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A NOTE ON THE REPRESENTATION OF QUANTILES
FOR MIXING PROCESSES

By KESAR SINGH
Indion Statistical Inetitde

BUMMARY, The results on dur-Kiefe of for ¢-mixing

random vurhh!u proved in Babu and Singh (1678) are shown to hold under s weaker mixing

ditd in lished for strong mixing processes under a polynomia! decay
oondition on mlxin( ooefficjents.

1. INTRODUOTION
For a stationary process {X;} having marginala as U0, 1], lot F(t) and F'(t)
(the right continuous veraions) donote tho empirical and quantile processca.
Define

Ro(t) = | FJHO —t4+-Fo(t)—¢|
and
R,=sup{R,); 0!I 1)

Recently, Babu and Singh (1978) (from now on referred to as BS) proved that if
{X;) is 8 ¢-mixing process with Zg!(i) < oo, thon

R(t) = O(n¥4(log log n)**) as. ¥1¢(0,1) . (L)

and

R, = O(n~%4(log n)/* (log log n}*/4) a.s. . (12)

BS obtained slightly woakor results for strong mixing proccsses with a(m)
dooaying at an oxponential rato. In tho noxt seotion of this note, we conciude
that (1.1) and(1.2) remain valid for ¢-mixing procossea wnder a weaker condition
than It < o, which is Z¢{§) < . Tho proofs given in BS for the strong mixing
oaae do not work for polynomially deoaying a(s). In the next section, it is shown
that R,{t) = O(n-1%") as. for & y > 0 provided a(n) = O(n--¢) for some &> 0.
In partioular, the rosult covera linear p and Qaussian p having
strong mixing properties with a(n) = O(n—-?) (see Goredtsky, 1677; Kol aod
'Rozanov, 1960, for the atrong mixing propertios of tho procossea mentioned).
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2. THB MAIN BESULTS
Let d¢ danote abeolu ta, throughout. Define, for 0 C a2, f < 1,
#(a, f) = I(min (2, f) X  max (¢, f))—|a—£]
where I denotes the indioator fimoti Further, let

Su4(e, B) = én(a. J)]

where 1, j are poaitivo intogors, § < §.

In BS, (1.1) and (1.2) are derived from the probability bound given by Lemma
2.1 of that papor without making use of the dopondonce atructure any more. Wo
prosont bolow two lommas for §-mixing processss with Zd(i) <co, which play the role
of Lomma 2.1 of BS in tho proofs of (1.1) and (1.2) given in BS; and thus tho results
(1.1) and (1.2) remain valid under this weaker condition.

Lomma 1: el {X;) be a ¢-mizing process with TH(i) < 0. Then, there exisls
a p> 0such that, whenever 0 C a, a+A 1, |A] 0> 0,1 m B > 0and
0 < DA < bmB18, 108 have

P Spspmanla, a+A)] > 20D)  dymt-1d, azp (—8Dim~ 111,

Proof: Tho proof ia similar to that of Lomma 2.1 of BS. The main thing
that ono has to obsorve is that the momant inoquality used there remains valid oven
nndor this mixing condition. Tho block longth is taken as[41?] aud the block sums
are trimeated at Dm-15-38,

Lomma 2: Under the conditions of Lemma 1, there exista a 6 > 0 such hat when-
mr0<¢. eHAKLIAI K8>0, H 30,1 u Mandewe Q@ Qe
MU e Rave

P{] 85y, menla, a+F)| > 20Q) < dyM—4d, s3p (—8Q*M-36Y).

Proof: Tho proof of this lomma also goos parallel to that of Lemms 2.1 of BS.
This timo the blook length is taken [u*/#]. Blook sums are trunoated at QM -16-t
and the ffect of irumoation ia estimated using the above Lemma 1 and not any moment
snequality.

Noxt, wo provo a th for iles based on strong-mixing

random variables with a(s) having a polynomial deosy rate.

Theorem : I/ (X¢} is a sirong mizing prooess with marginals as U0, 1} and
n) = O(w~4-2) for soma 8> 0, then R,(l) = O(n-1%7) a.a. for soms y >0 and
1[0, 1], flaed.
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Proof: Xnt a(n)=n-194 logn; o that a(n) ia deoressing after certsin n
onwards, At first, we show that

| B3l —t| = O(a,) 8.0 . (21
Let ua tako
ne =13, Cp={(n:n n<ny,)
Henoe
n e 0p implios np,,—n, = O(n'/%).

Also n e €y implies that aftor cortain » onwards,

(Fi—t > a3 C {Folt+a,) € H C (Folt+alne, ) < §CES,, O, t+aln,y)

1y
< =2 malne U (S, 4 (0 t+000ra)) < —27In0a{ur,)} = Gr+H, (say).

Using Markov's inequality and Lemma 3.2 of BS, it ia secn that ZP(Gy) < co aud
ZP(H,) < . These ostimates along with the ahovo set inequalities imply that
{Fa1(t)—t > a,) happens only finitely often, a.s. By gimilar ateps, we conclude that
{Fs1(t)—t < —a,} happons only finitely ofton a.a. and hence (2.1) holds.

Wo now completo the proof of tho theorem with y = 1/80. In view of tho fact
that

| FF0—t]| < | FoFat)—Fo(F -0},
it follows easily that
Rot) S mup (3071 8y, W4, 8) |5 |2e—t] < 284}, . (22)
Let us define
my =[r¥M], Ty = {n:1m, < 8 ey
wr = [2a(mr)m{ ™) 41

We = {Lmy 410, 4 om1180, |, topmyétid),
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If we Ty, the rh.e of (2.2) cannot exveed 8myL,--myt!/%0 where
L, = max {| 8y,,{t,#+b)|; be Wy}

Cloarly, it suffisies to show that 8m; L, = O{n;4V/%) as. To this end, we nate that
if ne Ty and A, ={L, > m®®)}, then

4.C {mex |8y, (t4+D)] > 27 myirm)

-1 0
U g::u;' |5n'+).-(':‘+b)|>2 )

= G,U H, (say).

‘By Bonforroni inequality, Markov's inoquality, Lemma 3.2 of BS and tho fact
that n ¢ m, implies my,,—m, = O(n%7/80), it follows that ZP(H,) <oo. Also it
follows uaing Chebyochov's inequality and Bonforroni inoquality that

PG) < oy w0 max K|S, p (0, 14D)] . @8)
eWy

Further, using Davydov's inoquality (ace Deo, 1873) it follows that b ¢ Wy implios

E| 8, g (b 4-+b)|* < 2 mrlalmy) - dylaimn))*). . (24)

Combining (2.3) and (2.4), we have ZP(G,) < . The thoorem follows from thess
ostimates.

With tho tochniquon of this note, the author has also beon able to show that
R, =0(n1*7) as. for 8 y >0 in tho case of strong mixing random variables
with a{n) having a guitablo polynomial decay rate. Tho details are too long o be
presanted hore.
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