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ROBUSTNESS OF THREE DIMENSIONAL DESIGNS, |

By SUBIR GHOSH
Indian Stadislical Inslilule

SUMMARY. In this papor we study 6 robustness properly of a latin sguare design
(LSD) of ocder « in tho sonso that, whon any ¢ observations are missing the design remaina
connoctod w.r.L. troatment, row, and column factors. Wo show that a LSD of order # (> 4)
ia robust agminst missing of aay ¢-1 obworvations.

1. INTRODUOTION

The robustness of dosig gainst i plete data was considered in
pupers of Ghosh (1978, 1979a, 1979b). In this paper we consider the robust-
noss of & threo dimensional design, LSD of order s which climinates hetero-
geneity in two diroctions. Various optimum proportics of LSD are well
Lknown, sco Kicfor (1958) and Wald (1943). This paper gives u further property
of robustuess of auch design. Ve show in a LSD of order s (3> 4), when any

s—1 observations are missing the resulting design remains connectod w.r.t.
3 fuctors treatmont, row, and column. Ve observo that LSD’s of ordor
2 and 3 are not robust in the above sense. We shall consider tho robustness
of vther 3 dimonsional deeigns in subsequont communications.

2. Ronusrness or LSD
Conatder o 3 dimensional design with « rows, w columns, end v treatments.
Suppoeo gy i3 the ubservation corresponding to the k-th treatment in the
i-th row and j-th column, 7 is the effect of tho &-th trentment, r¢ is the effect

of the i-th row, ¢ is the effsct of the j-th column, and z is the goneral mean.
Then the medel is

Yigx = p+rito+tegr,
i=h.o,uj=1.,uk=1.09 ()

where the experimontal orror #yus’ nro uncorrelated random variables with
mean 0 and variance o2

»
Definition 1: A linear function of treatment effeots E Owna.
bt

Cy (k= 1, ..., v) are real numbers, ia said to be a contraat if 2', Cy=0.
=1
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Definition 2: Two treatmonts % and ! are said to be conneoted if

n—7, s estimablo under the modol (1).

Definition 3: A 3 dimensional design ia esid to be conmected wr.t,
troatment factor if ovory pair of treatments is connected.

Similar definitions can be given for row and column connectedness of a
3 dimensional design. We now recall a definition of Bose and Srivastava
(1964), Srivastava and Andorson (1970).

Definilion 4: A 3di ional design is said to be completely connoctod

)
if it is connectod w..r.t. 3 factors treatmont, row, and column.

If sumo obsorvations in a complotoly ted 3 di ional design is
missing thon the resulting dosign may or may not bo connected w.r.t. treat-
mont factor or complotely connectod.

Definition 5: A completoly connected 3 dimonsional design is seid to be
robust against missing of any ¢ (a positivo integer) observations if tho design
obtained by omitting any ¢ obscrvations remains connected w.r.t. treatment
faoter Cloarly, ¢  min(p,, ..., ppj—1, whoro the treatmont k is roplicated
px times.

Definition 6 : A completely connected 3 dimensional design is said to be
strongly robust against missing of any ¢ observations if tho design obtained
by omitting any ¢ obsorvations remains completely connected.

A LSD of order s, LSD(8), is a complotely connected 3-dimonsicnal design,
Consider the following latin squares of order 2 and 3.

Supposo the obsorvations corresponding to treatment 1 in cell (1, 1) of LSD(2)
ind treatments 1 and 3 in colls (1, 1) and (2, 2) of LSD{3, are missing. Thon
7175 18 1ot ostimablo in tho resulting design from LSD(2) and only contrast
T1+74—27, is osvimable in the reaulting design from LSD(3). Thus a LSD(s),
¢=2,3, is not robust against missing of any s—1 observations.
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Considor & LSD(s), 2 > 4, with (k,, &y, ..., k) and (4,1, ..., 1)) 88 two
rows. Lot (le,l N ...,Iw.) = (ky Ky, ..., ky), Where (w, wy, ...,1) i8 & par-

mutation of (1,2, ...,8) with the cycle struoture 1,2° 0% g = 0,

ay (i = 2, ..., 8) aro nonnegative intogers satisfying a,+2a,+...+8a, = 3.

Theorom 1: If the rows (ky, ..., k) and (I, ..., 1,) are such that ay # 0
and ay = 0 (j # 2), then there are at least a, linearly independent of
78" which are estimadle.

Proof : Supposo ky = lu,y, kuyy =, 2=1,3,...,8—1. Then clearly

Ty u=1,3,...,8—1, arc estimsble. Thorefore wo havo @, = (s/2)

indopondent contrasts of 7's which aro ostimablo. Thic complotes the
proof.

Theorem 2 : If the rows (k,, ..., k) and (1, ..., 1) are such thal a! least
one ay (j # 2) is nonzero, then there are al least 8—a,—1 linearly independent
contrasis of 15’

Proof : Suppose (w),ws,...,wp) i3 8 permutation of (1,2, ..., ) and
the permutation is & p-cycle. The elements in tno two rows corresponding
to u-th and w,-tk columns aro (ky, k,)and (I, lw,,’- u=1,..p Woknow
Iq‘ = ky. It follows from tho model (1) that the contrasts 21.“—11_—1,'".
#=1,...,p, are estimable. Notice that

?
27 —7, — =
“2_‘ 27, —m7, 7,'") 0.

