

sup N(ds(, (z1,...,2N)) — Yg)- 8
fe@q

In some cases it is simple to find the spectral decomposition of l//%;(zl , 22). This is for
example the case for simple linear regression through the origin. In other cases as for general
polynomial regression, the derivation of the spectral decomposition needs more steps. This
is demonstrated in the next section.
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4, Polynomial regression

Throughout this section, we assume a polynomial regression model with P (¥, —x(T, )T
>0|T,) = 5 and dxfferentlable distribution function G of the distribution of 7},. In particular

we have x(t,) = (1, t,,, R l)T and 8 € R9. The kernel function lll (215 v r 2g41)
of the simplicial l1kehhood depth is given by (6). We know from Proposmon 1(c) that
vp=EWp(Z1,..., Zg41)) = EWR(Z1, ..., Zg41)|Z) = 21) = (})” 50 that the simpli-

cial likelihood depth is a degenerated U-statistic The first step for deriving the asymptotic

distribution of the simplicial likelihood depth is to calculate the reduced normalized ker-

nelfunction q//p(zl, 22) = EWg(Z1,.... Zos)IZy = 21,23 = 22) — (3)7. Set 1y =
— x(t,) "B and

T(r1, r2) == l{r1 20} l{r <0} + 1{r; <0} 1{r 2 0}.

Proposition 2. With probability 1, we have

1\¢
EWp(Zr,.... Zg4)|121 =21, Z2 = 12) — (5)

1\ /1 -1
= (T(rl, r2) — 5) (5 —1G(t) — G(tz)l) .

We obtain in particular for linear regression (g = 2)
EWp(Z1,22, Z3)|Zi =21, Za =22) — §
= (2(r1,12) - 3) (3 — 1G() - G®)|), )
and for quadratic regression (g = 3)
EWg(Z1, 23, Z3, Z))|Z) = 21, Z2 = 22) — §
= (s, - §) (51660 - G+ G - Gw)?).  (10)

For these two cases we will now demonstrate how the singular value decomposition can be
found. At first it is easy to see that the spectral decomposition of (t(ry, rz) — %) is

ri, r2) — 3 = =30, e, (n) (11)

wnth @, (r) =1{r<0} — l{r 2 0}. Hence we need only to find the spectral decomposition

of 1 7 = 1G(t) — G(82)] and L i - 1G@m) - G(tz)l + (G(11) — G(#2))?. But this can be done
by ﬁndmg the spectral decomposmon of 1 5 — |ty — 2 and 1 i—l—tl+@ - 12)? for the
uniform distribution on [0, 1] since substitution provides

1 o0
0= [ awad=[" oGw)eGm e,

1 o0
= f 0P di = f 0/(G@)? g dt,

—00
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where g(¢) = G'(t). To find the spectral decomposition of % — |ty — 2] and % —~|tt — ) +
(h — t‘z)2 we calculate the eigenvalues and the eigenfunctions by setting

1714
A o(s) = f (5—|t—sl) () dt
0

and

1
106 = f (% —lt—sl+(t—S)2) o) dt,
(1]

respectively. Differentiation of these equations leads to differential equations whose solu-
tions provides candidates of the eigenfunctions.

Lemma 1. The spectral decomposition of % ~ [t — 5] is given by

l oo
5=lr—sl= Zl:/h @1(0) @,(s),

where
121._1 = m, Qﬂ-l(t) = ‘\/i cos((2l — Dy =mr),
2 .
Ay = mr @ (t) = V2 sin((2 ~ 1)nt)
forl e N.

Lemma 2. The spectral decomposition of % — |t — s| + (t — 5)? is given by

1 00
g lE-sit+e -8 =" hoi®)os),

=0
where
=15 @=1,
21 = nT(221_)2- Oy_1(8) = ~2 cos2nt),
Ay = 1r2_(22?)—2-’ @yt) = V2 sin(2ln¢)
forl e N.

