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SUMMARY  In this paper we coneider the problem of ssquentizlly applying » treatmenta
to » sxperimental units cver time or spacs and where there may be an unlknown trend ofap:
which can be sxpressed a8 & polynomial fometion of the order in which the obaervations are telen,
Methods are given for eonstrocting vmequally roplicated dewigns which are optimal in tha presence
of & linear trend aa well ae meothoda for sonstrncting equally replicated dosigns which ars optiml
in the presence of higher degres polynomiel trends.

1. INTRODUOTION

In this paper we consider the problem of allocating v éreatments to n
experimental units arranged in some time or space order and where there
may be some unknown time or spatial tremd. We shall assume that the
experimensal units occur at equally spaced intervals and that the teend effect
may be represented a8 & smooth polynomial function of the positiona in which
the observations are obtained. Thus if we let 4 denote some allocation of
treatments o experimental units (f shall henceforth be referred to as a design
or run order) and tet ¥ = (¥, ..., ¥,.) denote the ordered vector of observations
obtained under d, then the model] agsumed for the data is

gt = oty + fri+B, F4. Sfp P4e, i =1, ...,n, ... (LI

where «; = the effect of treatment ¢ and the g's are independent random errer
terms hawing expectation zero and constant variance o?, We note thab the
least squares estimator £a— & derived under a given design d and model
(1.1) for aj—ay must be orthogonal to the trend effect. In view of this, we
give the following definition.
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Definition  1.1. Let T,=1(1%2% ...,#4%). Wc agay an ostimator

iy = élhm ia p-trend free under model (LD if #¥F, =0forx=10,1, ..., p.
Under certain designs, the ecatimators &4 — &g for ay—ay derived under

d and model {1.1) reduce t0 the nsnal least squares estimators for aq—ny under
the simpler model

i = l:xf—FEh i‘ — 1; P - {1.2}

A design that gives least aquares estimates for all ay—ay, ¢ 5= j, that are the
game under both maodels (1.1) and (1.2) is said to be balanced for trend or
trend free. Cox (1951} was the first to consider the construction of designs
palanced for trend. Sinee then, & number of other authors have congidered
the problem of construchking trend balanced designs not only in the context
of variety trials, but also in the context of factorial and fractional factorial
experimends, e.g., see Cheng (1985), Cheng and Jacroux (1888), Coster and
Cheng (1938), Custer (1989), Cox (1951, 1952), Daniel and Wilcoxon (1966),
Dickingon {1974), Draper ot Stoneman {1968), Hill {1960), Jacroux and Saha
RBay {1890}, Joiner and Campbell (1976) and Phillips {1964, 1968). In this
paper we further consider the construction of frend balanced designs. In
goction 2, we congider the consatruetion of run orders of treatments thai are
robuat against linear trends. Methods are given for constructing optimal
linear trend free run orders when treatments are unequally replicated. Im
seotion 3, we congider designs that can be obtained by “combining” trend
free designs.
2, LINEAR TRENDS

In this section we shall concentrate on the construction of ran orders of
treatments that are balanced for linear trends. In general, run orders that
are balanced for lincar trends require fewer observations than run orders thet
are balanced for higher degree polynomisl trends. Phillips (1968) gives a
method for constructing i-trend free run orders when #» = ¢r for some integer
v and all freatments are equally replicated. In this scction we give methods
for constructing “optimal”’ 1-trend free run ordera when n = pord-¢q, 0 < g <
v—1, where r = [n/v] and [x] denotes the integral part of the decimal expan-
gion for & = 0. Throughout the sequrel, we shall use 1,2, ..., v to denots the
individusl treatments wseld in an experiment and rg bo denote the nnmber
of experimental units to which treatment ¢ iz applied in a giver design
§,4=1,..,» TIn a given design 4, we shall let dg,¢=1, ..., v, denots
the set of actusl position numbery in which treatmsnt § is applied to experi-
mental umte, ie., if under d, A4, = {1, 3, 7}, then treatment one is applied
% experimental units oceuring in positions 1, 3, and 7,
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A design d* is said to be A-optimal under model (1.1} or modsl (1.2) if
for any other available design d,

