A foelian e Sef. Mov-Dec [593, 73, 5855748,

On seme dual integral equations involving Legendre and
associated Legendre fonciions

WAMEGOPAL MANDAL' aew BL N Manpar®
"Caleane Matheratcal Socledy, AR5V, Bacooc-T, Salr Lake Crfy, Calentta 7040 (4, Indle,
“Phyaics and Applisd Mathemaiics Uil, Indien Statistcal Tratilute, 205, 5.7, Wosd, Cabzutt 700 035, ndis.

Ahatract

Cruml intepral aquesiars invalving Legepirs and wssocissed Lepmdne Melions a3 kemels ane somideed in tis
apes. Freept for one pair, fiess doat litegral squackos e fier redueed o anlving scine gppenpirlae cndlary
differentiel squations. lovoking the fmveczion foomulae for Abel mmisgrel squaticas, clased-form soluicss o
these dunl izdegral equations ars chearmed In most cases and i other cases |bey are reduced to some appcopri-
ame Fradholm inlesre] cqiaton of e seeond &3, For The sceptioml dos] Inisgrs] squatinnd paic whizh in-
wllved e assnczaled Logendee fesedon 22 kel a disect meethiod of dee use of Abel jmsgeel cqoacion
applied tn obfain the closed<farm solwtion. As an example of epplicacion of these due! integral eqoations o
peahlem arismng Fom nathematical physics is considersd.

Key words; Tigl inlegral eogealiors, Lagendn: el assovipte] Legepidre Tunclion kornel, Frodbels inmgrab
equarian ol fe socand Elnd.

1. Introduction

Taal integral equations imvelving Legendre functions as kernels are encowntered in the
study of cortain mived boundary value peohlems in mathematical physics, Bahleian' fimr
considered soame dual integral eqoations invelving &4, (cashe) a3 kersel He soived
thass equations by wsing the Mehler-Fok mversion formulae and applied thess to solve 2
Lersion problem involving s spherical segmens in the theory of elrsticity, Cerinin dual in-
legral equations involving the ssseciated Legemdre function PTi..c.(cosha), where
m=1, 1,2,..., were congidered by Bukbovets and Ufliand®, whe reducad these equations
to the solation of a Fredholm integral sgaution of the second kind. They wlse applied these
to solve the problem of an elnstic halfspace twisted by o hollow oytindrcal die. Later,
Parhak® considersd some dual integral cquations invobving PF.,..(coshe) as kernel,
where w0 35 Dot Ao integer. He exploited the reaults of 'some intsgrels Involving
P arteosbe) to handle theses dual integral equations and obtaimed the closed-form salu-
tiom in some cases and in olher cages expressed the soluions in trms of one inknpwn
funetion whick surisfi=s 0 Fredholm integrol equation of the second kind, For g=0, the
corresponding integrnl equations wers mostly considercd by Bableian', Recestly, Mandal®
&lao considersid certain dual integral oquations Invelving P2 (eoshoe), where Ko pre= 4
and abtained & closed-fornn aofution.
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I thiz peper we consider zoms aew classes of duel integral sguotiers jovolving both
Legendre fmetion £y, (eosha) and the essociated Legeadee faaction Pf, . {oeeb)
[--é\-_ Rz 200 as kernels. These dund integral edeallod are selved by a method based oo
eectaring tham to solving anfinary differentini eoundions, fodowed oy ap appropeiate in-
vergiom, formafa For Abel Jowegral equarions. A scencwkat simdlar idea has cocently been
used by Brivastava and Srivastava’ far smicying some duzl infezral equatinn invniving
Bemise! (enctions 55 kersel, We obain the closed-form silodion in seme cases wad io othar
cpses the dual intagral equadens ase sedeced to solving Fredbolm iotearal equatlons of tha
seeard kind, As an application to ahysdcal arablems, a bousdary vaine probleer. in elastic-
ity iowelving 8 half-space under toricon due oo afeched fgid annolar Gie i eonsidensd

1. Dual integral equations invalving the Legendre function as kecnel
In this sectem, we cansider tiree pairs of duel integral equatiora oith the Legendse fune.
ling as bernel.

