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Ahstract

Ui this Letter, [ develop the sobdering focmalism in a new doouin—the mineominadative phmar Gebd theories. The soldering
mrachanizm fuses two distinel thecriee showing opposile or complirmentary propeieg of snme symmeiry, taking il sccount
the interference elfects. The above menditmad symmetry is hiddan in the compasite (or soldered} heory. In the present work it
is shwwn that 4 pair of nomenmmuksive Marwall-Chern. Simons theories, having epposite signs in their respectlve topological
trms, can be consistoatly sotdered to yield he Prisca model {Maxrwell theory with 2 mass term) with corrections that are at
least quadatic in the nMonCOEMMOYiTY parameier. We foother argue that this model can be taonghe of a¢ the noscomnIEAGWS
geterilization of the Proen theery of ordinary spacelime. It is well mown that abelian toncomnwietive gauge thoory bears
a chose el similaviny with non-abelipn gaoge theory. This facl {9 caeifesved 1 a poo-ivaal way I the presemt Loetier
iz compared with existing lnerawre, where soldeting of non-shelian models are dizcussed Thos the present work fumther
establishes the robustess of e soldering programme. The sobtle role plaved by gaupe iovariance lor the lack of it), in the

ahowve pddening process, ie revealed in an interesting way.

Kevwords: Moncommutative gaipe Iheery: Sciberp—Winst s Soléafng formallam, Marwell-Chera-Simans theory

In recent years, noocommutative {NC) field thee-
nes [1,2] and in paricular MU gange thcones have
generated 4 lot of interest due Lo their sppeacance in
the toww energy limit in 4 =ysiem of apen sings end-
g on D-braoes, in the preserce of a Lachyound
fizld. The T)-branes inherit the noncommutativily in
the string boundaries. Thus the field theories living on
the D-branes con be described by NC field theones,
which ¢an yield string theoretic results in certain lim-
its. On the cther hand, by itsclf NC ficld theory 15 a
fascinating subject. Even though in NC quanmm fiekd
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theory, the basic compuatational scheme remams essen-
tially dhe aome as that of quantm field theery in or-
dinary spacetime, qualitatively distinet behavior is ob-
served in the former. Some of the novel {estures of NC
quaninm ficl theones are VAR mixing [3] mduced
by noo-locality, prezcoce of solitoms [4] 1 higher-
dimcesivpal scalar theories, dipole like elementary ex-
cilations [5), etc. This rootivates further suwdy of dif-
fercot aspects of ficld thoones 1 the contwext of NC
spacetime. In the preseat Lebler, we will concentrate
on same specific models in (2 + 1)-dimeasional NC
spacedme.

Investigations in the context of quantum feld thes-
ries living in (2 + 1)-dicensional nrdinary {commuta-
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tive) specetime have proved to be rewarding in the past
|6~81. Thers exist several physically reisvant models,
such as Maxwell-Chem—Simons (MCS) model, self-
dual (8D} models, fermions in interaction with gauge
flelds {massive Thirring model), that are closely intee-
related and enjoy non-rivial duality (or eqoivalence)
reiations beitween operators of the respective thaories,
The MCS and 8D models, along with their dual nature,
have been snudied exhaustively in [6]. Their connec-
fion with the Fermion thenrizs via bosnnization (in th
large fermion mass limity wes elucidated i [7). A ani-
fied amalysis of all these models can be foynd in [8].

A number of works, spanning all the above 1op-
ics, pertaining to NC generalization, have appeared
woenlly [#-12]. An NC generalization of the MCS
mdel, obizined by exploiting Lhe inverse Seiberg-
Witten map [1] and its subsequent duality with the NC
S modet was shown by the author in [9]. Tn the above
mentioned NC 85 model, the Chetn-Simaons term 18
structurally 1dentical to the Chera—Simons twrm in or-
dinary spacetime, Bosonization of the NC massive
Thirring model, in the large fermion mass limit, was
carried through in | 10, which reprodaced a variant of
the NC 51 model, where the Chern=5imons toym is
the NC Chemn-Simops term. Hence i was concluded
{see Ghosh in [9]) that duality hetween the massive
Thirring mode!l and MCS model {in large fermion
mass limif), a property volid in ordinary spacetime
[6,71, is lest in NC spacettme. Hlowever, later if way
shawn 16 [12] that the sbove chain of doatity can be
mamtained in NC spacctime a3 weill, provided one
considers an alternate version of the NC MCS model,
proposed in [11], consisting of NC Maxwell and NC
Chern—Simonz tetms. [ntersstingly, [12) shows that
this N MCS model is aciually dual Lo the model oh-
tained in [10Y] via bosonization, thereby campleting the
chain of dualities. All the above results sre valid for
the: lowest noni-irivial order in &, —the noncommuta-
tivity parameter.