Theorem 2. If P(Y, — x(T,,)T = 0IT,) = 1 and T, has continuous distribution, then
(a) the simplicial likelihood depth ds(f, (Z,, . .., Zy)) for linear regression satisfies

c (N (ds(ﬁ, (Z4, ... ZN)) — %)) £ 0 ((2) i le N)

with Agp_y = “—2%1—)-5 and Ay = mfforl e N,
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Table 1

Means and 99.5% confidence bands of simulated quantiles for quadratic regression

] 5% 10% 15% 20% 25% 30% 35%
a-quantile —1.038 -0.930 -0.839 -0.755 —-0.674 —0.593 -0.510
99.5% bands +0.002 + 0.002 % 0.002 + 0.003 +0.003 +0.003 0.003

o 40% 45% S50% 55% 60% 65%

a-quantile —-0.424 -0.334 —-0.239 -0.136 —0.023 0.104

99.5% bands + 0.003 %+ 0.004 + 0.004 +0.004 =+ 0.005 =+ 0.005

o 70% 75% 80% 85% 90% 95%

a-quantile 0.248 0416 0.617 0.876 1.233 1.837

99.5% bands % 0.006 + 0.006 * 0.007 + 0.008 £ 0.010 + 0015

(b) the simplicial likelihood depth ds(B, (Z, .. ., ZN)) for quadratic regression satisfies

c (N (ds(ﬁ, 1. Zn)) — %)) £ 9 ((:) A leNU {0})

with Ay = -E-Zl, Ay_1= ;5:(-21!—)2- and Ay = P_(T]l)fforl e N.

There are several possibilities to calculate the quantiles of the distributions Q ((;) A

!l e N)and Q ((g) A leNU {O}) in Theorem 2 (see e.g. [9] or [7]). One more sim-
ple possibility is the generation of random numbers of the distributions. For example,
the quantiles for quadratic regression given in Table 1 were calculated by generating
10,000 random numbers of the distribution Q () 4 1€ {0, ..., 2L}) for L = 200.
The calculation of the quantiles was repeated 500 times. The means and standard errors
(times (0.9975, 499)/+v/500 where f(x, k) denotes the a-quantile of the ¢-distribution
with k degrees of freedom) of these quantiles are given in Table 1. The same was done
for L = 100. However, the results for L = 100 are very similar: The 99.5% con-
fidence bands are even the same, only the means differ slightly in the last
position.

Example 4 (Hertzsprung—Russell data). Fig. | shows the Hertzsprung—Russell data intro-
duced by Rousseeuw and Leroy [20]. These data concern the temperature and light intensi-
ties of 46 stars. Assuming a quadratic regression model with parameter § = (4, 8, B,) ',
we want to test the hypothesis that the true function is a constant function, i.e. Hy : #; =
B, =0Oor Hy: f € © where @ = {f € R*; B, = B, = 0}. The simplicial likeli-
hood depth ds((y, 0,0)7, (z1, . .., zw)) for different horizontal lines through u is plotted
in Fig. 2 by 2000 points between the minimum and maximum value of y,. It turns out that
SUpge, ds(B, (21, - .., 2n)) = sup,erds((1, 0,0)7, (21, ..., zx)) = 0.104 and that the
maximum depth is attained by g = 5.1. Hence the test statistic according to (8) has the
value -0.966 since yg = (3)? and N = 46. Comparing this value with the 10%-quantile of
Table 1 leads to a rejection of the hypothesis for the significance level 10%.
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Fig. 1. Hertzsprung-Russell data with catline and horizontal line through g = 5.1.
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Fig. 2. Depth of horizontal lines through  for the Hertzsprung—Russell data.

For testing the hypothesis that the regression function is linear, i.e. Hy : f; = Oor
Ho : p € @p where @ = {f € R®; B, = 0}, the catline of Hubert and Roussecuw [8]
was calculated and plotted in Fig. 1. It has the parameter (, B, f,) = (—8.6,3.1,0) and
its simplicial likelihood depth is 0.134. Hence the test statistic according to (8) satisfies
SUpge@, N(ds(B, (z1,...,2x5)) — V) 246 % (0.134 — 0.125) = 0.414 which is larger than
the 70%-quantile of Table 1. Hence the hypothesis can not be rejected.

