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ON FAMILIES OF DISTRIBUTIONS CLOSED
UNDER EXTREMA

By K. BALASUBRAMANIAN, M. 1. BEG* and R, B. BAPAT
Indion Stalistical Imstilute

SUMMARY. COrder etatistics from swoidentically but independently distribnted random
variablaa are not sesy to deal with. But, when thess belang to familiss of random varizhles
olosed nnder magimum o minimum elegant simplifinations sre possibls. We conslder such
families and derive formulaa for axpectations nf functions of sngle ordar statistios and deduce
ayme recurrenne rolations,

1. IwnreOoDUOIION
If A is o nx# matrix, thon the permanent of A, denoted by per A, s

dafined as
L))
por 4= % 1 G

uEﬂn

where §,, is the aet of permutabions of 1,2, ..., n. Thus the definifion of the
permanent is gimilar to that of the determinant exeept that all terme in the
expansion get a positive sign. The book “Permanents” by Mine (1978) and
the snrvey papers by Mine (1583, 1987) provide an exceilent source of referencs
Oon. pormanents.

If @, &&,, ... are column vectors, then

O
B3
will denote the matrix obtained by taking ¢, copies of ay, 4, copies of o, and
80 OR.
Let X, X, ..., X, be independent random variablea with digtribution
funcbions F,, F,, ..., F, and densities f,,fs ....J . Teapectively and let

Xyn % Ky .o X, denote the corresponding order statistios, Vanghan
and Venables {1972) bave shown that the density of any order statiatic or the

= —
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376 E, BALARUBRAMANIAN, M. I. BEG AND B. B. BAPAT

joint density of meveral order stafistios is oonveniently exprissed in terms
of a permanent. For example, the density of Xy, (1 & r & 2) s given by

— Fofz) 1-Fi(x)  fulz)

l " . 1
(r—1)! (n—r) | per . . . ,—o0 = 8
L Pofz) 1—Fglz) fol2) -

ol | n—r 1

kf:n [ﬂ?} —=

Similarly the distribution function of X,., (1 & r & ») or that of a subset;
of Xy Xgms +- s Ayin MY be expressed in terms of permsnents. Hor
example, the distribution funection of Xy (1 & r & #) Is given by (Bapa$ and

Bex, 1889),
& ] — Fy(z) 1 —Fye) —

1

s 1
Bald= Lam-m ¥ TR

- Fofn)  1—Fy (0
¥ n—i

The following notation will he used throughout this puper. I SCN
={1,9, ..., n} then §' will denote the complement of § in ¥ and |§[ will
denote the cardinelity of 8. let X, denote the rth order statistio for
{X;| $¢ 8} and Hy.g (z), the distribution of Xy.g. When there is no eonfusion
we will zeplace & by ity cardinality. For cunvenience, for fixed «, F will
denote the column vector (F,(z}, Fusla), ..., F(x)) and 1 the colurnn veetor of
all ones. We will danote by A{S].} the matriz obtained from A by taking all
the rows whose indices ars in, &,

Explicit expressions for moments of order séatirtios for a number of
distributions, when all X's are independent and identically digfributed {ii.d),
are availablo in tho literature. A good number of these have been, documented
os exeorcises in David (1981). Balakrishnan ef el. (1988} have reviewed peveral
reouzrence relations and identities evailable for the single and product moments
of order statistios from some epecific continuons distribubions. All of these
are for the case of i.l.d. random variables.

If it is desired to incorporate one or more cutliers in X,, X,, ..., X, then
it naturally loads to the situstion where X, Xy, ..., X, are nenidentically
distzibuted. Tt is a common practics to restrict the analysia to the case of
one ontlier since, for more ousliers, the treatraent becomes complicated. The
permanent representetion plays an important role in desling with guch
pituations. In some inatancee Fy, Py, ..., F, may be believed to be of the same
finctional form but with different values of the parameters invelved.
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In this paper we oongider the case where F, F,, ..., F, are nof necepsarily
identical. Im Section 2, we express the distribution function of X,., (1 ren)
in terms of distribution funotions of the minimum snd maximum order stekis-
tica of some subeeta of {X,, X, ..,, X} where X,'s are arbitrary but indepen-
dent rendom varisfes. In Seetion 3, we obtain exact and explicit expressions
for expectadion of functions of single order siatistics, uaing the identities of
Seection 2, lioally, in Section 4 some applications to specific discrete and
continuoua disiributions are given. Some known recurrence relations, when
X¢'s are iid. are also deduced.

