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ON EXPECTATIONS OF FUNCTIONS OF
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SOMMARY. Ta this paper we describe a method of deriving linear refations mmong
axpectotions of functions of order stetistics. "Thiz unifles various adhoo methods nsed in deriving
euch relations. This methed also sets up a ons-io-one correspemdence between thase Hnear
relations snd a st of combinatorial identbitios,

1. IFTRODUCTION
Tf % is a DBoral measurable function from 2% to ¢ and if W, W, ...
are all k-vectors of order statistics from s distribution, a relation of the form
CBR(Wy) = £ C,ER(W,) is termed linear if Cy's ate constants, independent
of the und,nrl;-ing distribution. Such relations are scatbered in the literature,
a large number of them finding mention in Devid (1981). By specializing
(putting i = 1) we get €, = = (, which, in genersl, ia a combinatorial
T

identity. It is remarkable that this combiunatorial identity ia egquivalent to
the linear relation int the sense that it can be used to derive the relation itaeif.
We prove this equivalence aml exploit it tio prove a general theorem un linear
relations, A large nmmber of such relations are proved with the sssoeiated
eombinatorial identities. This paper, thongh in spirit is similar to that of
Armpold (1977), goes beyond it.

The mothod is essentially using expectation under summation in identi-

P 3y a o
es involving terms of the form p;" p,°, ... P where E“Pi = 1.

2., Marnw BESUIAS

Suppose X has an arbitrary distribution with & continuous e.d.f, F{z)
and k& is any Borel measurable function from 72 to A2 such that E{A(X)}
exista. Tat X, denote the r~th order statistic in & random sample of size
n from the distribution of X. It is well known that

BH(E, )y =7 ( ’:) ’{3 K Fr-i{z) (L—F(m)v*dF().

-—
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Wawillwritﬁr(:) ait a(r, n). Then

E{MXT:N}FE(XI':“) {,IHFF(I'I‘:“}]&}
= afr, n) | W) Fra-(z)(l-- Fx))ttTdF(x)
i

= (arr, m)falr+o, ntat+B)BR(X, 0. 04 a4n)}: e {22
where a and b are integers such that n+-ab > r-+a > 0. (2.1) is the funda.
mental regult which we are going to exploit. In what follow we assume that
all series considered are convergent absolutely and uniformty w.r.t. the para.
meters involved so thet operations on them are justified.

Theorem 2.1: Let S be o subsel of Z* {where Z ts the set of all infegers)

with K, a mapping from 8 io 72 und 8, o real number. Then the following
three alulements are eguivalent :

i) 2 Ko bipig =4,

(&DIES
Jorall p (0, 1), g=1—p,
(i) SEfR(X,. )} = E K(a B(alr, n)fa(r+a, nt+a- ) E{A( X, g, b))
for all r and n mﬁ that 0 < r+a < n+oa+b.
(iii} T Kla,b) (o, n)felrta, ntal-d)) =8,
E}E r and n such that 0 <2 r+a < ntatb. for ali (o, b) € 8.
Proaf : (1) e (i1) :  IF (i) is true then

T Ka, F(Xpia)(1—F(Xy, ) = 8
(a2, HES

oI Kia, )b (X JPAX )3~ F(Ep ) = 8 h(Ze,).

Taking expectation on both sidea and nsing (2.1), we get:

(ﬂ.ﬁaﬂ Efa, b)(aly, n)feclrt-a, n-t+g+b)) B{MXria, nropp) = & B{M(Zr,0)}:
which is (ii).

(ii} == (iii): Take k{.} =1 in (ii) we get (iii).

{fii) == (i) : Allowing » and » to tend to co in such a way that r/n tends
0 p, using Btirling’s approximation for factorials it is easy to verify that

{alr, n}alrt+a, n+a-+b)) tends to pogh

and the result (i) follows.

Thig completes the proof of Theorem 2.1.

Remark 1 : (i) gives & reourrence relation bhetween the expected values
of tunctions of order statistics whoress (iii} gives & combinatorial identity.