Note that the classical F-test provides for Hy : §; = B, = O and Ho : B, = 0 a p-value
less than 0.0001. This is due to the outliers, giants, in the left upper corner of Fig. 1. Without
these outliers, a linear regression line is a good description of the data. Hence the test for
Hy : B, = Obased on the simplicial likelihood depth is outlier robust. However, a horizontal
line is not a good description of the data. But the test based on the simplicial likelihood depth
rejects this hypothesis only with respect to the significance level 10%. Hence the efficiency
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of this test is not so good as for the classical test. But this is the case for all nonparametric
tests.

5. Conclusion and open problems

The possibility to base tests on the simplicial likelihood depth is a tractable way of deriving
tests for polynomial regression. Although it is only demonstrated up to quadratic regression it
seems reasonable that this can be done with the same method also for polynomial regression
of higher order. There, differential equations of higher order appear so that the set of possible
solutions is larger which make the calculations longer and more tedious.

An open problem is the calculation of supge g, ds (6, (z1, . .., zn)). A simple possibility
is to use a global search based on all polynomials of the hypothesis through g points like in
Example 4. Certainly there are better methods similar to those proposed for maximum re-
gression depth estimators by Rousseeuw and Hubert [19], Rousseeuw and Struyf [21], Van
Aelst et al. [24]. An open problem is also the question whether the presented method can be
used for other problems like multiple regression and quite different models. While likelihood
depth and likelihood depth estimators for regression with observations with discrete distribu-
tions can be derived via the method for regression depth of Roussecuw and Hubert [19], the
proposed method for deriving tests is not working for discrete distributions of observations.
The tests can be based on the simplicial likelihood depth but E(Yg(Z1, ..., Zg+1)|1Z1 =
Z1) cannot be derived as presented since P(f',, —x(T)T p20|T,) is not constant even
if ¥, is the appropriate transformed observation. Hence alternative methods for calculat-
ing E(Wy(Z1,...,Z441)1Z1 = z1) also for polynomial regression must be found. It is
very likely that E(g(Z1, ..., Z441)|Z) = 21) is not independent of z; as for exponential
distribution so that the simplicial likelihood depth would not be a degenerated U-statistic.

6. Proofs
Lemma 3. If Ty, ..., T4 are ii.d. with differentiable distribution function G and t, s €
R, then
@ PN <D< -<hhulh=t= Z( 1 —— G(t),
1—0 (n—i)i!
b) P <Tz < <TqilTpy1 =1t) = ; G()",
(¢}
P(M<Dh < <Tuy1 < <Thqi|Tny1 =1)
1 &= 1
- _ t____ m+i —_
= ,ZO 1) —5r O™ form=0,1,....n,

1 |
d) PN <Tr<- <Tpy <---<T,,+1|Tm+1=t)=;

m=0



163 C.H. Miiller / Journal of Multivariate Analysis 95 (2005} 153 18]

n . 1 . .
(C) P(? < Tl < e Tn < S) =l§0(—1)‘ m G(S)n—! G(t)l.

Proof of Lemma 3. Using [ G(x)* g(x) dx = g1 (GBI — G@**) for g = @,
assertions (a) und (b) can be proved by induction over n. The assertion of (c) is obtained by
using (a) and (b) since independence implies
P(T] <T2 Lo < Tm+1 < ves Tn+lle+l =I)
=P <D< <Tm<t) Pt <Tpya < -+ < Thy).