[&] Tae Firsl is

i '
| T A0S i edde = o). D2 o=a, |
vl LhiEs 2 i

(i
L 11y g T PR T L o
whers £{z is a preseribed fanetion aad 407 is 80 unkaown,
T zofre these, we amuae that
LM: b AT,y Aneshuo ) d T = dleed, 0Sa 4]

whers #c] is an urknowa for 0 € 2= a. I Tollows Dom the secopd dquasion of (1] and
(23, b iming Metler—Fok tranaform formalas (see Sacddon®), thar

Jf:‘}=J:~.’m P ey (oosh bsicher o, i
Substiluting thés expression for A0 ia the Ermt egeation of {17, we find
_L TP (o0l [I: ) Py ;e foosh O hainn 4 dﬁ]d’: = o), Dse<a (4]

Equarion {4] is now equivalent to the diffecentizl equation

Lodf L dw ] ;
T g ST [+~ 2

whene
afe] = J:P Loy Cergh o) [ J']" BOHLE o csh ) st ,5-:1.-3] i, $scsa 06
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The soladon of {5}, by the method of variation of parameter, is
I
we) =0 P fuesh o) + G0 S (eosla}+ 7 o donsh a:}fu Jin g g (ooshe) sinhy dr

~Qslewhin)| F{1E,feosheysinhrar, ™

where the constants O and O ere arbitrory. They ace e be deteemined from phivsical
0 derations of the probl Of theses, the somstand € must be wero in order that wi ) is
finite For s = k. The constimd € will be dedermined Later.

mmterchanging the ocder of intepration and them using the resull (which cam he esinb.
fishwd by waing 1he intogral vepresentation of the Legendre fimction)

. 1 =i dr
Pygeis (00sh) Py feosh e = |
»Fn 2iguiy (ONEIE 1y ok e b {{eosher — cosh ) {ensh §—coshe ) &

sl again interchanging the atder of integration, (5% redyens 10 the Abel's integral equa-
Linn
g [ #)shjds
J: T L e omm oo ek Mk Lokl
ao that
[ Oy
* (cosh - eosh o)**

whar
9}

1)
wini=snhz| — Mg,
Etwshx—cmh:)”!
Ancther use of Abel*s inversion formula® gives
} 14 withsink s
gih g g} = | ——————d, 1
Bk & dr x(‘uu':hi'—l:l;lgh.x'_llm e
This gives fae complete soluthon of dusl integral eguations | 1) provided the constant
iz derermived. This is found from the fact that ye{e) = 0, which arises fom the physical
tequitément involving the comtimiity of glo) ar o= Hence, the constanl ) iv deter-
mined by the squation
wir}
—_— ==l 11
{cusha —cash "™ (1)
() The second pair is

| AP oy fesstide = f10), s s,
12
J:rmhmzn;ﬂp_,,.;m(mha}ds=n, aza e, ;
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where g i real. The pair (12} is 0 genecalisntion of the pale {17 in e sense thas for g=40
these pre reduced o he palr {1

T solve the pair {12), we assume
f“-ﬂmﬁn.lﬁr}j’_ulﬁt (cashartdT = §o), OZosa, e
where () is wmkanwn for 02 ot 2 Thus,
ALTy= [ SR 10 g sk Fhstale B 40 (14
Suhstituting {14) inta the fst eqution of (12), we fiad
f:{r“ =TIy (05 [ PV n.. (o0sh i ﬂdﬁ]dr-,ffm. ffasa (15

This iy eyuivalent ko the dilTerenlial equation

1 d dir’y 1
mﬁ[maﬁ]ﬂf'*pz ] v=—fiw), 0swsa, [1E)
wherz now
far) {R...z..-,{mm[j:arﬁ}am,{mhmmw te {57
The solutiea of (L&) s

) = Cy g g Moush ) #0500 0 {osdir)
+Plﬂllutm“}j:rtﬂﬂ 172y Fo0sh Epsinih g oy {18}

