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CHARACTERIZATION OF UNIFOEM DISTRIBUTIONS
BY INEQUALITIES OF CHERNOFF-TYPE

By SUMITRA PUREAYASTHA snd SUBIR KUMAR BHANDARL
Indian Statistical Inefifute

SUMMARY. A Chernoff-type nequality is ollained for aniform distribution on [—1,11
Buhzequently, uniform distribution i charselerized emeng ell distributions on [.-1,1] having
gymmetric unimodel dansities vie this incgneliby.

1. INTRODUCTIONR

Chernoff (1981) proved that if X ~ {0, 1), then for sny absolutely con-
tinwous function g with E[g%(X)] finite,

FlglX)] < By (X013 TR
with equality iff g{x) is linear. Borovkov and Utev (1983) have characterized
ghandard normal distribution via the inequality (1.1). Several other authors
have estoblished inequalities analogous to (1.1}, which aubsequently we
refer to a3 Chomoff-type inequalities, in connection with distributions other
than normal or in more general setting and studied the related charasterization
problems. (Cacouilos (1982), Cacoullos and Pepathanasion (1985, 1D86),
Chen (1982, 1588), Chen end Lou {1987), Hwang and Shen (1587}, Xlaassen
(1985), Prakasa Rao and Srechari (193da, 1986b), Srivastave and Srechari
(1987)).

Onr aim in this note is to sbudy Chernoff-§ype inequalities for distributions
on [—1, 1] having symmetric unimodal dengities, Al our results are in this
context and are proved in Section 2. Our werk essentially comprises of
obtaining a Chernoff-type inequality for U[—1, 1] distribution (Theorem
2.1), which is subssquently made use of in order to study this kind of inequali-
fies for distributions on [—1, 1] having symmetire unimodal densities (Theorem
2.2). TFinally U[-1, 1] distribution, iz cheracterized among all distributions
on [—1, 1] having symmetric uwnimodal densities throngh this kind of inequa-
lities (Theorem 2.3)

2. Mapr rEgoUTS
At first, we obtain & Chernoff-type inequality for U[—1, 1] distribution.
Theorem 2.1 : Lot X ~ [J[—1,1). Then
HiglX)Pr 4
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where the supremuim (8 taken over all absolutely continuons functions g : [—1, 1]
—» 72 for whick §(0) = 0 and B{[g{X)}%}/B{lg"(X)]*} #s well-defined.

Progf . Nobe that in order to obtain the supremum in (2.1) it suffices

to resbrict our attention only to the even fumctions. We are, therefore, re-
quired to establish the following :

L
(gliPdz
sup —— = = . (2.2)
I
Observe, however, that in order 1o establish (2.2) it suffices to consider onky
those funetions g such that ¢’ is constant on each of ( ? : —:; ). lgign,

for some n > 1. But, it is easy to see that for such a funoction g,

.g{ﬂim)]sdm _ J_[ A _.__2_] 2.9
L 5| —— o (2,
[lg@pde T @@ 3

where &' = (&, ...,z ) With s = g'(x) for x e ('ﬂ:m + n—itl ),1 = ¢ <0 and

A, = (2 hgi, jen i3 defined by
[ ¢ if é=34
n} —
i minge, j3—3%  if § #4.
Therefore, it is enough to show that

A, &
ﬂsg]: nE = e (2.4)

where A, = mazimom eigenvalue of A4,

Iet ws now observe that if we defina Bﬂ={{b£?}]ut‘j‘n by
bP = min (i, 7}, then for any @ e A2® with @ = 0, we get

B2 n 2 A, = *B,®2  n
o @ _"E é mrm g m»m +‘2_ ar {2.5}
80 . that
H""— 'l" -Q e [2.6)

where a, = magimum eigenvalue of B,.



378 SUMITRA PUBREAYASTHA AND BUBIE EUMAR BHANDARL
We now cbtain in the following lemma a set of numberas (for each ) which
contains «_. It will be used later fo establish (2.4).
1

2(1-—6&3%1_—11"??) ﬂ#l,ﬂ,::

Lemma : Define ey n =

Then o, € {emn s —1 & ™ < B}
Proof (of the lemma) : It is e2ay to see that B, it a positive definite matrix
po that

&, = max, {A Ly (%J = 0}
where p (z) = |By'—z1,].
Now B = H, = (RMhgsisn i8 given by
Mp =2 forl<iga—1, A =1
Mp = —1for [i~f| =1, B =0for li—j| > 1,
From this we get
P} = (2—2) Py 5@} —py o2), 0 > B we {27)
pel) = P32+ 1, pf) = 1—m, . (28)

On solving the difference equation (2.7), subject to the condition (2.8),
it can be seen immediately that

1 14 4/1—4z | 1741

— = {] — ot
P“(m) g(l-{«v'l—d::r;) :

The rest of the proof consists of routine algebraic computation and 20 we
omit it,

With the previous steps in mind, we are now prepared to establish (2.4).

