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SUMMARY. Given a coin whoso probability p(0 < p < 1) of showing up & head is
unknown, wo have gonefated an event A whose probability is p*, @ > 0. Thie answers a
question raised by D, Basu (1075).

1. INTRODTCTION

Consider a coin whose probability p (0 < p < 1) of showing up a head is
unknown. Repeated tosses of this coin will produce iid. rv.’s X,, X,, ...
with P(Xy=1)=p, PXy=0)=1—p, i =1,2,... Basu (1975) raised
the quostion whether one could perform an experiment with tho coin to generato
an ovont A such that P(4) = v/p. Infact, tho general problem, as mentioned
by him, would bo to investigate tho possibility of generating a r.v. U, on
the basis of X, X,, ... , such that

PU=1={p), PIU=0)]=1-fp) (1)

where 0 < f(p) < 1 is & known function of p or equivalontly to characterizo
tho class of all such functions f(p) satisfying (1.1). In this paper wo deal with
tho caso f(p) = p?, @ > 0 and generato a r.v. U satisfying (1.1). (However
sce, in this connection Remark 1.) The case whon f(p) = e/(a+b) with a and
b positive integers was earlior studied by Dwass (1972) in a slightly different
context. It may be montioned that a related but somowhat difforont problem
of unbiased estimation of various functions of p has been attompted by soveral
authors including, among others, Singh (1064), Sinha and Sinha (1975).
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2. TAOE PROCEDURE

Wo first consider thoe case 0 <a < 1 and writo 2 =1-5,0 < 1,
Then p*® can bo expressed as

B DY Ly (B,

»=p(1+ 5 +o) e 21)

where
(BHi—DY = (B+i—1B+i—2)..5 j=12, ..
Motivated by (2.1), wo define the evont A as follows :

=y (gA,E')  (29)
with
A4, = {TIn,
A, = (4,ET)\J(TTH),
A, = (4,E,T)\J(TTTI),
....................................... v (2.3)

Ar = (4B T)U(T...TH,

L ¢ times

where {7'.. TII} denotes tho event that the first j tosses of tho coin show all

tails tmd t,he (j+1)-st toss results in a head, j=0,1,...; E,, E,, ... ar0
mutually independent events (also independent of the X,’s) satisfying

P(E,) = A",
(BH)P(EN,
P = P E)%
D = T oPE)

(2.4)

(r+ 1) +0,_, P(Ey))

P(E’-H) =

Here E, is the event complemontary to Ej, j = 1, 2, ... and {0} is a soquonce
of positive real numbers defined as

Op=1,

0, = 14+ P(Ey),

0, =0, P(E))+1, . (25)
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It is easy to check using (2.4) and (2.5) that O < P(E)) <1, r=2,3,....
Defining U as tho indicator function of A and noting that tho component events
comprising A aro all mutually exclusivo, ono gets tho desired result.

Remark 1: Noto that when the event A occurs we can find this out
after observing o finite number of the Xy's. However to decido that 4 has
not occurred we must have knowledge of the whole sequenco {X¢! So the
oxperimont, say E, whose outcomes are 4 or A¢ may not be “performablo”
in the senso of Basu.

Remark 2: Any sct of arbitrary mutually independent events E,, E,, ...
(also independent of the Xy’s) whose probabilitics satisfy (2.4) and (2.5) can bo
taken for defining the event A.

Remark 3: By Dwass (1972), the given coin can be used to gencrate
the Ey's provided « is rational.

Remark 4 : The following figure illustrates the idea behind defining
4 (2.2).

HEAD x x x x X saesaas
O— 00— — =
A r Y A S [ ]
(0,0) 1t 2 3 4 5 ieans

TAIL —»
X 1 Btopping pointas ;
@ : Continuation pointa;
@ Conditional stopping pointa.

Whenever the conditional stopping point (j, 1) corresponding to the event
Ay is reached, we stop (i.0., A occurs) or continue to toss the coin according as
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whether the evont Ej occurs or fails to occur, j =1, 2,.... It is clear that a
sort of post randomization is involved at every such stage.

Remark 6: If @ > 1, then @ can bo written a3 @ = n4(1—f) where n is
o positivo integer and 0 f < ). Defino A° as A° = A (| B where 4 is
dofined in (2.2) and B is tho ovent (indopendent of A) dofined by {// ... II}.
byr=t
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