- m.;,;{mshu]J: FUVE i, (onshlsinh £,
Sinee of 2) muost be finite at o = 0, the constant O must be squal 1o zero, Now, procesding
&5 before, e safution of the peir (12} can be obtained.
{00 Mext we conaider the par

j:mmﬂ A i fooeheshde = fie), 0Zwta,
(1%
| 1z + i + cPeotne Als) £, foosbadds 0, aZ e,

whese A, grate real constonts and e > -

When p=0, equation {19} reduces i the pair considered by Bablolan’ {writing
B{2) = coih Frd( 7k
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When - tbot g+ 0, (19 reduces o the gai

J- et ALT) |I-E_j:{c.u5ha]|jf=_r'(u'|-_ < r v,
! {200
.[ s TE:}L'AMJ'I:'.":.J.(IJJ’_-_-\.ﬁ,I'I.'U.sH T =, g as
. szie L -
whisse zaluzior: oo be nhigined i similar macrer uws ocose 4%, nod the solulics io this

caze ix given 3y (eiler wifizng e remulz (20 rm . 1T of el of 2 invelviog Legen-
fre Siactiony in the alnzlificarion)

Alg) = tach® AT l:‘j'(alP_l_.-,_, fiahy i) sinh o da

o ] k e }
St TN o) By (ooskia)
(4 e EID i devabin)

—F s fooehadEh [cna]u.r}]. (23

Wiwil bath £ acd wars net zevo, we e wTits the secaad rquation of {19) a3

_'[:Lv[t'2 +a [1 +MMﬂ1m‘-‘ el mF AT o eshacidr =11, oS erx = (22)

I hias iy 2guivafens to the differenrin? cquerion

1od  codeyitloah
e R, T . o I - 11
T dutfrnhduJ*lﬂ r _.”‘ 0, A==, 123]
whers now
- Ar
alax] =J 1 —————Larh.at [ehint AT F. o (easha)d s 247
T il
Tl zolaom af (257 12

wal =G oleasha) 000, . oleosha} afo e
Since wia) mmast remuin fiodte us @ teods to inlinity and ¢ > -, wa must hase =0,
Thus, {241 gives

Iu A{Ticotharr By, (eeshodidt

A~ ydiwl :
=G0 pleoshe)—— | ——t—F . deoshaddy, afo== {2
, G ofeoshe) p.l-n f?-2+r."'} w00 iy, wZie {231

The Arst equotiem of { [9]) unii {25} praxluges A7) by Mehler Fok inversiom. Afer some
alrnplificatiom, we fiod
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AT h* -
leg, PR g, afoosk )Pl (eosha) B Goasha ) 0L fucha)

T
Lo i JLtmh® a Al
+tarh® L‘!’JD UM gy, enehes i vzl --—— ! i : 5 o
_L- M{ g leoaba :"-"-1|.1-.-«i;r easha )
TR Lol L e
B i (oasha i Py o Gosha |y | (26)
Tl continnity TequiTEmENL b - 3 aIves
SR L), 4 = ALY . . :
i [ I L -|:‘l\.l'1+|_1.'ll:; F m“_r[l,nm.a':hl}'_ 20

G plrashal g0k fooshal

Lising (277 in [26), wo obain e Fredlsolo intepral eguation (FIE} of the second Eind
10w Al ) Ag

ATy Al .
= —,LJD Txr»,r, Ty = L) 28]
where
¥ sicha wnh? o
K{F. 3= - Csidhe wmhter
{r7) n,-" 'fgj{JaT'tﬂJﬂtﬂ'F-Fﬁ{f2+ﬂ2}E
Pty oy lrosha )
8 {_): .1_.;7(;;@;“ [P g lomha O, olemshal By (coshiz)
XQ'_ 1"1':50‘5]1“]'[" i+ :('-J _Ti.l' ]{P_]ur.'ur{i-'lﬂ'lﬂ]F' Lo leosha)
2 _1nﬂrfmhﬂ}1'f|q|if{ﬂqghaj}“
amdl
tanh” | .
LTt u L1 ! ginluer {Pllﬂﬁr{m'lﬂ.._ml:@ughqj

Arembar+ vt «o%) @ rcasha)