By summing over the probabilities of (c), assertion (d) follows. Induction over n provides
also assertion (e). O

Lemma 4. Let T, ..., T, bei.id. with differentiable distribution function G, t, s € R with
t <s,anddefme fork,!,m e NU{O}withk+I+m=n

ak+1,k+1+42) := Z P(T,r(l) <o <Tagy <t < Trgry

"ePy

<o < Tty <8 < Trgats1) < -+ < Tygw)) -

Then
1
@ ak+1,k+14+2)= %%’-"ﬂ G (G(s) — GO (1 — G())™,
n n-k T
® Y Yak+1,k+142)=1,
k=0 =0
l%l n-2} 1 1
© ) Y ok+lL,k+2042)= 5 (1=2IG(s) - G + 3
=0 k=0

Proof of Lemma 4. (a) The independence assumption and Lemma 3(a), (b) and (e) imply

PTi<  <y<t<iq1<-<Tpu<s<Tpu<:---<Ty

=P(Ti< <Tir<t) Pt<Tiy1 < <Thp<8) P(s <Thpi41 < -+ <Tn)

Gt 1 o m o

j=0

G)* (Gs) - G (1 — G(s)™

TR lim
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(b) Part (a) imply

n n—k

ZZa(k+1,k+l+2)

k I=0

n
“Zk: Hor o Z I (

,), (GE)-GO) 1-Ge)r

- Z k! ( G(‘)" (GE) -G +1-G()"™*
=GO +1-G@)' =1.

(c) Part (a) imply similarly as in (b)

151 n-2
D> ak+1,k+20+2)
1=0 k=0
l%] n-2} n—2l
> (4) ©€@-ce? 3 ( ) ) (-1 (6 - GO
1=0 k=0
—LZ( ) G -Ge? Y > (%) ;
ol Z N NCORY(0))
k=0, k even
15} =2
+_(5;) ©©-Guen? E (" ;2’) ~1)* (G(s) - GO)-.
(=0 k=0, k odd
For even k we have
l%] n-2!
> (y) @@-co ¥ (") G-
=0 k=0, k even
L%l 13-
=2
= (G(s) - GO (” ) (G(s) — G
fi—\a (21) k;o 2k
151 13
= (G(s) - Gan* ( )
>3 ()
l}'] k
2k
=Y 6 -6e* (] ( )
kz=(:) (2k) g 2!
L3) k
_ _ % (1 2k
- E(G(s) co* (1) 2 (2[) +1.

I

li
=]



170 C.H. Miiller / Journal of Multivariate Analysis 95 (2005) 153-181

For odd k we obtain similarly
L3) 7 n--21 n—2al
2(y) ©@-cen? 3 ( . ) (=D* (G() - Gt
1=0 k=0, k odd
f (n ) 2 ln%: & -~ 21 "
= (G(s) - G(1)) ( ) (—1) (G(s) — G
1=0 2 k=1 2k~
5] 12
-2
=- (G(s) - Gen*t (7 ( " )
Z(:)kg;l_l (21) 2k =21 -1
L2 ) k-1
==Y G - Gap*! ( " ) (2"' 1)
k=1 =0
Moreover we have
k k-1
2k _ 2*_1 2k - 1 _ 2k-2
g(zt)"z o ,g(;( u )= 2

where the second equality in (12) can be seen by the equality

) Z(Zk—l) i(Zkl—-l).

1=0

For showing the first equality in (12), induction over k and the property () + ( k-':-Z) =

(32) =2 (4}, ) are needed additionally.
Hence we obtain

l%] n=2i
3 > ak+hk+20+2)
I=0 k=0
14
=Y (G() - G (") 2%k-1 4 |
k=1
=

- - 2%k-—1 n 2%-2
;‘Gm G®)) (2k-1)2

1 ¢ n
=143 1166 00 2 (- ()

= 1-26©-GO)' +5. O

M
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Proof of Proposition 1. Let
Par1(m) :={n:{1,...,.q+1}\{m} > {1,....q+ 1}\ {m};
n(i) # n(j) for i # j}

the set of all permutations of {1,...,g + 1} \ {m} and set R, := Y, — x(T,.)Tﬂ, r, 1=
Y — x(ta) 7 B for the residuals.

