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THE DETERMINATION OF INDIFFERENCE QUALITY LEVET,
SINGLE SAMPLING ATTRIBUTE PLANS WITH
GIVEN RELATIVE SLOPE

By T. K. (HAKRABORTY
Tratfon Statiztinzl Tustiiuls

SUMMARY. Tha problem proposed by Hamaksr (1860) of determining single sempling
attribnte plane satisfyring a given indifferencs quality lewel and the relative elope for the operating
charactorietic survs of the plan ae wall ne & weaker vemion of the above problem nre considered.
A sohition mothod is developed for the waalcer plan. Both the problems have hosn modellied
a2 aonlinear mized integer goal programming probleme and solutione derived. Tablss and
examplea are provided.

1. INTERODTCOTION

In indnstrial applications of sampling inspection, one of the many ways
the devision maker (DM} could specify the performance level he requires from
a sampling plan iz to choose a quality level denoted by ‘indifference point’,
B, and k&, the relative slope at the point p,. For the fraction defactive p,
the operating charasberistic (OC) funetion of the sampling plan and the relative
slope of the (OC &b p are denoted by P(p) and —2p P'{p) respectively.

Hamaker {1950) introduced a oclass of sempling plans specified by the

roquirements P(p,) = -5 and —2py P(;) = 2B(gg) = ky and presented an

approximate golution procedure. For singls sampling plan (SSP), sinee »
and ¢ have to be integers, no plan exists for the Hamaeker’s problem which
sotisfios the conditions exaclly. So there are four types of plahs according
%0 the different combinations of the requirements of P(p,) (£, 2 ) —%— and

k
R(p) (<, ») - Toattain the requirements exactly, one has to operate 3

‘aronp SSP’ at random with specified proporfions, (see Chakrabory, 1989).
We shall consider a weaker Hamaker SSP given by one of the 4 types indiested

above, definod as the SHP satisfying Pip,) > -‘-; and R{p,) = %— ag mesrly
aa possiblo and ¢ is as small as possible (see Chakraborty, 1988).

—

AMS (1980) subject classification : B2N1D, G5E05,
ey words ond phrases: Abtribute sempling plan, Indifference quality level, Relstive
slopa, Wealker samplmg plan, Giroup sampiing plan, Poissor: tass, Goal programming.
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Chakraborty (1988, 1988) modelled the problem of designing SSP of
given strenpth ag a Goal (Fuzzy Goal) programming problem and obtained
golationa by optimisation technique.

In section 2, we present some preliminary results. In section 3, a solution
method for the weaker Hamaker's problem is given. A preemptive solution
method for (Goal programming (GP) model for the weaker Hamalker’s (Hama-
ker’s) problem is presented in section 4 (5). In mection 6, we make compari-
gons of the procedures and concluding remarks.

2. PRELIMINARY EERULTS

We zhall follow the notations from Hald’s (1981) book and Chakraborty's
(1986, 1988) papers. We shall restriot our disoussions ‘under Poisson condi-
tions’, so that for a 83P, the relative slope is given by —2p& (e, m) = 2Zmyg
(e, m) = 2R(e, m). We shall often refer to E(p,) as the relative slope.

Theorem 2.1 : For the Hamaker's problem, the acceptomce number ¢ is
given by

¢ 1w AE—0.73 o (D)
and the sample size n is given by
% o (6+0.67}p,. e (2)

Proof : See Hald {1981).
Definition : For & given relative slope %, the inverse relative slope

m, ia defined as the solation to the equation
3

B (c, m,%) =%‘;i eee ()

3. BOLUTION FOR WEAKER HAMAKER'S PROELEM
The problem is to find fhe minimum integer ¢ = ¢, and an integer#
satisfying the following conditions as nearly as possible
1
P(pe) = Gle, npo} > 5 e {4)
and Ay
B(pe) = npo gle, npy) 2 3 e {B)
Expressed in terms of QC fractile and inverse relative slope, the two inequali-
ticz are identical o
WPy & My5(C) .. (6)
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and npy > 1y (). - ()
2