2. IDENTIIITES
In this sachion we prove the following identities,

Theorem 2.1. For arbilrary distributions F,, F,, ... F, and n > 2,

v ﬂ--ﬂ—j—].)

(8) Hpalx)= Z {—1}"‘*“( % Higs (=)
feold

B—F—3 |S]=g—g

T—1 f=j—1
Hﬂn = - - Z !
b) Hrw)=Z -y (T77) 2 Hislo

Proof. (a) The diskribution function of X,y (L  r€ n) is given by
{Bapat and Beg, 1980).

1

Hyplx) = ‘#m per [;F ;:f ]
7 1 _
-3 e B o (7 }per[:_'j )
7 1 o n—s
= 0 = E "'"1 H_’ . .
2 e B (7 )mi_jjlpﬂrn[f]jlﬂl.]l
1 yn—i n—3 —
_Er =01 A E[ 1) ”( F )mi—_,j“ﬂ INHg.5 (2)
ar B-f -
- ﬂf {1} (ﬂ-j] Z Higm.s (2.
fml g 1 (18] mrti—jg
Binoe,

T apett ("7 ) = e (2T,

§y
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wo gol
n-f a—i—1
. i — =T
Hyw) =3 0 (7 ) 2 Hias @)
and the proof is complete.

It i esay fo see that (b) foliows from () by oconsidering —X,,
—X,, ..., —X, instead of X, X,, ..., X

Corollery 2.1. Allowing x— 0o, Theorem 2.1 pives

F (1 ( ﬂ_j_l) (%) =1

jomd w—j—r 7 \j
end
r-1 a—)—Iy ym
e | _
jfﬂ{ 1) ( o— ) (j) 1
Gﬂrﬂuﬂ? 2.3, For the P‘ﬂ'ﬂﬂéﬂf ‘i‘?‘irﬂ[i-rﬂ;,. that 'l:ﬂj F'l = Fi"'" = Ly = F
and P p. = .. =F, =& (outlier distribution), Theorem 2.1 yields
Loy n—i—ly 2 /p n—p
Hpale) = 3, (— 1o s } = () (n—-j—m ) Hota-m 2
and

1
ﬂj-—r ) Eﬂ (::) (ﬂ,_j_m) Hyongom (2]

where X, .. o denofsatkerﬁhnrderatatwlmﬁmmmmﬁeufmnﬂfwhwh a’
are outliers.

Corollnry 2.3. For the case of o sumple of n independent and identically
distributed raondom vavinbles X, X,, ..., X, koving distribution function F{x),
Theorem, 2.1 simply reduces fo

—1
Hofe)= % (14 (

f—j—1

551 B-7—F
Prte) = 3 (—1prt (707

)( j ] Fo_pn-sl2}

Frae) = (1t (70T Bt

whore Frolx) denctes distribution funckion of X4l & r < 6)
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3. Mamxy BEAULTS

In this section we muke use of the identitics bf Theorem 2 1 fo obtain
expresaions for expeobations of functions of order siabistics.