T = var Gan—B8s+) < E E var (fg—8&ay). o (20)

iwl = 1
where var {Qm—gi} denotes the varianoe of ¥a—&gy under d. A design g*
ia said to be MV-optimal under model (1.1) or model (1.2) if for any other
available design d,

max var (Bgri—8as) < max var (Bas—8ay). . (2.8)
Under model {1.2) and a given design d, the least squares estimator &,
for ooy is

Bu—8g = X ypfrei— X Ygfray o {2.8)
and reay g€dgy
var (Ba—8a) = o Lras-+1iras).

It i eanily seen that if n = vriq, then a design d* is A-optimal under model
{1.2) if

yamq=ror vl foréi=1, .. % cee (208
and a design d is MV-optimal under modal (1.2} if
) Fzorfori=1, .., v when 0 < g < v—2, o (2.5)

(2) Fz =r for some 4 and ¥z =741 for all § =1, ... 9, 554, when
g = v-L.

As mentioned previously, a design which is A-optimal or MV-optimal
under model (1.2) and which is balanced for a linear trend will alse be optimal

under model (1.1} with the trend polynomial in (1.1} given by B+ i
$ =1, .., 0,

To hegin our construction process, we note that the sum of the position
numbers in a run order based on » experimental uwnite iz n{n+1)/2. Also,
for &4--8a o be 1-trend free for all ¢ =£ 4 under a given design d, it followsa
that

piras—= 2 gqjryy =a.

ne J‘ﬂ 28 Ay
Henos g v
L rega=na= 2 E p=nin}1)/2
t=l f=1 nsdy;

and we ses that a = (n+1)/2. Thus for a given design d to be 1-trend free,
the run order must be congtrueted 8o that

L p=rgnt+D2fori=1,..9 oo (2.0
PeAdy
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A-optimal designs. To construet A-optimal designs it follows from (2.4),
(2.6) and the fact that the left hand side of 2.8) is an integer, that (n{1)/2
is an integer, i.e. that n must be odd. We now give a lemma that is vseful
for owr general construction method and thatb is essentially given in Phillips
(1988).

Lemma 2.1, Suppose n = 3v is odd. Then fhere exisls & run order of
treatmentz 1, ..., v having oll freatments replicaled 3 Hmes that i3 1-frend free.

Proof. The proof is by construetion. To begin, we note that by (2.6),
for & design & 0 be 1-trend free, it must be the case thatfor i =1, ..., %,

L p=3n+1)/2 e (2.7)
r LN

Now consider the run order d* cbtained by placing treatments 1, 2, ..., # in
Ageys ..y Aave, respectively, where Agw={i, 20—y, 2v+m-1), gie
0,1, .,v—1} »%e{0, 1, .., v—1}, gy = 2{f—1) (mod ») and vy = ({p- 3)/2+4)
(mod »). It iz now easy to vorify that these position assignments eatisfy
{2.7), hence they yiald a l-trend free run order 4* and we are done,

Using Lemma 2.1, we¢ now give a method for constructing 1-trend fres
A-optimal designs whenever possible,

Theorom 2.2. Left n=vrt4q 0L gL v—1,r 2 2 be odd. Then lhere
exials & run order d° of treatments 1, 2, ..., v that is A-opltimal and 1-trend free,

Proof. The proof is by construction. For a design d* to be A-optimsl,
it must have all treatments replicated r or r41 times. Forn = vr4g,
0 5 g & +—1, assume treatments 1, ..., v—q ars replicated r times and tread-
ments v--g+41, ..., are replicated #41 times. We now consider two
COMES,

Oase 1+ reven. To construct the run order &* for this case, use the follow-
ing procedure :

{1) Take {2 replications of treatments 1, ..., v—yq, take (r~2){2 repli-
cations of treatments v—g31, ..., v, and assign them to arbitrary places in
positions 1, 2, ..., (v—q) (#/2) - g(r—2)/2 of the run order.