We define an auxiliary funection # (c, %f’-) a8

m.n.,,({:-}—mhu. {0} =r (E, %‘;—) o (B)
2
Singse 7 (c., %) i3 an inoreaging function of ¢, we obtain bthe required ¢ as
thé minimum ¢ = ¢, satisfying

r (rs, %ﬂ) =0 v (B
=5 mﬂ.ifﬂ) e mﬁ} [ﬂ}; ‘vs {1{};
E3
In terms of the relative slope, (10) is equivalent fo
Rio, myslo)) 3 2. ()

Having obtained ¢ from (11), we obtain the interval for n from (6) and (7).
We have proved :
Theorem 3.1 : T'he amallest value of ¢, ¢ = ¢, say, for the weaker Hamaker's
problem s uniguely defermined from
By

Rey—1, myplcg—1)) < 5 & B(co, o560} - (12)
and the corresponding sample sizes are obfained from
Mp, (Co) [P0 5 0 & Mg.glog)0g. .. {13)

-+

Table 1 provides the values of R(c, m,.g){c)) from which the required ¢,
can be easily found out,

TABLE 1. THE VALUES OF Ric, mp.alc))

o {} 1 2 3 4
Rio, mpu(e}) 0.847 ¢.530 0. 859 . TTD 0.B67T

o 5 [ i B 9
i, mg.e{el} 0.255 1.025 1.109 1.178 1.244

To calculate she value of 5, we require my.5(c) which is given in Table I in Hald
(1981) and also m, (c) which iy provided in Table 2 for selected values of
z

% for the practical range of A, {see Sherman, 1965).
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TABLE 2. TAE VALUE OF m’u () FOR BOME %

Ly

241

3
% 0.10 0.15 0.20 0.25 0.30 0.543
=10
" 0.51 0.17 0.20 0,85 0.40 0.67
k3
‘%ﬁ- 0343 035 0.40 0.45 0.50 0.528
a=1
m, 0.08 0.95 1.00 1.26 1,49 1.67
)
‘%1! 0.525  0.56 0.60 0.85 0.659
oo B
oy 1.86 %.08 2.%5 2.67 2,87
¥
% 0.858 090 .78 0.770
=23
m, 2,95 3,13 3,45 3,67
D
% 0.770  0.80 0.86 0.567
o=
iy 2,04 4.10 448 L6
-
% 0.867  0.90 0.95 0.055
¢c = §
™ 4.06 5.14 5.60 5.67
)
By 0,956 1.00 1.085
a =% &
. 5.05 8.27 6.5
.
1‘2-'-" 1.085 1.06 1.10 1109
a="17
™ 8.96 7.05 7.52 7.67
&
Ay 1.100 1.15 1.178
e= 5 2
- 7.85 8.28 8.67
L)
i)
Ao E178 1,80 1.244
c=—1 2
m, 8.05 B.13 0.67
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EBPME 1. Let py = 0.02 and %, — 1.40, to find the weaker Hamakers

From Table 1, R(2, 2.674) < 0.7 < F(3,3.674), 80 ¢, = 3. From Tabls 2
and Table 1 in Hald (1981), we have

3 3% — 166.5and n < 02— 183.8

0.02

which implies that all infegral values of » in the interval [1567, 183] satiafy the
two reguirements for ¢ = 3.

4. (GOAL PROGEAMMING FORMULATIONS AND SOLUTIONS
FOR WHAEER HAMARER'S PROELEM

Woe have conflicting objectives (goals} of reduced inspeotion {smaller valne
of n and equivelently smaller ¢} and satiefying the conditions (4) and (5) ag
closely as possible. Following Chakraborty (1986) this can be achieved by
modelling the problem as a GP (see also Lee, 1972 and Ignizio, 1976). The
GP model (for notation end explanation, see Chakraborty, 1988) iz the

following :

min z = P,o-}+Pgwydi-|- Poavydl o (14}

wubjeot 4o Plpg)—d8 = % .. {(18)
ke

Ripg)—d} = o (16)

Following Chakraborty (1986) we can prove the following theorems :

Theorem 4.1 : For the weaker Humalker’s problem, the decision number ¢, is
given by (12) end a necessary condition for the oplimal sample size ng 58 given by

k1
Ny = ﬁﬂ"'(;_.:F:)' {l?)
1]

Remarks : This ia the necessary condition for the extremurn. For the
miximum solation, this should be compared with the bonundary solutions and
$he minimum among the three shoudd be taken as the golution,