(a) Since the indicator variables 1{R, >0} and the explanatory variables T;, are indepen-
dent, we have

E(¥p(@1, . Zge0IZ1 = 01, 1))

g+l | " |
= Z (l_[ P (Rn(i) (-1’ 20|R; = !’1) + l_[ P (Rn(i) (-1 <O|Ry = rl))
i=1

P(Tny < Tn2) < -+ < TngganyITi = 1)

g+1

=Y Y (P 0-p TP Ru>0Re = rm)

m=1neP, | (m)
+1 +1
+p*F (1= )T P Ru<O1Rm = 1))

*P(Tr) < Ta) < -+ < Tapm—1) < Tn < Tpma1) < - < Tag+)l T = 1)

q+1
=Y @' pF A= pF (1 - p) Urm 20} + p 1 <O}

m=l

PN <Dy < - < TypilTm = 11)
+1 _ 1
=pTla-pT g

(=P Uyt = x@)TB20)+ p1{y1 —x(e)TA<0))

q+1
. Z PN <Th<: < T7411Tm = t1).

m=]

Lemma 3(d) provides then the assertion.
(b) Analogously to (a) we have

E(Vp(@1, -, Zgs0Z1 = 01, 1))

f
=Y X (P - PP Rems1 201Romst = ramen)
m=0 neP,,1(2m+1)
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+p% (1= PP (Roms1 SOIRomt1 = r2ms0))
- P(Try < Ty <+ < Tn2m) < Tam+1 < Trem+2)

<o < Tng4| T2amt1 = 1)

:
+Y Y (P a- P Ren200Rom = ram)
m=1 weP,q1(2m)

+ P41 (= 1P (Rom <OIRzm = 12m))

cP(Taqy < Tr) <+ < Tnem—1) < Tom < Tn@m+1)

<o < Ing+ )l am = 11). O

Proof of Proposition 2. Set
ak+1L,k+14+2,4,0) = Z P (T,;(l) <o < Ty <t < Trgesn)
n€Py-1
< oo < Togeay < 12 < Tty < -0 < Trig—1))
foryy < t; and
H:=3 1-2(Gt) -G +3.
According to Lemma 4(b) and (c) we have
L5 g-1-u

H= :ZE k)j(} (ak+1,k+2042,n,0) 1{y <)

+ atk+1L,k+204+2,0,1) 1{r < 1))

g-1 qg—1-k

=Y ) tk+Lk+I+2,0,0) 1y <n)
k=0 {=0,1¢even

4+ atk+Lk+1+2,0,4) 1{tz <))

and
g=1 q-—1-k
Yo Y k+Lk+I+2,1,0) 1{n <n)
k=0 =0, ! odd

+ ak+Lk+142,6,4) 1 <)

q-1 g—1-k
=(1—Z > a(k+1,k+t+2,t1,tz)) Hn <n)

k=0 [=0,]¢even
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g—1-k

g—1
+ (I—Z Z a(k+l,k+l+2,tz,t1)) e <}

k=0 [=0,1even

=1-—-H.
This implies because of the independence of the residuals R, = ¥, — x(T;,) T Band T,

EWg(Zy, ..., Zg4)|Z1 = 21, Z3 = 22)

q+1
= Z (P (ﬂ{Rn(k) (=1*>0}Ry =r, Ry = "2)

ﬂ'EPq+] k=1
g+l

+ P | [{Rawy (—)*<O}Ry =r1, Ry =12
k=1

P(Try < - <TpgaplTh =11, Th = 13)

1\9°!
- ¥ (5) (1{r >0} 1{r2 <0} + 1{r; <O} 1{r20))
ue'Pq.H
=l(1)-n-1(2) odd

P(Try < - < Tpg+plTh =0, T2 = 13)

1\77!
+ ) (5) (1{r1 20} 1{r2 >0} + 1{r; <0} 1{r2<0})
mEPg
a-!(1)~=-1(2) even

- P(Tra) <+ < gl T =11, T = 12)

14!
= (-—) 7(r1, 12) Z P(Trqy <+ < TgennlTi =t1, Ta = 1)

2
nE'pq.H
n-l(1)-n—1(2) odd

1\7°!
+(—) (1 —1(r1, r2))