(2) Take /2 replications of treatments 1, ..., v—g, take (r—2)/2 ropli-
cations of freatments v—q-1, ..., v, and assign them bo positions n—(y-—-g)
(r{2)—a{r—2)/2+1, ..., » by reversing the order in which they were assigned
to positions 1, 2, ..., (o—g) (r/2) Lg{r—2)/2. o {2.8)

(3) Since n iz odd and » is even, it follows that g is odd, Bo take the
remaining 3 replications of treatments v—g--1, ..., ¢ and assign them to the
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3¢ positions (v—g) (r{2)-¢(r—2)2+1, ..., n—(v—q) (*/2)—gq(r—2)/2 uging the
method described in Lemma 2.1 {let g take the plece of v in Lemma 2.1),

Case 2 : rodd. To construct the run order * in this case, use the follgw-
ing procedurse |

(1) Take (r—3)/2 replications of treatments 1, ..., v—gq, take (*+1)/2
replications of treatments v—g+41, ..., », and assign them to arbitrery places
in positions 1, 2, ..., (v—q) (r—3)/2-+g{r+1)/2.

(2) Take (r—3)/2 replications of freatments 1,...,v—gq, take (r+1)j2
replications of treptments v—g+1,....7, and assign them to positions
n—(v—q) (r— 3} 2—g{r+1){2+1, ..., » by reversing the order in which they
were assigned to pogitions 1, 2, ..., (v—gq) r—3)/2+4-g{r+1)/2. e (2.9)

(8} Bince » is odd and # is odd, it follows that v—g is odd. Bo take the

remaining 3 replications of treatments 1, ...,v—g and assign them to the

3(r—g) positions (v—g) (r—8)/2+q(r-+1)/2+1, .., n—(v—@)} r—8){2—g(r-} 1){2
uaing the method deseribed in lemma 2.1 (let ¢ take the place of ¢ in Lemma,
%.1).

It is now easily verified that for both run orders d* constructed using
(£€.8) and {2.9), fcr treatment &,

rin+1}2 for 1 & ¢ < v-q,
i (r+1){n+1)f2 for v—g+l < £ v,

and we have the degired result.

L p=

pE.idti

MV-optiseal designs. From (2.4) and (2.5}, we see that a degign that is
A-optimal under model (1.2} is also MY -optimal, Thus if possible, it iy desir-
able to construct an A-optimal design. But to construct an A-optimal design
based on n experimental units that is also l-trend free, we saw earlier thak
n must be odd. However, when # is even, though an A-optimel 1-trend free
run: order is impoggible to obtain, we can gtill in many situations construch an
MYV .optimal run order that is 1-trend free.

Theorem 2.3. Let n = vr4-q, 0 £ g < v—2, where r agnd ¢ are both even.
Then there exisls o run order d* of treatments 1, ..., v that is MV-optimal and
1-trend free.

Progf. For a design 4* to he MV-optimal under model (1.2}, we see
from (2.5) that 4* niust have rgeg 3 # for ¢ = 1, ...;». Also from (2.8), it follows
that for any run order %0 be 1-trend free, all treatments must have an eved
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namber of replications., To construct the required rum crder 4 under the
gonditiony given, we proceed as follows :

(1) Take ¢/2 replications of treatments 1,,.,v—{g/2) and (r+2)/2
replications of treatments v—(g/2)+1,...,v and assipn these replicationa
arbitrarily to experimentrs] units cecurring in positions 1, 2, ..., (v—I(gf2))(r/2}
+i{g{2) (r+2){2. e (2.10)

(2) Take rf2 replications of freatments 1, ..., v—(g/2) and {r-}-2)/2
replieations of treatments v—{g/2)-+I, . ., v and assign treatments t0 experi-
mental units oceurring in posivions (v—I(g/2)) (r{2)+(g/2) (#+2)/24-1, ..., n
by reversing the order in which ireatments were assigned to positions
1,2, ..., (v—(g/2)) ([2)+(gf2) (- +2)/2.

it is now easily seen that for treuntiwnent d,
[ rint1)/2 for i=1,.. 0—(gf2),
=

P P
PEALY; i{r-ki‘!] (r4-1Y2 for ¢=ve—{g/2)41, .., 2
Hence we have the degived resuit.