As far as O{F) compuatations are concernad, both
the above dsfinifions of NC MCE theory in [9] and
[11] are equalty viable bat distinct alternztives, with
|11 probabiy being the more popular ong, On the
ofbier hand, the issue of NO extension of the SD
model is tocky. If we follow the approach of the
Seiberg-Witten map [ t]. our way of defining the N
SD mode! in [9] appears lo be the patoral one siocs
m the abesnce of any (manifest) pange imvariance.

the Seiberpg-Witlken map should not comez in to the
Pll:ﬂlf: Smee the 5D mndal in ﬁrdi.l'lal'}l spnmﬁ_m:; s
a quadratic theory with no gauge symmetry, there will
be 0o fignificant effects of noncommutativity, This is
beceuse (he -depandent term will come only from
the w-product of two operators. These contributions
are ignored assuming that total derivative terms can e
dropped from the action. Hence the model in question
o [18,12], comsisting of a mass tesmn amd SNC Chem-
Fimons term, should not be thought of as NC S
model. In the present Letter, our reasoning will be
carroborated further in the context of uwther model
of a similar nanre—the Proca model.

It i3 oow time to put cur work in its proper per-
spective. The soldering formalism [13-15], to be ex-
plained below, has been used extensively (see [18) for
4m updaled wrview and references thergin), in the con-
texi of theories m urdinary spacetime. We defnohsiraie
that it is adaptable o noncommutative spacetime as
well, leading to interesting and non-trivial results. The
present work is concerned with O(¢) modiBeations
valy, The noncommulativity brings in additonal fea-
tures which can be directly related to similar behavior
in soldering in non-abelian pauge theones i ordinary
spacchme [17].

Furthermore, he noncommulative soldering, in the
present case, geperates a particulatly simple model,
which we would like to interpret as the Proca madel
in NC fichl theory framework. We will argue that the
NC wversion of the Proca model should contain the
mass term and grdirary Maxwell term (with possible
G4 comegtions, #... being the noncomrautativity
paramster), and not the NC Maxwel] tarm, for reasons
exactly simtlar as above, In the NC theory considersd
here, the MC Proca model appears in an sxactly
anzlogows siluation where the Proca model emergas o
pedirrary spacctime, Cur framework in demonstrating
the above will be the soldering (ormalism.

Let us briefly intradoce the jdea of soldering for-
malisn [13]. Combinaion of o distingt medcls o
constuct 3 single composite madel iy inleresting, es-
pecially if both the initial and fina) thearies are phys-
ically relevant. The above resuit clearly shows a di-
rect comection between the parent and daughicr the-
ories. However, pursuing this idea in g generic case,
in a systematic way, is indeed pon-trivial. The sol-
dering formalism precizely does this job for & par
ticular class of o pair of models, which ingnifest the
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dup! aspecis of some symmetry, such ag chirality, sell-
duality [14], etc. The saldering procedure can be car-
qiad through for such a particalar pair in & well defined
mannet and the resultng soldered model, in a certain
cense, hides (he above mentioned symametry. In Fact,
the above mentioned equivalence bebween e parenl
and daughter theorias is quite deep rooted, This ¢an be
eqtablizhed [15] i an allerostive canomicdl mamsfor
ption scheme, whereby 1 a Hemilioonm framework,
the soldered model can be broken up into the parent
dual models, Hence, the soldering foemalisin and the
cagonical transfonmation prescription are complinen-
tury ta e&ch cther.