Theorem 4.2 : For the weoker Hamoker's problem, with the preemptive
priority that P(p,) > *;—( Rip,) > {l—;) must be held as nearly as possible, the
deciston number ¢, for both the cases is given by (12) and n, is given by

o = [#hy-5{Co){ 0] e (18)

— Lmh‘ (c,) ;FQJ . {19)
'
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Example 2: Lot p, = 0.02, by = 1.40,

(8) Find weaker plan with wy = 1 and wy = 2. Hsre ¢, = 3 and from
(17}, ng = 175 and 2z = 0.1470. However, the boundary solutiong are » = 157,
2 = 01185 and n = 183, z = 0.1418 ; hence the reguired solution is ¢, = 3,

n, = 167 providing P(p,) = 0.6150 and R(p,) = 0.7013.

(b) Preemptive plan P(pe) 3 -; hers o, = 3 and n, = 183 with P(pg)=
0.5025 and R{p,) = 0.7606.

() Proomptive plan R{py) 3 2, hors o, = 3 and ny = 167 with Plpg) =
0,6162 and R(p,) — 0.7013.

5 GP FOEMULATION FOBE BAMAEER'S PROBLEM
GP formulation (see Chakraborty, 1089) is

min z = wydy +wedi +wedd +-w,ds o {20)

aubject £0 Plpy)-df —df == _%. . @1
B{po)+-d} —d5 = (22)

€t di =0, dfdf =0 o (28)

&, dr, &5, de, ¢ > 0. . (34)

This is a nonlinear mixed integer programming problem and can be solved
by some sparch or branch and bound method,

Example 3: py, = 0.02, & = 140, to find the B8P for

(%) Zy = df +d; 44 +di
and

\b)  Z; = dy +d,+-5d" 543,
By search method
(8) my =134, ¢, =2, Z; = 0.0416 with P(p,) = 0.4985

snd R[‘p"} == 0.8608,
(b) ny =157, ¢y =3, Zy = 0.1220 with P(p,) = 0.6150

&l].d .Rf-j]n} = l}.'mlﬂ.
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6. CoOMPARISONA AND QONOLUSIONS

Comparisons. Since the decigion variables (n,c) of the Hamakery
problem are integers, the approximate soluion provided by Hamaker in (1) and

{(2) in true for a range of %”— . For example, if 0.596 < }%’- & 0.717, the valys
of ¢ would be 2 and for any p, we shall got the SBX as (n, 2) providing P(p)
very close to - but R(po) would be fised st 0.6505. However, in the GP

model, for a g, with & proper choice of wy, wy, %, and 2y, we can get a host of
SEPs (n, 2) and (», 3) which would provide various combinations of Pip s
and R{p,)'s piving the DM the required "sabisfactory’ S853P. To illustrate, we

provide a particular case, p, = 0.02 and %ﬂ = 0.70. Hamsker's solution
i ¢ = 2.347, n = 185.5 i.e. 6 = 2 and n == 134 providing P(p,) = 0.4985 and

Rip,) == 0.8585. In Table 3, four GP plans of different types (P{Pﬂ (<, )
1 .

3 Biny) (5, ) }%‘-) are given,

TABLE 3. FOUR TYPES OF (F PLANS

zl. no. Wy Wy Wy Wy o ¢ Pipg) Be{grg)
1 & 1 1 & 133 2 5034 L8534
a2 1 5 4 B 131 2 4839 B4 1
3 1 1 5 5 157 3 A155 013
$ 1 B & i 154 3 4533 SATL0

The DM may find e satisfactory SSP depending on hia requirementt,.
Concluding remarks : 16 is wellknown that the approximation wmlc)=

G+-§- is very good for ¢ » 2, so that in the Hamaker’s solution, the goal

P{py) = -7;- is alwaya mainteined very closely but the deviation in the other
goal can not be controlled. In GP model, P(p,) can be allowed to deviate 20
that » closer R(p,) is arrived at so that the DM can obtain 2 ‘satiafactory

S3P. Also varions other goals such as df, di < ¥,(3) and df, d5 < Tﬂ':j

(where 7, and y, are small real numhers) can be included in the model for
obtaining ‘safisfactory’ BSP.
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