Suppose the random variable X has ao arbitrary distribution function
P(z). Define fhe following iwo families of distributlon functions wilk a

positive parameter A.
Family 1. FMz) =[Flz)]*, A >0
and
Family 11, F,») = 1—[1—F(g)}*, A >0,
Let X have distribution funetion PXg). Let Xy, X,, ..., X, be indepen-

dontiy distributed as XV, X*, . X" respectively. Then

Hissle) = 1L F¥@) = IL LR

— [Pl = P, Ag = B A
5

and from (a) of Theorsm 2.1, we have

n-y n -4-—11 Ly
H = ¥ (~ir-] . % F.Px. e {1
ranl) Al (=) {'ia'ﬁ'r——-jJ 151een—1 R ( ‘

Let X;, have distribution funchion, F,x). ¥ X,, X, ..., X, are disbri-
buted independently as X, . X 0, - Xlean then

= 1— } — )l = 1— - h
Hise) = 1— J (i—-Fifz)) = 1 I [1-F)}

= 1—[1~F(#))" = Fa(#), Ag = Z A

and from (b) of Theorem 2.1, we have
=1 n-—j—1
() = — 1 Z F e (2
Heatw) = 3 (02 (V7 ) 2 F ) @)

Let g{,) bo a Borel measurable function from 72 to 7 Assume thei
Eig(.)} exigts. Then, from (1) end {2), wo get

Bg(Erial} = B, (0 | A I 5 (®)
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n—i—1

¥—1
E{p( X)) = f—n (—nr-H( )mz g,(As) . {4

R—7

g} = B {g(X)}

g (A} = B{p(X )}
From (3), for n 5» 1 and r = %,

E{y{xl:'ﬂ-}} b g‘{ﬂ_q}_- AH = iﬂr As eer {8)
and for re M ={1,2,...,n—1}

Bt = T (—tprt (V0] AL LS

J" Iﬂ- lﬂll.".:'MJ'

=T (TN 2 g

[ 8] wi—3
SCM

Rt »—ji—1
+E {—11-f-f( .} S g*Az+A)

n—-yr— l.ﬂt-&-ﬂ:—l
—f—1
= BpErn i+ B (—ipes (77 —j)lﬂbi’ﬁl PlstA) . )
=

From {4}, forn » 1 snd r=1,

B X1} = 048 Ay = Z A v (D
snd for 2 g r 2,

Bg(X . u)} "'E{“lﬁd ( gl ) Z  g,(As)

R—r lg =iy

n—j—1 ) 3

R—F 1)t i=1
= el

= B posadbt 3000 VTN ) B gty

n—r Iﬂl-ﬂ- w1
. (8)

The relationg (8), {1), (5), (8), {7) and (8) can, be used to got recurrance rels-
tions involving single order siatistios.

+ B (~1y+ ( FulAs-t-2,)
-
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4. APPLIOATIONS
In this seotion we obtain exact and explicit expressions for sxpectations
of functions of single order statistica for some specific distributions, Some
Enown recurrence relations based on mingle order statistics, when all X,'a are
iid., are deduosed.
Examples for Fumidy 1. (i) Consider
F(ﬁ}z 1—-..'5,2'-: ﬂ':l;ﬂgq{ i
then F‘{m};:q”l‘ﬂ,m:{]’];ﬂ{q{]’h:}ﬂ
which, is & Bernonlli distribution.

If g(z) = %%, then
P*A) = B o PXA = )
Fumi)
= g*4e (1)
= +i—g £ 1
w7
Hence from (3), the mgf of X,., is given by

¢{=1=E(—-1)=*rff(“*j“f) > {q‘%tlﬂi%},wm."

AT —3 [ 15|mn—g
{(9)
From (9), for £ = 1,2, ..,

"Imh 3 g9

EX}, = T (—1)8T7
' i~ N—r-—§1 (Slmn=

A_r n—j—1
= }— — 1§ = . wo (10
. En (=1) (n—r-——j) 18] =3 g‘s (10)
uging Corollary 2.1.
Also, for # 3a 1 and r = @,
EI:“ or: 1"‘"{‘": Ag h:‘?la‘ - sll}



452 TAN. M. I, BEGAND B B, BEABAT

and for 1« r < n—-1, (8) miyea

A—f— 1 ay
== v —~— —r—} | ’LH-
BXjp = B }—v;b‘:{ 1 t Bt —f wl‘;'u':ifc'l =)

== E-Kfm—rl'E{—l}“""‘i (:ii:;] ( ﬂ«j—l )

_“f(__]}n—r—d(“_*j_l‘) T gsHn
§=0

N—r=—27 18l=n—j-1
” n—j—1 A
— 1 \B—r—s 5 Latdy,
E.K, e Jual) z ) ('n—--f-—j ) ()= — -1 ¢ 1)

(£} Congider
Fiz) = %,ugmgﬂ;ﬂ}e

F.:{m}=(%j‘,ﬂg;mgﬁ;&,a}u

which is a power function distribution.