[ start by mmiroducing the S0D-MCS deality in
comventonal spacatime. For convensemce we follow
the potations and metric (g“Y = diag(l,—1,-=1}}
of [8]. The self-dual {or anti-self~dual} Lagrangians,
consisting of the ordmary and topological mass terms
are

1 1
Lip= 5 " fud g3pe fudp Sy (0

Thege bwo modals can be pencrated via bosoniza-
tion [7] {in the large termion masy limit), from two
dislincl fermion thworics wf mass M, having opposite
chiralilies. On the other haud, the (carresponding dal}
MC5 modzls [6] are described try

Lhics = —iﬁﬂﬂ.ﬁ + ge“ﬁuﬁaﬂnr.

Fog = Ap — Agd, (2)

Note that total derivaiive torms in the Lagrangian
will be dropped throughour the present (classical)
discussion. Clearly, Egq. (2} is invariant under the
#age ransfurmabon

Ay = A 48,4, 3

whereas no such manifest symmetry exists for (1),
Hewvever, one can solve the eqoations of motion and
consttaints for both of the above onadels and show that
thexe enists the identificaton |6,

fp =;“.ﬂ.ﬂ“.4 r,
that reduces one mudel 1o the other.

Before disenssing the rele of soldering in the
Présent comtext, lef ma introduce the soldering mech-

anism [14] in am explicit way for a pencric situstion.
Here 2 iterative Noether procedure is cxploited to Lifi

the global symmetries of the constitpent models ko 2
local symmetry in the composite model. The graetal
prescrption is ta express ihe varistions of the actons
of the models, A (4) and A~ (B (that are to be s0l-
dered), iz the following form:

AT A= f xS AN,
BA™(BY = f #x 17 (B)a*, ()

where 7.1 (A} and J7 (B) denete the generic Noethes
currents corresponding to the global myvariances ynder,

SA=3B=a, (3

MNeal, onz wtroduces sn apxiliary field C, with a
particular Iocal cransformation

8C 5 fla), (&)
such that the Tollowing action
A(A, B,C) = At(4)+A(B) + W(4, 8.C), (T)

is invariznt under the local ransformations given in
Eqz. (5}, (6), The last term in the action, WA, 8. C),
incorporaics the ioterference effects. It is of such a
form that the variational squation of mation fbr C is
an algebraic one for & Thus C can be eliminated
classically frem (6), thereby yielding the chenshed
action A% (G) for the soldermd modcl, where the ficlds
A and B pccur in o gange imvariant conthination (F =
A—B =0

In ordinary spacetime, application of the soklermg
rechanism for the self and anti-sclf-dual wodels (or
there MCS versions), induces the Proca model [ 14],

1 m?
G = ~3 FEGIF G+ TG#G“'

|
G;.: =E‘.ﬂu_ BI-IJ‘ (¥

As mentioned befiore, we will concentrata on the anal-
ogous phenomenon in the contaxt of noncommutadve

field theory.
The NC spacetime i3 charactetized by

[x*,x7 ), = ig™ 9}
The *-product is given by the Mayal-Weyl formula

PO %9 = pg + 26" Toplog + OF). (10
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All our discyssions will be valid up to the first non-
trivial ordarin ¢,

The NC extension of the Chemn—Sinwns action hes
been derived in [18). The NC MCS model is defined
in the: fellowing way [110:

s 1 -
Ai{cﬁ =fd3.t [‘_EFW*FHF
H - - ) ™ L]
iEf‘“’" (ﬂp;*ﬁ‘uﬂl. + ;Aﬁ Ay ?A;.)]J {11)

where

Fo=8Ah, — 04, —1A,« A, 44, 4,

The: structural similarity with corrmspopding expres-
sions of son-abelfan gauge theory is very much ap-
parent. it will be revezled subsequently that the con-
pection gnes deeper.

Lhilizing the Seiberg—Wiitten map, to the lowest
non-trivial order in 8,

2
F;nl - Fp;p "f—g'ﬁa[FwFug -— Aﬂﬂﬂfﬂu}q

A=A, 40774, (a,.a# - 13,;4._.,),

a I
X ) — Ea"’apﬂﬂj.. (12)

(where J. and 3. are infinitecinmt panpe transformation
parameders in NC and ordinary spacetimes), we armive
at the following O(F} modified form of the NC
MLS theopy, cxpressed . terms of ortinary spacedme
vatizbies,!

jii‘l:s:fdlx [-%(FKI’FHU
1
+ ge#“"auapa ,,}, (1N
where F,y = 3, A, — th-A, . It shonld be remembered
that ueder sbe Seiberg-Witten map, the NC Chem-