2
X > P(Tay < -+ < TaganlTi = 11, Ty = 1)
REPq+|
n~1(1)-n—1(2) even
1 g-1 g-—1 g—1-k
- (5) w1 r2) Y @k LEk+I42,0,8) 1y <n)

k=0 !=0,1¢even

+ ok + 1L k+I14+2,20,4) 1{rn <))
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1\9-1 g-1  g-1~k

+ (-2-) A=teLr)), Y (k+Lk+1+2,0,0) 1 <)
k=0 1=0,!0dd

+ atk+ 1L, k+14+2,00,8) U <t}

1 q—1 1 q-1
_ (E) 1. 1) H*(E) (1 = 2(r1,72)) (1 — H)

1\7! 1 1
= (5) ((T(rl, rz) — 5) QH -1+ 5)

1\?°! 1 1 \g
= (-2-) (r(rl, r) — 5) (1 =2|G{t) - G~ + (5) ' 0

Proof of Lemma 1. Since
f;(%—lt—sl) @(t) dt
=%flcp(t)dr—f;(s—t)qo(t)dt—]:(t—s) o0) dt
=-;-[:)(p(t)dt—2.s f:go(t)dt-l-Zf:t(o(t)dt

1 1
-—/ t o(t) dt-i—s[ o(t) dt, (13)
0 0

the differentiation of A @(s) = j;,l (3 = It = s1) @(t) dt two times leads to
5 1
AQ'(s) = -2 / @(t) dt — 25 @(s) + 25 @(s) +/ @) dt,
0 0

, |
A" (s) = —20(s) or ¢"(s) + 7 ¢ =0.

The solutions of the last differential equation have the form (see e.g. [10, p. 252] or [3, p.

83D
o(s) = ¢ exp(s‘/—%) +c2 exp(—s —%) (14)
@(s) = c1 cos (.s' \/%) + cy sin (s ﬁ) , 15)

if;zlr < (0, and

if 2 > 0.
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Now set Y(s) := \/@ @' (s). Then we have ¢ (s) = \/% Y(s) and —% o) =¢"(s) =
J& V@ sothat —sgn(d) /B y/(s) = (s) and

d A
f o o(t) dt = —sgn(d) \/ 1_2I (W (s) — ¥ (0)), (16)
s _ 1 ; Al [
to@)de = —sgn(d) -ty +sgn(d) /= | y(r)dr
0 2 0 2Jo
_ | 4] 14l
= —sgn(4) 55 Y(s) + sgn(4) 3 (p(s) — @©O)). a7
Using these properties in (13), we obtain

A ¢(s)
1 |A) |4}
=-3 sgn(4) > (Y1) ~ ¥(0)) + 2 s sgn(d) 5 W) —y()
A
— 2 sgn(4) \/g s Y(s) + 2 sgn(l) % (p(s) — @(0))
A Vi
+ sgn(4) \/g ¥(1) — sgn(d) % (1) — 9(0))
A
— 5 sgn(4) \/g (Y1) — ¥y
A
= 1 ¢(s) + s sgn(d) E (=2 4(0) — y(1) + ¥(0))

A 1 1
L (=3 ¥+ 5 v +v)

A
+3 (=20(0) — @(1) + 9(0)) .
This implies ¢/(0) + (1) = 0 and ¢ (0) + ¢(1) =0 or
@O0+ (1) =0 and ¢'(0)+ ¢’ (1) =0. (18)

Now set @ := /I_zi'l If 1 < 0, then any eigenfunction ¢ must satisfy (14) and (18). This
means

0 = @) + ¢(1) = c1(1 + exp(a))} + c2(1 + exp(—a))
1 + exp(a)

&= ——5 — = —c1 exp(a),
1+ @
0 = @' (0) + ¢'(1) = a c1(l + exp(a)) — a c2(1 + exp(—a))
1
& =01 _-lﬂp]_(a_) = c; exp(a),

exp(a)
implying ¢; = 0 = c,. Hence the eigenfunction cannot have the form (14).
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If A > 0, then the eigenfunction ¢ must satisfy (15) and (18). Then we obtain

0 = @(0) + (1) = ci(1 + cos(a)) + ¢ sin(a),

0= ¢ (0) + ¢’ (1) = a (c2(1 + cos(a)) — cy sin(a)).

