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NONUNIFORM RATES OF CONYERGENCE TO THE POISSON
DISTRIBUTION

By RATAN DARGUFPTA
Indson Staliehoal Tradtivie
SUMMARY. Convergence ratea of binomial and negative binomial distribution $o the

Polsaon dimribution ave studied extending the earlisr results. A zone iz compnied where the
ratio of the probabilities approaches to one.

1. INTRODPTOTION AND THT RESULTS

A pumber of distribution have limiting law az Poisson distribution, e.g.,
the binomial and the negative binomial distribution under appropriate assump-
tion oconverge to the Foisson distribution. Rates of such oconvergence are
provided in Kerstan (1964), Verveat {1969) among obthers. Simons and
Johnson (1971) obtained another reanlt for binemial to Poizson convergence

and showed lim Eﬂ_ ¢ 1botm, Am)—pr0)] = 0, 4 § where symbols have
L) ) =

their usnal meaning. This cannot be readily extended to the negaiive bino-
mial distribution simee the ratio of probabilities as considered therein turns
out t0 be decreaging in the opposite directionin ench a cage. In this note we
prove a similar result for the negative binomizl distribution as well. Also
we compute & zone of the integer r for which the ratio of the probabilities
brfpr approaches one. Thig is mimilar to the excessive deviatiom results in
the Central Limit Theorcm. It turns oub thoat the zone remains the same for
binomial and negative binomisl distribution and is of the order log »flog log n.

First consider the negative binomial distribution

21+n—1I
n—1

Bu(z, p) = g% 10y pr(1—p)= |PHL~Pym L (1)

where P = 3 _1.

4
If P= 0, =0, Pr = A, then

Bafw, p)—> Pl, A} = ¢* A%z}
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Let 6, == P(, A)fBalz, p} then agzjas_, = (n+-A)j(nt+e—1)] ssat,
Congider
L h(@)| Bale)—P(@)|

= T Rx) Byix)] Plx)Balz)~1] < (§41) T hix) Byiz) e {2)
r X

where & = sup a, < oo,

h, &

Also,

Balz) = ( L—|———] [n—l—:ﬂ]ﬂ-‘-( A ) [l €at (Ae)® (n-|—m>

2==18 __. and Ba(0) < 1.

Thereforo with an application of Dominated Convergence Theorem to (2)
with an sppropriatc choice of A{x), one gets

5 (1) oxp [ log {naf(A efu-+2))}}| Bate)~Ple)]

ak I {1ay 12 oo if 8 > 142, . {3)
x

We adopt the convenfion 0 log 0 =0. If nPy = A1o(l) then agfar_,
= {n-A) (1+o6(1))f(n-+2—1) and repesting the ahove steps we obtain ;
Theorem 1. For the nelgative binomial distribution (1) with nP, = A+o{l)

;ﬂil +a)* exp [x log {naf((14+6(1) A e(n+ 2} | Bafe}—Plz, A)] < o0 ... (4)

In porticuler this implies ¥ %] By{x)—Pr)| < oo for every fizxed ¢
if # 2> nyld).
Next for nP, = A-+C,, Cs— 0 we get from Vervast (1969)

| Bale, Pa)—Pls, aP)] = O(P,) = O}, - @)
*
Also,
| Plz, #Py)—P(e, D) < (PN B (T5Y | Pla, 2%, 2% e, A-+Ca),
< Oy T } | P(z, )
= ﬂ{ I Gﬂl}‘ * {ﬂ
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Combining (5} and (6)
| Bule, Pai—Ple, A} = 0{(0l +7) e ()
with an application of Hélders inequaliby one gets from (4) and (7)
E (1-+x)~% explax log(naf(1+-0(1}) Ae(n+-a)1)} | Balz)—Plw, )]

&

of1cal+ )", T

where 0<<a<1 and & > %. Thig provides & nouniform bound depenling
on boih » and 2.
Next note that from (8), B, () ~ P{z, A), 2> o0 if

1-8

(12} oxp{—ax log(nz(1+o() A eln-+a))} (0] +'11?)

= o{Plx, A)) = of2~7"12 {A ¢)7). e (9)
For O,=0(1fn) this gives after some straightforward computation,
xloge < log 'J'l-—-ﬂ%i-——“}-vi- x log(Ae)— My, Mg— 0.

A congervative region of vis : &  log #/log log ni-M,
where

log n logn
M'=0 5 _ | _ |
(1ﬂggﬂ{logﬁﬂ—log ) %, logg==log log #; logyn = loglog log

In general the solution turna out o be

x & —log(| 0L ] -1fn)/log(Qogl | O | 4-1/a)) + M2, . {10)
for pome M3*— 0.

Henoe the following iheorem.

Theorem 2. For the negative binomial distribution with nP, = A4-0,,
Ua— 0 one has Bylr) ~ Pz, A) in the region defined in (10).

Neoxt consider the binomsial distribution

be(#, pa) = PCrpY(1—pu)* "> c & #{A)

r |
A straightforward modification of S8imons and Johnson (1970} states

li;n Zh(r) | br{n, pa)—prlA) | < 00 o Thr)pr(d) < . (1)
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Note that rhe. of (11) is true if one takes
ki) = (1402 9,7 (A) e (12)
where ¢ = 1.
Using the resnlt from Vervaat (1963) and procesding aas in (6) and (8) one
gels

{ben, o)D)} = O( 10,1+ 2. . (18)
r

This and the Lh.s. of (11) with the choice of % ag in (12}, with an applicetion of
Hélders inequality gives

I [(1 4Pl )] | beln, pu)—prld)]

=0 (10 +-) e (14)

where ¢ <7 5 < 1.

The above provides a nounniform bound in the binomial cese depen-
ding on both xn and » aimilar fo {8).

Proceeding a3 in the cass of negative hinomial distribution one obtaine
the following :

Theorem 3. For the binomial distribution wiih
Wy = A+Cyg, Og— 0

E [(-+rP AT i, Ba)—2r(0)} = O 10|+

1—&
] 0ol dx1

and ben, pu)y~ py (A) for v in the zome
r & ~log( 10|+ ) flog(—log {10al+=))+30, 4 > 0.
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