Or
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Remork 21 The recurrence relations between the moments, moment
generating funchions, characteristics funotions, and distribution functions
(nontruncated and iruncated), whenever they exigh can be got by setting A{x)
= ¥, h{w) = exp(iz), h{xr) = exp(itr) and his) = I_u o(x), A&) = I_pm(®)
I b (¥) Tespectively. From distribntion funetions we can pass on to density
funotions (whenever they exist).

We now obfain results based on joint distribution of two order statistics.

Suppose X, and X, ,(1 € r << 8 < ») ave #-th and s-th order statistics
from a random sample of size # from a distribution with a condinmous ¢.d.f
F(x) and £ iz a Borel measurable function from % fo #8. It is well known
that, whenever it exists,

E{}[If:ﬂ.! Iﬂ:ﬂ.]}
= afr, 4, ﬂr)ﬁf éfyh[% YIFYw)(Fly)—Fla) {1 —Fiy) )i F{z) dF(y)

where air, & #) = al/[r—1)l(s—r—1)l{n—s)!]. Then
E{ﬁ'{xr:ﬂ! IE:ﬂ.:'-Fa'[-Kf:ﬂ}{F{XB:n:'_“F{IT:ﬂHb{ImF{XF:ﬂDc}
= aft, & ﬂrl:; j; j‘#k(m, el (z) (Fly)— ()01 (1—F(y)ste-? dFa)dFy)
= lafr, 8 n)falri-a, sta+b, nt-a+bic)) BT a: qinibro Xorarbonrarbiol}
.. (2.2)
where @, b and o are integera such that 1 £ r < s € », 1 < r+6 < s}+a-+b
% ntab-te.

Thearem 2.2: Let S 77 (where Z 1s the set of all integers) with K,
mapping from 8 to ¥¢ and 8, u real number. Then the following three statemends
ave equivalent :

{i){mﬂﬂ“ﬁ{a, b, c)pfplpf =98, for all Dy, Py, 95 € (0, 1} Dyt+Patps = 1

(i) B Xy, Xy, 0)}= M;ﬂe}"ﬁ(a, b,c){wlr, 8, v)fe(r-+, s+a+b, ntot-bie))

Blhlor i grastrer Xorarbinaibrol}

Joralle, s, m, 1 Lr<s&<n 1 rta<stath € ntai-btc, for
all (a, b, c)e 8.

[ﬁi}{ ﬁEﬂ“E{a, b, ¢) {x(r, 8, n){alr+u, s+e+b, nta+b-c)) = 8,

‘a'l g ]
Jorall r, 8, n, 1< r<an 15 eta<statd g ndatbte,
Jor ofl (a, b, ¢) ¢ 8,

Proof of Theorem 2.2 iz gimilar to that of Theorem 2.1.
A l-1d
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1  Generalization of Theorem 2.2 is now clear, Suppose Xyt Zpprg -y

Iﬁ‘ﬂ are ry-th, rp-th, ..., r4-th order stetisties (1 € vy < 7p << ... < 7%  n)

from & random sample of size n from a distribution with a contihuons o.d.f

Fx} and k iz a Borel measurable function from #% to 72, 1t is well known
that, whenever it exisis, '

E{h('xfltﬂ,! xr’:#l T X ;“}} = &:[ﬁ, Toy naey T ‘.R}

i

k
foonn§ Bzy 2y oo, 2a) 1 (Flag )Rl 3077 dF (@) dF (). . dF (o)
By oy e M J=0

where 2, = —o0, Ty = 0, 14 = 0, rpyy == n-1, and
Py, oy vien Thy T) = ﬂ-!,-;i (#441—rs—1}H
It is now easy to see that, for integers ﬁu, i S 1
BHE, i Xy o Xy (B, 0P, )

= (alry, 73, s T MY+ Gy Teb Oy, oy Pty Gt 02, N))
BIME, 1oo: 0 Xyragrag i3 - Zrgraqropt.. +agq: 80} . (28)

where N = w-Fagtay-4...Fax. X by = ap-tey+...+ay, the RHS of (2.3)
may be written as

(@ry, 7gs o0 Tr B)folrr 0o, 75 H-0p s TebbpLg, WD)
E{k{mn%: N> X-rﬂ-l—lll: N By o [
provided 1 € r,+b, < rp+by < oo < ret-bey £ N
We now have the following generalization of Theorem 2.2.