Simoms tegm exactly raduces o the Chern-Simans
term i oxditay spacetime [18] wo all oedeis in 2. In

| T shomd be kept i mivd that in B cooventioned Hai ktion
form of the fisld theory in (1), oaly spatial ooncoinmueviey 1s
alowed Bt s i nol of divect comcern ko 0 i g presenl analkysis,

2 4 1 ditnensions, (13) firther simplifies to

. 1 M
fms =fd3.r [_EFHquvi Efﬁbhdua‘pdl

1
- EE"""FPJF“" FM]. {14}

The equabops of moton are

B (F* = Me"™ 4,) = 008), (15)

where explicit form of the ©(0) term in the right
bhand side is rot required for our present analysis. The
change in A,

fd,=ay. {i6)
induces the following changes in the actions:

BAY = f Fo[(£5 + 1800, 17
where

Jiz=—Fa £ M4, (18)
I S = 2P0 428 FVFy). a9

A Shnﬂ-hand notakiom BH“FF_U E E - F MS h‘:f-'“
adopted.

Naw the auxiliary variable C,, i¢ ittroduced in
the action via the background mietaction and contacl
terms

. 1
AIA—f 5[(.r+.f“”].c+%{:2]. {209
The tansformation® of Cyu,
3y = e — A, — 859, (21)

together with wransformation of A, in (16), changes
the actons by

1 ]
+ (P & m"-'m,.]u,ﬁ,*]. {22)

The idea behind introduction of the fine mned C,\-
dependen) countermrms in the two actions (thal are o

2 We bhave chocked thay keeping $Cyp = Auay = Buwy and
intrndiecing mo interlarsnce tamms in de action dows net solve die
problem o band.
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e silderd) is dhat the varjations in the two actioms
will be of opposite signamre, This feature will give
rise 1 he imvariance in the soldered action. In the

instenes, this is true for 4, =0 e this docs
uot quite happen for nop-zero &, since the Fy,-
jerin appears with the sarme sign in vaniadons of both
the gctions. However, notice thar considerations of
the equations of motion (13) reveals that the factor
—-F* £ M-E“”'.-‘IJ.J itsedf i (22) s of Q(F) and
so L(—F &= M * )8! in (22) will contribute
10 O(6%) correction, Thuy, this term in the variations
of the actions ir (22) can be ignored in our presenl
dizzussion. The rest of the varlations m {22} are of
the form that is amennble to aoldering. In fact, the
variations are same (up to €(6)) as their ordinary
spacetime coumbespart.

L=t us pause for 2 moment o appreciate the closs-
nesa of our analysis with existing resulis in e context
of soldaring of son-abelian self dual models [17]. First
of all, the Euler kemel, that is the Noedier curreni re-
ceives non-lingar conlobultions ax 4 resul of noovom-
niztivily {or pon-dbelian namre [17]), which is qoite
natral, Howvever, it is strildep that the auxiliny ficld
Cy ceases 1o iransfonm in the conventional way anxd
the more mmyolved tansfocmation{21) is clearly “iden-
fcal™ o it counterpart in the non-abelian context]17].

We inroduce the auxiliary £, field and wnmte
down the: total actic b

A=A*(A, €1+ A (8. C)
= AH(A)+ AT(H)
1
-5 f[-':.‘2 + | ST AN+ S B

+58 4+ TPm) L C] 23

The .y field is constrained by 1he relation

1
Cov = S U4+ L (B + I+ FE0B).
(24}
This allows us o replace 8, in favor of the basic

fynamical variables und we obtain the soldered La-
grangian,

£15 —%F“"[A — BV A—B)

M2 .
+ T{A —BPHA-- By,

- l]—ﬁ[{—le““ + M a,)
+ {=F"(B) - Me"** By} ]

# [FHAY0 + 2[5 . FLAY) FrnlA)
+ FA(BY+ 2{5 . F(B)}Fun{B)]. (25)

Il should be mentioned that the above step is somewhat
formal since e theory is obviously notr Gangsian,
However, this 15 legitimate as far as clagsical consid-
eritions go. Similar steps have also been performed in
[171.