. A, .
Write sup _¢ = 4 and obtain a subsequence {ﬁﬂj,’nﬁ} of {A,/n% converg-

Ra1

ing to @. In view of (2.6) this implies that a@“!}ﬂg—} a¢. We prove that

(2.9)

8= (2.10)

?.
Observe that By = Oy for some my with —ny  my < ny. Bub the
constants om,s defined in the lemme satisfien ¢_gmp=tm_;s for m =

J.a".,ﬂr md fﬂr overy =, ﬁl},n:" c],ﬂ} - Gu,u.' MOIEGEE!? im. 1;,3
H=pm
5 4

4 . 6 . 4
F“‘“df_"ﬂ; {37#9?. So, if we show Shat 6> gy (310) follows
trivially.
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To see this, hote that with gla) = x, the mtio appearing in the left-hand

side of {2.3) becomes l which is larger than -, , 80 that o must be grester

9113'
t-h&ﬂﬁ,.

Therefore, o = ;‘:‘n and in view of our early discuesions this completes

the proof of our theorem.
Bemork 2.1 :  Klnassen (1088) haa given an alternative proof of the above
thearem.

Remark 22 : The supremum in (2.1) s attained for giz) = €. sin. ﬂ—:

for any constant &. This choice of g is suggested by Corollary 4.3 of Chen
and Lou (1987).

Theorem 2.2 : Suppose X iz an absolulely continuous random variable on
[—1, 11 +with a symmebric unimodal density f(x) having mode ws 0. Then,

Bl X)Fr
B{X%) g sup UP B XV { . B1L.X| e (2.11)

where the supremum is taken over all absolutely contimuous funclions g i [—1, 1]
— 72 such that ¢ is even, concave on [0, 1], g{0) =0 and B{fg(X)1"}E{p'(X)]%
e well-defined,

Progf : Note that the lower bownd can be obtained by taking glz) = #|.

Observe now that the supremurn in (2,11) will remain the same, even if
we reatrict our attention only to those funetiona ¢ having non-negative deriva-
tive on {0, 1. Now with any such g, we have

BJe® = 2 | [n)P fio) de

=2 | ptoy* ( f dftw) ) do+210) § i e

Ot g

[p)P do) dfw)+27) § o) de

=_gj(

1 4yt t ] o 1 q
< =2 f T ( J WE@Pds ) afuy+210) | [ola)) da
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(using Theorem 2.1 and the fact that f is non-increasing on {0, 1]}

1

< -2 [ 20 (1 WP &) dfw+2f0:5 [ ond
— % (:i‘ [y ) (—2 ﬁ% w8 df(w) +f(1))
— :_2 (i [g’{m}]’dx).(ﬂ JI " f{u}du)

:%(;; g (x)Pdz).E| X .

The proof will now he completed if we show that

f et < 2 § P e, . (212)

To see this, note that kboth the fanctions 2f(2) and A{z) = 1 are densities
on [0, 1] and moreover f(x) and [¢'{x)]* are decreasing functions, the later being
& conasquence of the facts that ¢ 8 conocave and has non-negative derivative
o {0,1]. It is then easy to establisk (2.12).

This completes the proof of our thesrem.

Remarke 2.3 : The Teft-hand inequality in (2.11) is most stringent in the
following sense :

Given e > 0, 3a random variable X on [—1, 1] having a svmmetrie,
unimodal density f with mode at 0 such that

E{[g(X)%
1 e 1-|-e. ... (213
< WP EEpEX < e (&1
This can be seen by tromeating a (ﬂ, E-al-:l variable on [—1,1] for &
saitable 2 > .
Bemark 2.4 : If in Theorem 2.2, we take X to be s non-uniform random
variable, then

Big )}
m:P W e {2¢ 14}

This is an immediate consequence of (2.11) and the faot fthat for any
non-uniform random varisble X on [—1, 1] having a symmetric unimodal

density f with mode at 0 we have E}X| -:::%.
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Remark 2.5 1 If in Theorem 2.2 we take X ~ U[—1, 1], then the supre-

. . .4
mum vonsidered in (2.11) i ey

To see this, consider glz) = | Bin %\ and note that this g aatisfiea the
eonditions of Theorsm 2.2. Thlen, with this g,

Bl _ 4
Hg @y —

. . 4
Hemnvce, in view of Thecrem 2.1 the supremum in 12.11} must be -2

Chaerve now that from Theorem 2.2 and Bemarks 2.4, 2.6 we bave the
following oharacterization of vniform distribution on [—1, 1].

Theorem 2.3 : Suppose X {s an absolulely confinuous random variable
on [—1, 1] with a synonclric unismodal density fx) having mode at 0. Then

Ellg X)) 4
it = = &= X~ U [—1, 1,
P Bl =LA
where the gupremum iz ftaken over all absolutely condinuous funclions g : [—1. 1}
— 72, such that ¢ 48 even, concave on [0, 1], g(0)} = 0 and E{{gX)R/E{¢{X)]%}
i well-defined.

Remark 2.6 :  In an earlier draft of this paper we put it as an open question
whether in the above theorem we can drop the restriction of soneavity of
g on [0, 1], other conditions remaining unchanged.

Later, Klaagsen {1988) has observed that the answer is “yes”.
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