Theorein 2,3 :  Lei 8 (T 25 (where 2 s the set of oll intergers) with K, o
mapping from 8 to 72 nnd 3, o real number. Then the following three stafements
are egquivalent : .

: o _
(i) afﬂk(ﬂ} p* =0,

x
whiere @ = {6y, @y, ..., 6x), P =27 pT ... p%, and pe(0, 1) for all § withiz-j?iﬂl-
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) SERI, :p Koy o Lyt
2 Efa) (odry, e -0 Ty BBy, 1943y, oy 75-H0g, V)
(r T4

EME, oy, X pptoysm o X "H:N}}’

where By=ag+a+... N=n+1bg, and L& ri+-by<iry+5; <. <rp4+-bp KN,
() 3 K@) @lrs, 7o s oot b rit by o matbay, ¥) =,
&K

where by==ay-| @y +...-b-ay, N=n+bg, and 1 r1+-byLry+-by <o < i N,
Proof of Theorem 2.8 is similar to that of Theorem 2.1. Remark 1 and
Remark 2 with obvious modifications are true for Theorema 2.2 and 2.8 also,

3. APPLICATIONS

In this section we present zome applications of each of our theorems of
Section 2 scparately. We notice that several Enown recurrence relations
ean be deduced from our results, Bub combinatorial identities are not em-
phagized and are treated only cursorily.

3.1. Examples for Theovem 1.1. Ezample 1: Let 8 = {a, b)|s 2 9,
53 0; atb=m> 0 and s, b) = (“ﬁ:] Then from binomial disteibution
we have

T Kia, bypfgd = > (T)gﬁqﬂ'ﬂ= 1.
{x, Bxe8 L]

Hence
EfR X, 3} = IEIJ (ﬂ: ) (alr, n)felr -+, ﬂ‘f'm}]E{h{XrM:nm}}: e (31}

and Eﬂ (ﬂ: ) (aelr, n)folrt-2 nitm)) =1
or E} (") tr+a) (’::'::)] =1 (: ) . (82)

for positive integers », m and r such thet r .
In particolar if we take m = 1, then & = {0, 1}, (1, 0}} and from (3.1}
we get
E(b Xy, )} = alr, ) EME,, p ol 0+ DHEMIr, wndHolr +1, 24-1))
w (D) B, )} = e+ 1) B, a3 e B E g g} o (33)
Replasing = by (n—1) in (8.3), we got
2B Xy, o 1)} = (n—1) B Xy BB MXr . )
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which is due to Srikentan {1962}, Taking k(Xr.,) = Xkw 5=1, 2,..., and
writing ¥, = B(X}.,), we gob

gy = (n—) gty gihn
which is due to Cole (1961). {3.3) can also be obtained hy using the identity
(Johnson, 1957, 1878},

(i) (R—NF(X,, )] =N | ( ){1-—F{x, oh— ( ) FXr,).

where N and K are positive integers, 1 & K L N,
Bramgple 2 : Using the identity 1 = (p~1+1—p~")®, we have

il

1= 5 (% )ea—pyme = 3 (7] (Cmommitpr
Thus
B = 5 (7 ) (- 1m-slate, mfatr—m, n— B K pesl} - 84
for m, =, r}i}andm{r.
Agein starting with 1| = (g7'+1—¢71)®, we get
B0} :E (—1ym-s {™ Vatr, n)folr+-m—s, n—8)) BHZrim.a:n o)} (8.5)

for m, #, r > O and r4m > &
{3.4) and (3.5) are the recurrence relations given by Krishnaiah snd Rizvi
(1066).