Comment. The only values of »n for which there is no 1-trend free A-or
MV-optimal design are those values of » which are even and for which r is
odd or » and ¢ are both even with ¢ —= #—1. The reason for the former is,
of course, that when r is odd, at least one treatment must be replicated r times,
But then r{r4-1)/2 i3 not an integer and (2.6) cannot be satiafied. Also, when
r and ¢ are buth even with ¢ = »—1, an MV-optimal design d* must have
vgeg = 7 for some d and rgeg=r-+1 for §=1,...,9,33% ¢ Thus in this
cage an MV-optimal degign is also A-optimal by {2.4) and an A-optimal design
ia impossible to congtruct when % is even as we saw earlier,

3. COMBINING DESIGNS

In this seotion we consider the problem of obtaining new trend free run
orders of treatrients from existing trend free run ordexs. With this is mind,
we give a useful lemnma.

Lemma 3.1. Suppose Eﬂﬂ. — &dﬂ g p;-frend free in run order d, bused on
%y experimental units and &dﬂi F_-Rdgj is pg-frend free tn run order dy bused on iy
exper ymental units p, € P

(@) If Paq = Vg ORG Tap0 = gy Shen &au — &4 19 at least p,-trend fres in
4 = (d), dy).
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B) If vy =1y 00l 14, 14, then By — Hayis @b least pitrend free
% d = (dy, dg).

Proof. {a) Using (2.3) and the fact that ry , =1+ 2y and »

dab == Tapp 18
ig eesy to verify

X W= X Ffora=10,..9.

"A‘f‘ h..-ldl_;
T = I PFiorr=0,..p, - (8.1)
B2 agq Mg

Thus, from (3.1}, we see that for x =0, ..., p,,

E B+ 2 ()= 5 B2t I {.E (# Y-}

beAZ i g PR Py 4
= 2 E (e 2w
Iud,; =0 '8 ll.d,,ﬂ

=EI#+E() t+ = »}

124g 5

¥
=~ 2 o+ £ E(%)ngw
BAgy  Pedgy =0 ' S

I

£ 4+ I (s

v dgg TRy
From this last expression and the fact that sy, = ¢, ; andrg, =7, , We
obtain the desired result.
(b} From (2.3), it follows that

= Flr, . forx=0,1,.... 9,
fedg o = I‘Ad'.l e

% Ihai= I By for x=0,1,...,ps e (3.2)
bedgy i LEPE

Thus, since rg,="t,, and ¢, , =1, ,sod from (3.2), we see that for
z==0,1,.., 0,

> I"’,l'rm={ Y i T {n,-l-z}a};ﬂr
A PAg L P

= (1{2) {kﬁl | E£+I’JE;,; ‘i ( ‘:) ﬂg—-zs};‘w
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= {1{2) {“ii I’/"ﬂﬁ +§ﬂ : ) i Miw"dﬂ}
= (1/2) {uijﬁ-!-#ﬁ”i ( : )n}"* I'};’rm

BRIy [2r6 = 3, Ve

from which the desired result follows.

Oorollary 3.2. BSuppose d, is a pytrend free run order of lreatments and
dy 43 a py-lrend free run order of treatments, py < Py

@} If rgn=..= Yago ARE Ty = ... = T g Vhon d = (dy, dy) to of least
& If rp, =rgg Jor i=1, ..., v then &=\dy, dy) is at least p -trend
free.

