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NOTES
TWO REMARKS ON VAGUE CONVERGENCE

By B, RAMACHANDRAN
Indian Steitstioal Insélule

SUMMARY. The purposs of this note is to place on record two items of mformation
copoerping vague oonvorgencs of probebility meseures (p.m.s) on the real line, which may
bave some novelty, eurissity and classroom value.

(1) The Stirling approvimation (o the Gamma function as ¢ vague converjence
resuli :  As ie well-known, this approximuation iz given by

T{z) m~ 4/37 ¢ 2212 g5 g— 0 . (I}

where ~ indicates that the ratic RHS/LHS— 1 as a-» . Titohmarsh (1949,
p. 58), for instance shows how this can bs derived with additions] argument from
the Stirling approximation to n! = I'{r4-1). Khan (1874) and Wong (1877} nsed
vague convergence arguments to derive the approximation for n!. The traditicnal
srguments {for » !} establish (1}, firet without the constant 4/27 being specified
(Feller, 1968, p. 652 for instance} and ther using Wallis” formula for 7 to identify it
(for a variant, see Feller, 1968, p. 180). The following effortless derivation of (1)
using vagne convergence arguments streamlinea the Khan.Wong arguments for » !
to the more gemeral (1). (This approximation is needed in particulsr to show that
the probability density function (p.d.f.) of the Student #-distribntion with # degrees
of frecdom converges 10 the p.d.f. of the stendard normal distribution se n—» co,
whenee we con conclude using Schoffe’s ‘useful convergence theorem’ that the said
distribution converges vaguely to the standacd norms] uniformly over the whale
real lina.) As pointed out by the referee, the litertature on Stirling’s formula is
extensive : see, for instance, also Cramer (1946, Section 12.6), Knopp (1928,
p. 543 ), Namias (1986), and Disconis and Freedman (1986). In partioulay,
it would be desirable to obtain vague convergence arguments ta prove the asymptotio
formula for logT'(@) mvelving the Bernoulii numbers, usually derived by applying
the Euler-MacLaurin summation formuls ; vide Cramer (1846) or Knopp {1928).

Let X, be a r.v. with p.d.f. given by ¢ %% 1[[(2) for £ > 0. A standard argu-
ment using charscteristic funciions readily shows that {the standardized form of

a

X, with ils sign changed 3} ¥, = (e~ X,)/{/a— Z,, where Z, is & ‘dummy” random

variabls with the standard normal distribution : Z, ~ @. Sincex-3 z*is & continuous

map from B! into RY it follows that ¥i—> Zi. Noting thet B(F)? L ET? =1,
L )

AMS (1890) swbjeot classifioution. : H0BI0,
Koy words and phrasea: Vepne Convergence, Bitirling’s Approxirastion, Gamma
Fanefion, Steinhaus® Lemms.
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& standard vagus convergenss argument (gec for matance Chung, 1974, Th, +.53.2,p. 85
khows that EYr—s BZT. The d.f. of Z} being given by: 0 for £ <0, oy
for = 2» 0, we have B2} — 7/4/2x whil

EY+ = {i‘ (¢~} e ) {1 /aT{e)} = [e-2asT8i{+/al ()}
= g8 18 (x)

and we have (1). The constant 4/ agaociated with the normol law s well as with
the Stirling approzimation thus acquires transporent significance in this derivation.

{2) A eriterion for the vague convergence of pom.’e on Rt to o limit pom. ©  Chung
(1974, p. 94), mentions & criterion for such convergence, namely, that for every
ge Up(BY), tho set of all bounded continuous maps from R'to Bl the sequanbe
{{gdp,} abould converge, {4 } heing the given sequence of p.m.'s. The aource iz not
apecified, and in & personsl communication it was merely stated that this resalt
helongs fo the ‘follklore’. K. R. Partbasarathy has poiated out that ons ean be
more precise : the problem was considered by Alcksandrov (1944}, 41, 43) and
in Varadarsjan (1961), the idea of proof bring that A below ia a non-negstive
(henee in particulsr sontimunous) Linear funotivnel on Cg(EY) with A7) =1, snd
then the Riesz representation theorem gen he invoked Lo make the desired ecnclosion,
The following proof usss a summability lemma dus to Steinhaus, quoted below,
which also leads to an elogani proof of the Vitali-Hahn-Baks (VHS) theorem based
an it : for proofs (of the lerama and of the VHS theorsm), wo refor the reader to
Arh (1972, 42.43).

Lemya (Steinhaus} :  Let {sg;} be a doubls sequence of real wumbers such that
(i) for every j, 05— 0 as i~» o,

{51} Bylay| < M for every i, ond

(§#4) Zyaey = 1 for every .

Then there exists o seguence {z;} ecomprising ('s and 1’s alone such had, ¥f
Yt =y augry, then {yi} does not converge.

Let it Dbe given that {u,} is & sequence of p.m.’s on the real line such that
{fgdp,} converges for every g ¢ Og(R'} ; denote the limit by Aig). Let [v.} denote &
vaguely convergent subsequence of {#,} and v, the vagwe Ymit therenf. Wo shall
show that v, ia necessarily a p.m. It will then follow that v, is ¢he Limit p.m. for
every vaguely convergent subsequemes of {4, } and o pﬂ—i vy We shall use the fact
that for ge Cy(B), ie., for geOp(RY) with ple)—>0 s |x}— o0, we h#te
{ g8v,— | gdv,, 8a is well-lown, or, Mg} = [ gdv, for g 6 Oy (RY).

Lot ¢, denote the usual “teisngolar function with [—1, 1] ae base”, ie., gyie) =
I—]ajfor]z] £ 1 snd zero otherwiss. Fon 2 » 2, let ¢, denote the continuous
fonction on RY made up of the two triangular functions with bases [—n, —n-+3]
and [e—3, #). Then, By = ¢ + ... + ¢y it the trapezoidal function :=1 0%
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[—nt1, n—1], linaar on [—n, —n+41} and on [#—1, =] and zero gutside [—=n, n].
We then heve Zyg; = 1, Bince the gy are non-negative continnous functions and Sy
je continuous, the well-known theorem of Dini's engbles 18 to conclude thas the
convergence of thie series is uniform on every compact interval ; in tmrn, this
jmplics that the sum-function of any sub-geries of this series is continuons (and
 1). Thus, if {z;} i8 any sequence of U's and 1's, then g = Zgryg; ¢ Ca(RM.

Now wmmppose if possible that o = vw(BY) < 1, and define: ay=
(J gibvi—I gidwp)f{l—). Then, since E gy == 1, conditions (i)—(iii) of Steinhaus’
lemmsa are statisfied (for M = (14-@)f{1—ea)). Hence there exists a sequence {zs} of
¥'s and 1's ench that if g = Zpry then {y} is non-convergent. If, for this ehoice
of {25}, we take g = Ty, we seo that wy = (fedm—f gdv)f{l —a) converges to
(@) —[ gdwp)f(1—e). This contradiction shows that « <1 is impossible, so that
wp it & pan., and, as argued earlier, v, BA v 80 that {J gdg,— [ gdv,) or) Alg) = [ gl
for every g e Cp(F*).
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