Bromple 3: Lot 8§ = {{a, b} a =m > 0,0 » 0} and Kla, b) #(
We then have from negative binomial diséribution,

a+g- 1| )

m4e—1
§

2 Kla, byptgb = E ( )pﬂ*g'=.1.

(@, brew
Hence

|
B, = £ (") (el mifodr-tm, m o)) B Erim e}
(3.6)
for positive integers m, % and + such that #  «. «
Ezample 41 From geometric distribution (a particular case of
Example 3 with m = 1) we have

'E . pgs=1.
Thus B{HXy, )} =ﬂ§} (alr, wYfa(r+-1, nba+ 1)) B ey ey oo G7)

for positive integers » and » such that r < n,
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Brample 5: From {2,1) we can write
B X, ) F Xy o) (1—F(X, 4] = (o1, Bfedr, #)) B Xy, .0}

or % CEME,. )
=1

= :%1 Gr[f' ( '-:' )ft]E{k[Xl,a]F"—i{Ih;}[l—rF{Im])ﬂ—s—rﬂ} . {3..3]

where (', is & function of ». We now consider the following particuler onses.
Teking J; = If(n—r41) in (3.8), we get

El (fin—r+ 1)} B Xy 0}
= El (1/8)(r (":: );{b—rHHE{k[X et U E ) (1P )ty
- .E Y r"’il)E{h(xl:gwﬁltxl:::-(I—thl::nw*ﬂ}
=:§u{l 0 {7 VEBE X0 (1 P&y D)

= {{IHF{II:#)}_‘#][ :g: {T_ ) E{k{‘xl:ﬁwrtxl:#){I_F{xl:#}]“_r}]

= [0~ P& N HIBHE L E () P )0~ F )
Pufting ¢ == 1, we get

}:f:_ Ain—r+1)) BHZ.)
= E{MX,, (- F(Xy, ) (1—F(Z,:4))0

= B{MX,:1) “%IF"AI[IH 1)
=j:.1 E{R(X, ) Pe1 (X, 00}
=:§14:ac1, Ljatu, 4)) B{h(Xy,y)), vsing (2.1)

= 3 0 BpEs. ) = 2 (NBHE, ) w (38)
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Similarly with (% = 1}r in (3.8), we get

z OMBHEr)} = 2 (IR0 e (310)

(3.8) and (3.10) sre due to Joshi (1973).
Taking (Jy =r in (3.8), we get

E:lrm{htxml} = (2 EME, N GHDBRZ ) ... (8.11)

With O, = (r—1)i¢-1),  where 1@ = w{z—1), ..., {z—d+41), wo then
have from (8.8),

3 (r— 1) UER( Xy, )} = (nld1fz) Ela{g, ABRZe . ... (312)

Foml
where s(d, %)’ are Btirling numbers of the first kind defined as
a
20l — 3 a(d, k.
=1

3.2 Eaxamples for Theorem 2.2. Example 1 : Lot 8={(a, b, e}|a, b,e 2> 0
g+bto=m> 0} and K, b, ¢)=(m!falblec!) Then from trinomial
distribution we have,

% Ko, b opimioi= I (mUaslbh!c )pipps = L.
(1.8 N L (el

Hence

B{i(Xy, .. Xe, )} = E}ls(m lalblolelr, s, n)falr+a, s+ato, ntatbto))

B{B(X s 10, nanidens Xapatoniatbiol} w. {8.13)

Tn particular if we take m = 1, then § = {1, 0, 0), (0, 1, 0}, (0, 0, 1)}

and from (8.18) we get
B{MX,. ., X} = ofr, 8, 0) (B X pry, 00 Xorn mpHoelr e, 341, n4-1))
+(E{h{xf: ot Ii:mi)}-‘“‘z{f: &, ﬂ—“l)j—“{m{hfxﬁm-;- Xa+1‘:n+1:|}fa{f, &4+1, »n--1))]
= (1f{n-+-1)) rE (X ri1 im0 Leraenrd-Hin—6+-1NER(Xr, g, Ko, gea)} {61
By n12 Xaia:0e0}) . (34)
Taking h{z, y) = vfy* and writing s, — E{Xi,, X2, .} in (3.14) we gob
(n4+ 1By = ity a3t —s4- 18 (—2 )i B .

