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SQUMMARY. Thie paper deals with two counter sxamples which apawer gome intercdding
queskions rslated i¢ non-zero mun games in counooticn with sn extmeion of & theorem of
Bion (1958) and & problomn posed by FNowak {1088}

1. INTRODUOTION

In this paper, we give two axamplea of two-person nom-zero sum games
which answer some interesting questions relatod to game thory. The first
exsmple is connected with a2 vory natural question related to an extenaion
of Sion's (1958) theorem which says about the existence of optimal slrategies
in & two-parson zerg-sum game under certain assumptions That is, whether
every w-person non-zere sum game with compact sats of pure strategies for
the players and with quasi-eoncave and wpper semi-continuous pay-off fuue-
tions has a Nash equalibrinm in pure strategies This is answered affirma-
tivoly in an otherwise excellent monograph of Vorobev (1984). However,
becauss of 4 slight overlooking in the proof, the problem was remaining open.
Ginchev (1986) tried to angwer it negatively, but his counter-example iy falee
(he did not notice that (0, 0) iz » Nash squilibriom in his counter example).
Example 1 in our paper definitely answers this question negatively.

The second example is related to an open problem posed by Nowak (1988).
He proved that every n-person game with compact sets of pure strategied
and with upper semi-continuous pay-off functions always has @ ogrrelated
weak c-oquilibrivm in mixed strategies (for definition and interesting pro-
perties and examples, ses (Aumann, 1974, 1987, Moulin gnd Vial, 1078).
He asks the following question : whether such s game has a Nash equilibrium
(e-Nash equilibrium) in mized strategies. Example 2 of this paper answer
this quesion only partially. Namely, it proves thet Nash equilibriom may
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ot exist, but it is still an open problom if e-Nash squilibrium in mixed strate-
gies must exist in all auch gamea.

Now we ars l‘ﬂ&dj' o Iﬂ‘ﬂﬁ&ﬂt our qnunﬁgr-examplm:

Baumyple I ¢ The two-peraon non-zore sum game < I, {X¢hydF i > ,
where I = {1, 2} is the set of players, with X, = X, =[0, 1], aa the set of

strategies, and Fy : X, X X)— », i =1, 2. as the pay off functions for each
player determined by
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is sn example which does not have any Nash equilibriuun in pure siratogies,

with compact setas of pure strategies and guasi-concave and upper Ssemicon-
tinnous pay-off functions.

Proof : Tt is easy to prove that the functions F, and 7, defined above
ale upper semi-continuous end guasi-concave, by showing that for all real ¢,
the sets {(x, y): =, ye[0, 1], Filx, v) > ¢}, { =1, 2, are closed and convex.
Lot un define

¢ ={{z. 9} : y6(0, 1]and max Fyf# y) < Filz, y)}

16 F el

fis = {lr, ) : z [0, 1] and max Fu(z, y) < Fyfz, y)}-
tE vy
It is clear that

Py ={lxy):2,ys[0 1] andx=y}
fy={w.y) 1w yel0, Vandy = 1 when 0 < z < 5 snd

y=0when + <z < 1).
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Hencs @, (M ¢, = &, Therefore, thers is no Nash equalibrium in pure strategies,
ending the proof.

Remark 1 : Notice that the gamé in exemple 1 satisfics stronger assump-
tions than the analogous Sien’s minimax theorem ; namely, the pay-off fane-
tions are upper somi-contirnous and quasi-concave om X, X X, not only in
sach variable. However, this game possesses an ¢-Nash oquilibrivm in pyre

atrategien. Ome can verify that the family {i — %, -é} under n— oo, of

paira of players’ pure strategies comstitutes some ¢-Nash equilibrium with
pay-oif value (1, 3/2). But it is an open problem, whether this is true in
general under the assumptions mentionsd ahove.

Remark 2 : Notice that in example 1, & Nash e:lrﬁl[hrium mcista in mixad
strategies. One can oheck that the pair g3 —-ﬁ{n}} F+ 3{1}1 M= 3{0}+ ﬂ{;},
{here, d(x; demotes the probability measure concentrated at the point x) is &

1

Nash aquilibrium with pay off value (“E’ -;—) Howsever, we do uot know

whether thers always exists a Nesh equilibrivm in mixed strategies, under
the assmmption of upper semi-continuity and quesi-concavity with compact

sete of pure strategios. At the end, notice that the pay off velue ( ;_, %] in,
mixed gbretegies is leas usaful for both players thun payoff value ( 1, g ) i
pure girategies (Remark 1).

Bzample 2: The $wo-person non-zers sum pame - I, 1Feds {Fiher >
{={1, 2}, with X, = X, =[0, 1] and with ¥y defined on X, %X, by

J{] if 0yl
File,y)y=4 = if y=1

L 1—2* if g=0,

~ 0 if 0<y<lor{y=0,x<2/3)
Fry)=4 2 if ¥y=0,z¢ 2/8
! if g=1,

ia an example of & game with compact sets of players’ pure phrategies and with
upper semi-continnons pay-off functions on X, x X, which possesses s-Nadh
equilibrium bub there iz no Nesh equilibrium.
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Proof : Clearly F, and F, are upper semi-continuous. Let & be the
set of probability measures on [0, 1}. Suppose on the contrary, that there
is en Nash squilibrium in wixed strategies. This meens that there egigte
(g5, Mg} € »# X A such thab

Flps, #3) » Filisy, pa) for ell gy, e (1)
Falpsl, #3) 2 Faliey, po) for all g, e (2)

Sinco all the pure atrategies o < y <« 1 for player 2 are dominated by pure
gtrategy ¥ = 1, g is totally concentrated at two points y =— 0 and y =1,

Hence max Fiig), o} = max F,(al, Bbeoy +(1—f))). Bot the right
. 0% Bl

hand side of the last equation is equal to
S A2mI2/3, 11— 1341 = 2u7(2[3, 1]4+-(1—8) p310, 1]

LT -2
Therefore mex Fj ({4}, ity) is achieved exactly at g, — g whers
fo & M
&gy i pf{2/3, 11>}
pe = 13{1} i m[2f3, 11 <} e {3)
?’5{&} +{1—?}ﬁi{}= 0y 1ifpl[2/3, 1] = . w80+ (1—y)m-

h

Further, we easily got
Filpy, B+ (1—B)du)) = {, [(1— B+ 81+ ey

Begides for every g, the function {1—pg)x+5(1—5%) hat & unique maxi-
mum at the point gy, where
1—-84 .
Loy = 28 it >
1 if f< 13

Hence, max Fy(p,, B8y-+1—p0iy) is achieved exactly at g, = u7 where
&aeA

i S E AR _

(13 if 0« 8<1/3.

Now, a very simple analysis leads to the conclusion that there exiata
No pair (g, 4,) € X i satisfying (3) and (4), and, thereby (1) and (2).
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Therefore, there does not exist a Nash equilibrium in mixed strategies. To
prove that there is -Nash equilibrim, it suffices to consider, e.g. the family
{a®, #} a8 n—> o0, where, for sl %,

}=i3 _1_{?
Sl MR

3 4
B = = 8y, + -,,-6{1},

and the pay-off value is oqual to ;—?, 1)- So, the proof has been completed.

Remark 3 © Unfortunately, we do not know any other example of the
gams under the assumptions of example 2 on the strategies of the two players
and on the pay-off functions, which does not posscse an ¢-Nash equilibrium,
This problem ig intriguing in view of the resuit of Nowak (1998), {as also being
an extansion of (ilicksberg’s therem (1952), since, we do not know as yet any
gamo having correlated weak e-equilibrium but not e-Nash equilibrium.
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