]
|

g losha gl {W-"-hﬂ}} St 6% J:_f{ﬂ]-"? 1i4ipieosh o sish dﬂr]
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3. Dwal imtegral cyuniion involving associated Tegendre Tunction a5 kernel

irn this seclion, we comader foar peits of dund inbegrsl equations with associated Legeadze
flanction as kemel.
(41 The s pair is
r Ao eeh i dT = Flo), Oeasa,
n ot
(29
J—rI'H:-—_u+if}l"{{—p—it}~sinhm ATIPS . lcoshied) AT — 0, o Sor e,
& H ;

where L < e g =0,

T solve (291, we asseme the right-land side of the secood eguation w be oqual 1n the
unkmowa fisction ¢(e) for 02 o s @, so that by applving wenerabived Mehler-Fol over-
sinn fiemulae (cf (204 and {2,157 of Puthek 't we fud

% AT} = [ i, Coosh Bl 5 A8 (30

Llsing {30}, then mberchanging the ooder of intepration and using the cosukt (which can
be exrablicled by using the ntogral reprasemintion ol iesociated Legendre Dmetion)

_l: LA [ 1 T L 13 11 5

_ [ﬁ" - ]rhhm sinh 3 [

Lz "

g (ewed]. @
3 Hego—|, I
xL'm ffeoshee coshe) ensh f — coshed | Ly 3 (3L}
i the first equation of {29], we obealn the Abel’s inwgral equation
| — _SEE
0 fensh e —ﬂgh;}]-!ﬂ! v (ooshH- cmll?‘j"”"-"'
1 p—
=.ﬁ#}f-ﬂ:‘£}; =a<a, "é"-'“’r#ﬂ'l (32

LIERH1

B 1ainh™ ot 00 s fisinn 4
T, T T T b il (e rsp-ars o < W(x), DEx
f{m,ﬂ—umh:jl'ml' 4 ““"ud;j; (et % — ooy dr - Wx) NExga,

{33
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Anwiher Abel's nvegsion pives

M J'-‘ ' minhy
b

$}sinh = == e, {34)

= {goh e - cosh oy

Henue, Lhe sofution of the dual miegral cquations (29) s obtaieed, aflar seme elemen-
Ly calowhitions and wsiog the result {312} of Pathalc as

| R il
o f il &dll dr, : s Repsil

471 rq'; i 'M]W_MEWH &l it -{;'-l.;h-r aish u]m'#

=
(33)

Ths resuls was ealier obtained by Pathak’, Foo g =0, this also reduess to e known re-
ault olained by Balklolan®.

{8 Wext we consider the pair

rf‘zi[aj P pelomsha]de = Fle, D=wsa,
1 bo{36)
ET M= A+ IT (3 — o - P T AT o onshod T =0, a9 < e, J
whers -3 < Re g
As before, we asanme the right-hand sbde of e second egustion {34) 1 be the usknown

funetion @i} for 0 £ 2w Then by the generulized Mehler-Fak myersion formulae (of,
{2.14% and (2.15) af Pathak™), we ohrain

N
TATI= L ﬂlr_:l.f’"ll.z 3 {oushsctsinhax dr (37
Substibating 4(t) in the lirdt syuation of {16), we bave

_{: 2P, feesh)

j:ﬂ{ﬂ}]’"’:;.?ﬁ:[tlxdl ysinh dﬁJ dr=x flx), I<eta [IK)
Vhis = equivalent o fhe §ifferential couation

Lodf..  del [} wtoh
sinhic E]E[i o 113 ;i;'hlu_'J"—-f.HﬂL )

.

wiers noa

wa= | Py feesbir)

J:%ﬂ}f"im-i_-{mah Fsinh @ d}i]dr. Oegsa  (40)

The solutian of (39} is
3 Fd-lmril-4tm
ufer} =0 Pl (mosho) + S0 o fomshap+ 3~ rghs 2200 8 o
' i P+ iu Mikedp




DAL HTZCRAL TOUA TR xE 575

w P aicoshad L:ra'uﬂu % aisashi ) 0 dr — B (cosk e

" E!inhr P_“:,-;{c:ahr}_,f{r}&'], PEsa, 413

were O and O are acpivcery consteass o be derermined from physical congidernsions ol
the problams. Siace o) oust e bounded ar o= b and -+ < Re =0, & eust be zero.
The eensians ) will be determined later.