Govindarajula {1963) obbained this recurrence relation for j = & = 1.

Leb

Aln, v, 8) = Privey S E, <Ep & %0}
= Pritr, QEpata 2 &g} Ep <&g
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If k%, ¥) = Lozt () Iy o (9): then
E{k{m‘r:n: ) :ﬂ.n = B {I(-—mI:’] {mf:ﬂ] I [{!.m} {.ﬂ:ﬂ :*}} = A{n’ r, a],

and (3.14) gives
{n-+1) A(n, 7, 8} = rd(n+1, r4-1, e--1)+(s—r) A(n+1, r, s+ 1)
+{n—a-+1) Alnt1, r, 8).
which is due to Reiss and Ruschendorf (1976).
If &(x, 4) = gly—x), we getb from (3.14)
{n41) E{Q{X::n"_-xr:n}} = TE{Q(-ZH-I:HH‘"X&”“H]}
+e—1) Blo(Xnyy: pi1-~Zyinra)}
+ (—8-+ L) Bg( X, s1—Xr smpa}-
Taking gu) = v and 8 = #+1, we have

(n+ VDB X, 0 — X)) = “-"-E[Er+a:n+1“xr+1:n+1}+[ﬂ“"'}-E)Ir+1m+l—Xl‘:n+1J

+E|:I"'l-ﬂ: “+1~—.I rin+d)
or

(r+1)E{ X s 1:0—Kren) = 1B Xy 2001 Xopr o) 0 —1) B X1 wi1~ K rpar)
T B(X yroini1— Xt e+ K1 1= Xeengt)
Lot x,..r = B(Xy,y.4— X,.n), then the above reduces of the form
-1y = fXp1 @ )Xo H piirnF Xnncr)
or (-1} ¥n:r = (#+ I}Xﬂ+1t:r+1+[ﬂ"‘f"_1}xu+1:r:
which is due to Sillitio (1951). Other results of Sillitéo (1951) can be essily
deduced from ({3,14).

Erample 2: Let 8= {(a, b, c}ja > 0,5 2 0, c = s > 0} and K{a, b, o)
== (a-+-b+e—1} ifa !B 1{c—1) 1, We then have from bivariate negative bino-
mial distribution,

3 g Kebopipi= X ([a+dto—1) Yjal b1 (=D plelpf =1,

(s 2, eJed

3
I p=1.
-

Henge
B Xypin, Xs:a)} = m Eﬂ_ﬂ[!ﬂ+b+ﬂ-l} Haldt{e—1) 1]

{alr, 8, n)falr-+a-i-o, s4+6+¢, ntoat-b4c))
B X v rainioibien Xeraroinpastyo))- o {3.08)
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Frample 3 1 This is o parficular case of Example 2 and is from & genera-
lizasion of geometric distribution. This is got by setting m = 1. We state

the resmli

E{h[—xrl:ﬂp If2=ﬂr’ frra Iﬂ,:ﬂ-]}

Sz "
= Gy, oy vivy ¥y B
r=0 dybagt.fax = r( By gy +..o B ) L B 1)
a; =1
a{ry-Hby Ttbas o 5 Beeg, N0 BX, v By e o (819)

Note : A general procedure for getting certain type of identities snd
recirrence relation for expectation of functions of order statistios can be given
a4 follows. We give it only for ‘one order’ statistics, but the generalization
is obvious.

(i) Whenever we hava an identity of the form

L K{a, bpg® — & for all pe (0, 1), .. (320)
ia, b e s

we can get the recurrence relation

SBHEr )= Z KiabNelr, nhjalr+a; n-tat ) BRErnainian) - (21

[

{il} Whenever we suspect a recurrence relation of the form (8.21) we oan
settle it by proving (3.20),

Conolusion :  All the recurrence relations are essentially ‘linear’ in
charaoter. Those are got by interchanging the order of summation and
expectation. Such a method obviously will work for conditional expectations
two. Amthors of this paper are exploring in dstail conditional expectations
of order statisbics in a separabe paper.
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