It can be chookod that among these p contrasts p—1 are linearly independont.
Thoroforo from difforont cyoles wo got a,+2a,+...+(8—1)a, independent
estimablo oontrasta.

Supposo (1, ..., wp) and (wp,,, ..., Wp,o) Are permutations of (1, ..., )
and (p+1, ..., p+¢) and the permutaticns sre p (> 2) and g (> 2) oyoles.
The elomonts in the two rows corrosponding to u-th and p+v-th columns,
1<ugp, 1<v<yq are (kg kp,,) and (lu,lp.0). The contrast

1"+1,’+'—-1‘"—1,’+° is estimable and is indopendont of the earlior contrasts.

Thus aq i-oyoles (i > 2) give ay-—1 indopondent contrasts, ay j-oyoclos (j > 2)
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give gy—1 indopendent contrasts, an i-oycle and a j-cycle give a contrast as
illustrated earlier. Therofore we get a sot of ay+a,+...+a—1 indopendent
ostimabie ocontrasts which are inaopenaent of the eerlior contrasts. Honce
the total number of indopendent estimeble contrasts is

[owt 20yt +(s—100, 1+ ay +... +ay—1),

8—a,—1.

This ccmpletes the proof.

Suppose a sot of s—1 obsorvations sre missing in a LSD(s). It is clear
that thero aro at least one row and one column in which no obsorvetion is
missing. Consider one such tow, say (k,, k;, ..., k). There must be snother
row in which at most cne obsorvation is missing. Denote it by (I, &, ..., 4).

Case 1 : Supposo no obsorvation is missing in (7, ..., Iy).

(i) Lot at loast one ay £ 0 (§ # 2). Considoring two rows (k, ..., ki)
and [, ..., 1), it folows from Theoram 2 that therc are 8—a,—1 independent
ostimabla contrasts. Corresponding tu a, 2-cyclos, wo get from all columns
a, sete containing 2 columns each and another set containing s—2a, other
columns. Thus wo divido all colurans into a,+1 sots of columns. Cepsider
8—2 rowe otner than (k,, ..., k) snd (I, ....I;). In ony two of a,+1 sets there
is o row in which at loast one cbservation is not missing in each sot. We
tako one treatmont from each sot, tho obsorvationa for which are not missing,
ond the treatmonts which bolong to tho samo columns s¢ those in the row
(ks ..., k). From theeo 4 trestments we find & contrast which ic ostimable.
It can bo chocked that this contrast is indopendent uf s—a,—1 carlier ccntrasta,
The sets (i,i41), ¢ =1, ..., a,, will givo a, indepondont estimablo contrasta
which aro indepondont of 8—a,—1 controsts. Thus wo bave a sot of s—1
indepondont estimable contrasts.

(ii) Let ay=0 (j# 2). Consdering the two rows (k,... k) snd
{lyy ..., 1) it follows from Theorom 1 that thore aro a, indopondont contrasts,
Considering a, 2-cyclos aad arguing similar to above we find a;—1 independont
estimablo contresta whioh aro indopendent of @, contrasts stated earlier.
We thus have 2a,—1, i.e., s—1 indopondont estimable contrasta.

Case 2: Conader the situation where thers is one obscrvation missing
in (l, ..., ;) and thero is no other blcok bosidos (ky, ..., %) in which no obsorva-
tion is misaing.
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Theorom 3 :  If one observation in (1, ..., ly) is missing and no observation
0 (ky, ..., ka) 38 missing and furthermore ay o 0, then

(8) there are at least s—ay—1 independent estimable contrasts of 73 in cass
at least one ag £ 0 (j # 2),

(b) there are at least a, independent estimabl ! in case ay=0
(G#2.

Proof : Similar to Theorcms 1 and 2.

Theorom 4 : If one observation in (I, ..., 1,) i2 missing and no observation
in (Fy, ..., k) €8 missing and, moreover, a, = O, then there are al least §—2

sndependent contrasts of 18’
Proof : Similar to Theorem 2.

If tho design and tho pattorn of s—1 missing observations be 8o that
a,# 0 then arguing similarly as in missing of no obsorvation in (I, ... 1)
the existence of 8—1 indopondent estimable contrasts can be shown. Thus
we need to show the existence of s—1 independent cstimable contrasts in
case ay = 0. In Theorom 4 we havo already shown the oxistonco of s—2
independent estimablo contrasts. Wo thorefure need to show the existonce
of a single estimable contrast which is independent of othor s—2 contrasts.
Suppose tho observation corresponding to I, is missing. Clearly tho observa-
tion corresponding to at least one of the treatmonts k, and I, is not missing
in all other §—2 rows. Thero must be two rows and two columns so that
in their intersecting colls eithor (I, @) and (B, 1), or, (k,, ) and (3, k,) are
ocowrring. Thus 21“—1,—1, or 27, —7,—7, is estimable., It can be chocked

that any of 21, —Ta— Ty and 2fk’—1,—‘r, is independent of the other s—2

contrasts. Thus we obtain a set of 8—1 independent estimable contrasta,

Therefore we state the following theorem :

Theorem & : A LSD of order 8 (> 4) is robust against missing of any s—1
observations.

Corollaty 1 : A LSD of order s (> 4) is sirongly robust against missing
of any s—1 observalions.

Proof : When any a—1 observations are missing, there are at least one
observation not missing in each row and each column. The proof is now

olgar,
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