We note thet if the conditions of Corollary 3.2 do not hold, then an esti-
mator for aj-—uy that is obtained from d == (d,, d,) may not bs p,-trend fres.

Hrxample 3.3. Let 4, = (121) and d; = (212). ‘Then
Eﬂllﬁ d‘ll = {y1+y3}f2_y= &Itd" &ﬂﬂl_ﬂﬁdﬂa = ﬂ:"*[yrl—yﬂ}fﬂ

are both l-trend free. However, for design & = (d,, &) = (121212), the
catimator &g, —&4y = (y1+¥a+s}/3—(Wat¥atws)/3 is Dot 1-trond free.

Using Corollary 3.2 as a baais, it is possible b0 congtruct certain designg
that have a mpscified degree of minimal trend regizbance.

Theorem 3.4, Suppose n=1v'p 2> 20 where p = fotq, 0 < g & v=1.

(@) Ift =1, v is even and p i3 odd, then there does not exish an egually
repitoated run order of treatments that is even 1-trend free.

(B} Ift = 1 and v and p do not sutisfy the condstons given in (a), then Bhere
exisis an equally replicaled run order of treatmente thot is ol leaal 1drend free.

(¢) Iff = 2 and p iz even, then there exisls an equally replicated run order
of freatments that 19 of least i-trend free.

d) Ift 22, f=0 and p is odd, then there exisls an equally replicated
run order of treafments that i8 ot least (1—1)-frend free. If in addition, f» 1
and q or v1-q i3 even, then there ewists an equally replicated run order of lreat-
menis that i at least i-trand free.

B 37
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Progf. TParts (a) and (b) essentially follow from the resulta given in
Philiips {1888).
(¢} We can write
= ttp = (2¢¢) (p/2) . (8.3)
Uring the resulta of Jacrounx and Saha Ray (1990Y, it follows that there

exigte & design d;, based on 2¢* experimental units that is t-trend free. Thus,
by Corollary 3.2, it follows that d ={d,,...,dpy) 18 t-trend free where

dy=d, fori=1,..,pn2.
(d) If & 2 and p is odd, it followas from the results of Jacroux amd

Saha Ray (1990} that there exists a design d, based on »* experimental woits
whish iz (t—1)-trend free and has all treatments replicated v times each.

It now follows from Coroliary 8.2 that d = (d,, ..., dp) where d; = d, for
t=1,..,p =g iz at leasgh ({—1)-trend free.

If f» 1 and g ia even, we can write

n = vi{fotq) = forti1(gf2) (2+) .. {3.4)
or wher £ 2» 1 and v+g is even, we can write
# = ¥{fo-+q) = (-1}t +((v+9)/2) (20). v (3.5)

In either cage, it follows from the results of Jacroux and Saha Ray ({1990)
that we can find a design d, based on #41 experimental units which is f-trend

free and a design d; based on 2vf experimente} units which is also ¢-trend free,
Thus, if f 2> 1, ¢ is even and we write # a9 in (3.4), then it follows from Corollary

3.2 that d = (d,, ..., dyeq/y) s at least #-trend free where dy = d, for & = 1,

ey f oond dy = :fl for ¢ = f41, ..., f+ef2. Also, if f» 1, »-+g is even and
we write n as in (3.5}, then it follows from Corollary 3.2 éhat

& =(dy ..., Y 14 0eqrs2) 18 8% least ftrend free where dy = d,foréi =1, ...,
f—1 and dy = &, for { = f, ..., (f— D)+ (v+q)2.

Oomment. Since all the designs & congtrucied in Theorem 3.4 for ¢ > 2
have all treatments cqually replicated, it follows from (2.4) thabt sll these
designs are A-optimal under both models (1.1) and {1.2) (assuming the eppro-
priate degree of polynomial trend is used in {1.1)}.

Comiment. Tn the proofs of Theorem 8.4 (c) and (d), the subdesigns d
uged to make up d do not have to occur in the order specified. In fact, the
designs & can be put in any order and still have Theorem 3.4 hold.
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