(19)
(20)

Both Egs. (19) and (20) are satisfied fora = (2k + 1)n withk € Z. Fora # (2k + D=,

Eq. (19) implies

sin(a)

=

27 +cos(a)’

Plugging this in (20) yields

0=Cz

& 0=1+2cos(a) + cos(a)® + sin(a)2 = 2 + 2 cos(a),

sin{a)? )

(l 4 cos(a) + m

which implies —1 = cos(a) and thus the contradiction a = (2k + 1)7. Hence the eigen-
functions can be only of the form

@(s) = cy cos{as) + ¢z sin(as)

witha = 2k 4+ 1) and k € Z. Since cos((2k + 1)m 5) = cos(—(2k + 1)m 5) and
sin((2k 4+ )= 5) = — sin(—(2k + 1)« 5) we can restrict ourselves to k¥ € N U {0}. Under
this restriction the functions

[Ji cos((Zk — D s); k € N} U {Ji sin((2k — V)w s); k € N}

are orthogonal and normalized. Since a

2

givenbyl: (T—%anhke N, O

Proof of Lemma 2. Using similar arguments as in (13) we have

1
f (l—lt—s|+(t—s)2) o(t) dt
o \4

1 $ §
lf ¢(:)d:—2sf <p(z)dr+2f t o) dt
4 0 0 0

1 1
—f to@)dt+s f @) dt
1] 0

1

1 1
+/ 12 e()dt —2s [ t o(t) dt + s2[ @(t) dt.
0 0 0

= l%'{ = -,2{, the corresponding eigenvalues are

1))
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Differentiation of A ¢(s) = fol (3 =1t = 5| + (¢ — $)?) @(t) dt three times leads to
A@'(s) = =2 f:) o) dt — 25 p(s) + 25 () + f:(p(t) dt
-2 f:)t e dt+2s f:) () dt,
AQ"(s) = —20(s) +2 f :) @) dt,

1075 = ~29/6) or @"(5)+ 3 §'(5) = 0.
The solutions of the last differential equation have the form (see e.g. [10, p. 252], or [3, p.

88])
/ 2 / 2
@(s) =crexp (s 2 ) + caexp (—s —-—i) + c3, (22)

if% < 0, and
2 . 2
@(s) = ¢y cos (s ‘/;) + ¢7 sin (s \/;) + 3, (23)
lf% > 0.

In both cases (22) and (23), the solution ¢ can be written as @(s) = $(s) + c3. Now set

Y(s) =/ '—‘211 @' (5). Then we have in both cases —sgn(4) \/ %l V' (s) = p(s), i.e. the same
property which ¢ satisfied in the proof of Lemma 1. Besides properties (16) and (17) used

in the proof of Lemma 1, we will use
S 5 o, | Al [
t° (1) dt = —sgn(d) > t“ P()| +sgn(d)2 > 0t W) dt
0 0

= —sgn(4) \/"zlj s2 Y(s) + sgn(A)|Al £ G()|g — sgn(A)A| f . P(t) dt

A
= —sgn(l) \/@ S Y(s) +As pls) + 1A \/';' W) —v@) @b

1
f (l—ltwsl-i-(t—s)z) dt
o \4

1 s 1 1
———f(s—t)dt—f(t-—s)dt+f (t2—2st+s2)dt
4 0 5 Q

and

1 1 1
-‘li—s2+%s2—-5+§s2+s(l—s)+§—s+32
1
12°

(235)
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Plugging properties (16), (17), (24), (25) in (21), we obtain

Ao(s) = ApG6)+Acs
1

=-3 sgn(4) % (1) — ¥(0)) + 2 s sgn(d) ‘/‘_—;E' W (s) — Y (0))
A
~2 sga(i) \/-%T 5 6) +2 ) 5 (B(5) ~ B(O)

7 AL
+ g8 | 2w - s 5 @) - 30y

—~ s sgn(4) \@ W) - ¥(©)