If glz) = %, then

0. A 0
P, {Q:E@({%&‘l = A [ b-detei-2x

0

Potting y = 7, wo got

grR) = A _[-e%*'l dy = A X W%

Henece from (3), the mgf of X, is given by

w—j—1 ) % ﬂ‘i{ )3 Lﬁi},#tﬁﬁ

2T ﬂ-—f—f.

.. 118)
Brom (18), for k= 1,2, ..,
n ﬂ““-.?_i ) Agl¥ L (1)
BXp= 3 (- —ynzr9{ .y ) I eTh
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Algo, forn 2 1 and r =4,

p . AnfE
E xl‘l-.‘ﬂ- I:AH_I_E}I bam {].E]
1 .

and for 1 < r & n—1, {6) givea

Ty n—j—1 (Ag-+A, 6%
_K{H:E riu_ ""_'1 =n= "]
BXs. . = BX}, 1+:E{ }ﬂ-f-f( N )um; rlg—ﬁﬁ—m ; (m
(iii) Consider

Fla) = oxp{—e#=0, —cp 2 L, —00 <& 00,0 >0
then

Fig) — exp{—A e @O, oo, —w<E<w; 6,40

which ig an extrema value Type I distribution {See Johnsor and Kotz, 1970,
p. 272).

If ¢(z) = e*~, then

Oy T e dexpl oo

=T et% dfoxp{—et=¥1)], & < E40log A
e o2 T{L— 8}
= APt o (168, 8¢ < 1.
Heneeo from (3), the mgf of X, ig giver by
g n—ji—1
= — 1§ T AR D—8t, 014 <1 ... (18
p =2 (it (U7 ) B Mpes T—g0, 01 (18)
Examples for Family IL. (i) Consider
Fey=1—¢He=0,12..308¢g1],
$hen,
Folx) == 1—gdtetD 2 =0,1,3, ... A>=0
which is a geometrio distribubion.
1f o) = (148)®

=1—1—mt+(:) ﬂ+(:]tﬂ+...

= 1+ pih gt ;rl—wﬂ' ;-1—...,#3??

A S8-17T
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then -
g,4A) =#_I§u P (1—~g*) (142)%

0o _ l—q*‘

—1

- gy (- g )
o k
-5 (Zx)»
Henoe from (4), the factorial mgf of X, ia given by
-1 —_— - Ag
Eﬂ (=1 ( " 'ﬂj*fl )lﬂ'l:-;n—.f ;Eu (1qua )EF e )

From {19}, fﬂr k= 1, 2‘, wainy the fﬁﬁtﬂl‘i&l nroment C'fxn' iA gi\fEIl. b]"

BER="E (- (PN 5o (Y

.. (20}
=0 R—r | — § l—qls
Alsoforn 1 and v = 1,
E
BXis = k! : . @
(I*—*g‘ff) (21)
BXR=*% (_' ) EXY2" Ag=3 N e (22)
1—q r. fa ¥
and for 2  r =, (8) gives
Exﬂ = Exiﬂl:n—l"l'fil {_1]"_’-1 ( ﬂ—-—-j—.] L ( “E'I""ﬂ i
§=0 T J.E|-ﬂ~j-1 Img,"ﬂ'+1
e (23)
(ii) Congider

thon F{gy=1—c% 2 5 0

Fly=1-¢'2 2% 0,4 >0
which is an exponential distribution,
If g{x} = et=, then

7.0) ==:f S8d(1— i) = a? elihe g

= (31" = Z 5w 1<



FAMILIZN OF DISTRIAGITONS OLOSED UNDHR EXTERMA
Hence from {4), #he mgf of X, is given by