Mate that the J-itdependent part of the action in
{25} 1s 1n the form that was advertiazd at the beginning,
In fact, thie part it identical to the ordinary spacetime
result [14], The remaining part of the action £ in
{29} 15 onee wpain dropped since it is of ©(5%). The
argument i3 exactly the same as the one given below
(22) Heaes, the soldered tweory 15 the Proca werin wilh
(6% mudification,

. i
£5 = —g A= BlinlA - B)

H:
+ A = By A= B+ o8

=— % FEYGYF )

HE
+ G Gyt oM, (26)

where, m keeping with our earlier notation m (3},
G = A — B Thus, onr major obsarvation is that, m
the Iowest non-trivial order in &, spldening of the NC
iCS models is indeed pussible and congistent. The
whole process is clearly remimiscent of the simiiar
phenomencon [14] in ordinary spacetime, with the
nonpcommulativity introducing a noz-abelian flavor.

We are pow faced with the question that how far
is it justfied to identify the above mausive weCtor
model, whise kinebc part is idemticed fo the ordingry
spocetime Mavwell term, and not of the NC Maxwell
form, ag te WC gemerabizalion of gy Proca model, up
to CH{f), Our views, (avoring the ahove identification
afe preseated below.

There are some poinis in the present Letter that
need 10 be strmised in the perspective of the recent
paper [12]. Firet of all, in the present Letter, we have
talen the noncommutatve generalization of MCS
theory that hus been suggested in [11] and advocated
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in [12]. To (H8), we recover the action that is same as
thet of the ordinary epacetime Procu theory, We claim
this fo be the noncommunative generelization of the
FProca theary as well. Cur contention is thar singe there
is 10 gauge Invariance in the Proca moedel which is 1
feae hheory having only quadratic tetins in the action,
there will be no effects of noncomummtativity, at least
to G, assuming that wtal derivative terms in the
action tiecd ot be taken in 10 account. This ties up
very nicely with our previcus work [9], where similar
reasonings were put forward for the nopcommutative
extesion of the seif-dual model. This idea is Rrmly
bated on the bosic premises of the Seiberg-Witten
map where non-trivial namre of the mappicg comes
in to play only in the presence of gauge varionce.
This meaos that, o @(F), the model in (26) can be
elevated 1o the action of the corresponding NC mode],

§9= [
Lo s 2 o
= f #*x (—EF‘“’{GJ x F,(G)
2 L] -

+ %-G"‘ & GH). 27
with the identification G = G, F¥(G) = aGv —
30, since there is no non-teivial Seiberg: Wittan
mep for non-gange theories. Thus (-dependem tarms
in {27) cam nply appent friun the -products, Howeyer,
the theary being quadratic, the 8 contributions

coming from the +-produck: re total derivatives and
will vanish in the action and we arc keft with

L] F3 r a 2 - -
S5 =f¢13.1- (-%F‘”({?]FW{G} + %~ G"'G#)

+ 0(5*)
1 a2
= f &ax (- EF""(GJF;;»{G]I + TGHG“)
+ O, (28)

whers in the last sep we bave recovered (26). Hence,
Eq. (273 {or effectively (261] is the cherished form of
the noncomptative selfdual model.

Furthenmore, irom the soldering point of view, the
above critepion cormobogates with the ordinary space-
tiime result where self-dual and antt-self-dual models
can also be soldered o penerate the Proca modet. This
has 1o be he case siner the self-duzl models ape gual

ta the MUS modcls, respectively. In the present T.ut-
ter, we have demonstrated the noncommutative cotn-
terpart of MCS-Proca soldeding, On the sther hang
we cun consider the poncommutative generalization of
the: soldering of NC SD models 10 generate NC Proca
model. But, as we have arguad, o GF) theore will be
ne changes in any of the models participating m the
soldering process, singe all of them upe quadratic gie-
weies and none of them are gange theories. Henge, we
will reach the result, identical 1o tae ordinary space-
time one, which alea agrees with the conclusion pre-
sented here. This demonstrates the fobustness of the
soldering programme ax well ps consistency in our
way af defining nomcommutative genciulizations of
self-dual or Proca theorics.

Indeed, it wonld be interesting if the noncommuta-
tive soldering can be performed consistently for the
puent and daughter models where all of them are
gauge theariss. Such o problerm hus been discussed
in [14] in the comutext of elecromagnetic duality, J1s
NC extension is under study.
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