— sgn(4) ‘/@ Y1)+ A1) + 1A \/@ (Y1) — ¢ (O)
+ 25 sgn(4) \/@ Y1) — s A (1) — (O))

— s*sgn(d) \/@ (1) ~ ()

+C3-IE

- A
A §(s) — s%sgn(d) \/g W (1) — Y(0))

A
+5 s 5 (290 — 9 + ¥ + 20)
—5 2 G — HOY)

A 1 1
+ sgn(4) \/'7' (‘Z V() + 7 YO + ¥ - .;,(1))
A . . - -
+3 (=28(0) ~ (1) + §0) +25(1))

A
+ 14 \/g W) ~ )
1

+c—

12°
This implies (1) — ¥(0) = 0 and (1) — §(0) =0 or
(1) — (0) =0 and §'(1) — §'(0) = 0. (26)

We also get A = l—lf orc3 =0.Nowseta := \/l:zf_l
If A < 0, then any eigenfunction ¢ must satisfy (22) and (26). This means

0 = ¢(1) — @(0) = c1(exp(a) — 1) + c2(exp(—a) — 1)

ex -1
&y =-—C —pl(L = ¢ exp(a),
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0 = §'(1) — §'(0) = a c1(exp(a) — 1) — a ca(exp(—a) ~ 1)
exp(a) — 1

1 _
exp(a)

& o=cq = —c1 exp(a),

implying ¢; = 0 = ¢;. Since 1 = -115 > 0 for c3 # 0 we can conclude that there is no
eigenfunction of the form (22).
If 4 > 0, then the eigenfunction ¢ must satisfy (23) and (26). Then we obtain
0 = (1) — (0) = c1(cos(a) — 1) + c7 sin(a), 27
0=¢'(1)— &) =a (c2(cos(@) — 1) — ¢ sin(a)). (28)
Both Egs. (27) and (28) are satisfied fora = 2kn with k € Z. Fora # 2k, Eq. (27)
implies
o= —c sin(a)
1= 72 ost@) = 1
Plugging this in (28) yields
sin(a)?
cos{a) - 1
< 0 =1 —2cos(a) + cos(a)? + sin(a)? = 2 — 2 cos(a),

which implies 1 = cos(a) and thus the contradiction a = 2 k n. Hence the eigenfunctions
can be only of the form

0C=qc (cos(a) -1+

@(s) = ¢ cos(as) + ¢z sin(as) + c3

witha = 2km and k € Z. Since a? := I_Zz'l = 32[ we have 4 = (27522—”5 # -112 forall k € N.
Hence either c; = 0 = ¢; or ¢3 = 0 must be satisfied. In the case of c3 = 0 we can restrict
ourselves to k € N because of symmetry and we get that the functions

{JE cos(2k 7 s); k € N} U {Ji sin(2k 7 5); k € N}

are orthogonal and normalized. These functions are orthogonal to the constant function c3
which should satisfy ¢; = 1 to be normalized. [

Proof of Theorem 2. (a) Properties (9), (11) and Lemma 1 provide

1
EWg(Z1,.. -, Zgs)lZr =21, 22 =22) —

_ (f(rl, r) — %) (% — G - G(tz)l)

l o0
0.(r) 0,(r2) Y M 9 (G(t1)) 9,(G(12))
i=1

—% 3 0.(r) /(G 0,(r2) @(G(t2)).

[
M o

[

1
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Since the residuals R, and the explanatory variables 7, are independent, the functions
B, 1) 1= 9,0y = x(:)Tﬁ) ¢(G () with 1 € N are orthogonal and normalized. Hence

Al e— —-‘ /1[ with 121 1= -T(Z-ll-i-)qz and Ilz[ = T(21_l)-2- for ! € N are the elgenvalues

of the spectral decomposition of E(t//ﬁ(Zl, o ZgpD 2y = 21, 22 = 22) — so that the
assertion follows from (7).

(b) This assertion follows completely analogous to that in (a) by using Lemma 2 instead
of Lemmal. [
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