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SUMMARY. Ia this note, & nocossary asd I dition for the n-diviribility of
» random variadle (r.v.) 'uh support contained in {0, 1,2, ...} is given. Next s charactori-
2ation of the trio di I» obtained. Ako bounds for P(X = L+-1) aro given whon
the distribution of sn inflaitoly divisiblor.v. X iskmowa to ooincide with tho goomsirio

distribution at the polnta 0, 1, ..., k.

1. A NECESSARY AND SUTFICIENT CONDITION

Lot X Do o rv. tsking valucsin {0,1,2,...} and lot g{t) bo its probability
gonorating function (p.g.f). Thon wo havo tho following rosult.

Thoorom 1: In order that @ y.v. X laking values in {0,1,2,...} with the
probability distribution {Py}, Py > 0 is ndivisible, it is necessary and sufficient that
there exists a seq {m} of gali bers salisfying

my = PYi*, m = n-IP Pii-"¥s,
nPyry = Pymy— .. 'n(l r(14n)kn)Perg_y, kD 2. e (1)

Proof : Cloarly X is n-divisiblo if and only if {g(1))/® = A,(t) isa p.g.f. Taking
logarithmic dorivatives wo have A.g' = nghs.  Writing A,(t) = Tt¥m{n) and oquating
tho cooflicionts wo got tho roquired rosult.

Remark1: Itisoasilyscon that nmafmytonds to a constant ry 032 —» c0 rosulting
in tho condition that if {P,} is infinitoly divisiblo (i..), thon thoro oxists a soquance
of non-nogative constants {r,} satisfying

-
(4D)Payy=E Py, n=012,.. e (@
k=0

Katti (1967) and Stoutol (1970) proved that condition (2) is also sufficiont for (PJ
to bo id.
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2. A OHARACTERIZATION RESULT AND BOUNDS YOR A CERTAIN PROBABILITY
A r.v, taking velucs in (0,1, 2, ...} ia 82id to havo & compound goomotric distri
bution if its p.g.f. P(¢) is of the form

P(t) = Pfl—tgt), e (3)
whore P, €0, 1) and g{t)(1 —P,)~! is a p.g.f. It is woll known that P{t) is id.

Theorem 2: If {Py} is compound geomelric, and if Py = P(1—P,) then {Py)is
geomelric.

Proof : Sinco {Pg} (¢f(3)) is compound goomotric wo have the rolation

X .
Pry =2 P i k=0,1,2,..

bi tant Q

whore ¢ aro B! 3, ing tho equalities wo gt 1—P,

=£.‘°:1.. Sinco go = Py/Py = 1—P, it follows that gy = 0 for k 5 0. Thon {Pg} is
goomotric.

It would bo intoresting to know whothor tho assumption that {Py) is compound
io can be kened to tho ption that {Pp} is id. in Thoorem 2.

Tho fact ia that oven if {P,} ia i.d. with Py= Py(1—Pp¥, j = 1,..., & the distribution
{P,} may not bo geomotrio.

To sce this coneidor the p.g.f.

7t) = § oxp {;—+d"‘}. a = log 2—4,

which provea the peint.
Wo hall now obtain somo usoful bounda for tho probability Py,,.

Theorvm 3: Let aro. X be i.d. with support (0, 1,2, ...} and suppose that
PX=r=pf, r=01..k
withptg=1, 0<p <. Then

k
Fp PP SPX = kED) <gt
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Proof: Tho right side inoquality is obvious. To prove tho other, wo have
from (2)

x 3
(k+-1)Pryy =’2i Pyrey > ‘xl Pyrey

=3 pgf gt = kp gttt

-

becauso ry = ¢/** for j =0,1,..., k=1 by tho assumption.
Remark 2: Similar procedure can bo used to obtain lowor bounds for
P(X = m) with m > k.
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