Jlt) = Eg_w-f—x( ’:i:l) % (x—ﬁ)",m:ﬂﬂ#ﬂcﬂ

8| =l
Bapat and Beg (1988) obiained {24) by different method.
From (24), for k= 1,2, ...,

r=1 w—j—1 k1
EXt = £ {1y
" - { ( H— ) mE..; A§

Algo, for n =1 and r = 1,

k1
_ E-x{“. = "E ¥
EI"‘ k l-l A 3_‘
rn = lﬂ ) N = o
and for 2 < » < n, (8) gives
Linty n—j—1 k!
B = BEbyt (U (77 7)) S

(iii) Constder

F{m}=1—-(g-),:u}ﬂ;ﬂ::ﬂ

then
Fy) = 1—

which ia & Paroto distribution,

|

)l,m}ﬂ;ﬂ,ﬂ.}ﬁ

glz) =ak k=12 .. then
}

2= [1~(2)") =2 [ ot 64 v dp
= {f_i} T (k) 01t gmti-pen g

— el Pl =l
e
Hence from {4), wo have

k< A

r—1 'H-—'ﬂ"—l Ag Ok
BXby= 3 (-1 (ar, )m-.-: o ks

18jmnoit AsTA®
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{24)

{26}

. {26}

(27)

(28)

(29)
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For w1l andr==1,

= 6% Ay =
Eﬂm (Tl;—:k-j-p AH iEE.F Ap k<< Ay ‘ud [Eﬂ]
BX}y =6 (1 A:_ L) EX . (81)

and for 2 & » < n, (8) givea

. HX* '3y | I PR(As-1-A,,)
BXin = BXeimat Enr' s ( n—r ) i.a'l;:-&—l et A, —%) #2)
{iv) Conaider

Fla) o 1—& %1 57 0
then

Folz) = 1— ¥ 2% 0,4 0
which is s Rayleigh distribution,
If glx) = &=, then

91} = | emdft—e ]

kI
. 24
Puling y = 5, Wo got
41
S E T gyt W
ﬂ’u{-‘-}—ﬂiamgﬂ'*'{ﬂﬂ m

R
o0 P(—+l)
ik 2
=8 Thaie
Hence from (4), the mgf of X, ., is given by
&
-1 ﬂ‘_'j'_]- w  JEOE I‘(’F-{*l}
&y= X {—1)p-+1 - N
A | s )uani-; 2 BT a0 teF

. (39)
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From (38), for k=1, 2, ...

wor(f 4

r—1 n—j—1
EX? =58 (—1)y+1
' ;f=u-[ 4 ( n—r | &) w1 .ii%_"‘ (34)
Forn =1 gnd roe=1, &
2 5 +1)
f _—
EXfin= - 7 o {35)
2
pxer = L) axy., e (36)
attd for 2 & < n, (8) gives
&
: P ) o
3 n—j—1 (z+1)
b _ PYr . — }yr§2 Z A
BXtiy = EXtycnert B 0 (U000 ) 2 e
(87)

(v) Consider

Fix) = 1—E_zaj 2w 0,8 >0
then

Fo(%) = Jme ™ 52 0,E> 0,40
which is & Weibull distribution. In particular, with § == 2, A = A/2 it reduoas
to the Rayleigh distribution and with £ = 1 the exponential distributton.
If g{z) = z%, k=1, 2, ..., then

guA) = § wtd[l—e ™ 1= AE [ o167 gg
1 -]

Putding 4y — 2%, wo get k
i - —i P(_'f-+1 j
g iA) = (A) J ybs ¢ U dy = .
Honca from (4), we have
k .
- P{—-+1
e (74!
Eo— 1y e (38
Adren .Eﬂ (=1 ( n—7 ) rmi-—s At (#9
Fornzlandr=1 2
EEE — I‘(E+1 ) {3&}
1tq — A}'ﬁj

BXi = (4) A EXLa G~ 1,2, - (40)
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and for 2 & r € n, (8) gives

E .
- (g1
By ity EH)
E — Bt . — 1)1 .
BXY = BXysyt B (-1 0 )isé_;?_l A - (4
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