Avx before, (U givea fee o

= é i ik L wit e
IR 1’: — fl":w_J —— !:':'&.] Elh ]ﬂ-z,-. dlﬁ__r i fl' 41.{;_1 42
v faosbio = posa) N A feask B - pash )t sinat e
from whick we find anothar Abal incegal aquatios
drfasmh e g FIE-nld e wifaink?
r e W T ekl
£ [ooan F—oosn ot i —u) ook x —cashy)
=Wxj, aay, for --é e i, B cda,
20 tht
inb £ g = Cepeuw d 2 Wirlsnhs G

T drdzoosht - poshry Fo

This gives the complele soluaon el dual in Buzal :u_l:al:'r_uu'_s (3% pml'idl:d tEe constoni
- g derermained. This canstent & is obipioed fom che fact that ¥la) = 0 if ¢(x) i 1o be
contions et ¥ = a. Theeefore, the constaot C- is oltained from the equation

(441

w

[ Lo
0 [eosha ~posig)
For p=10, toe dual iotegral squetions iogether with the salation are the same 85 o
Seorion (A0,
(5 Mext. we consider the peir
J“f':2 = RN sk T = ), D@,
: (25
[[w T k- g L - i sinh e AU (eoshadds =0, aga e,

whees —+ « Re p2 0 aad v is real.

As before, we asrume the sight<hsmd side of ite second eguation of (43) to be the un-
Imowa fanefon @) for 0 < @< g By wing the gensralized Mehler—Fok inverrion for-
womlae clied above, we Tind
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£dlri- ]U SEEIED L congh H]sink 45

Aubeitwice this o 4w Jres equation of ($71 @ And
P [ o ;
1 viEh., ok e | ) AR P eash BN AF (A= i), O
i Zigs LJ" i k ! . 4
(4fi]

This s otz bt G he diffecsntial squalioa

1 1 TR B :
"'l“"""”'d? TR u= = i) [47)

sink ez g2 s =ipn =
wrIEnG bt

o P
air] -_L g froteed foaiipt. - Gondylpmind b df ile, Al e G38)

The sodvtioe of (497103

uE = t.',.l""'L-z aolzeshen i+ 0 S 00 e =2 e

N S 1L [ .r- siah s (3 ., Cooalr i de

w
_Q#plli. comihr? J- amhi Py o depal 1170 e (443
{1}

BiNee o ey il bee fircie ol = 0 et & 0 Fe g ) hie constant O = 0 Wine prscesd
g as b seciiom 30 we aErain @ix) 1020 2 40 acd the songtint ) oy T1e equaions (=1
amal (443, respecsiveiy, with wa) giver by (491 This gives the cnmplete salwcion of e
dun] jarzeral vquatioos? (44},

TEN Flacally, wes crresies the paic

‘Ft Mig-p+in Ml poin)] coecel £TAMEY . feeh 7 de = Flr, DS da |
o : 5
jl A et A — it g il coseb 5w

A1T:IP_"?:Q.“ HSe ol 7 38 A | N R TN

where Lo B prs 0, £y, oy are el aod 2w 3-
Fow o —dl, the eguations (303 are ceduced@ to ke pic {29% by redefining A0
Apprprinlely.
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When A« 0 but g # 0, the solution 0 the dual fntcgral equations cac be obimioed s
tefore and is given by (after wlilizing the resait ([ on p. 169 of Erdelyi o7 ol' involving
associsted Legtodre funetions o the slmplification)

TAT —'rsiuh?:rr[ﬂ_é— prizy g p -1'-::|]E

| a} (e P u
XI_—{'E2+r':J{.:r clemsha P2 {eosha )0 Gonsha)
+Hp—o- b P feoshe) O frosha)

_I:‘.:I +it —J:-J B lensh )i (oo a j}
-E.J"f-’!f)*"l.:.i._[mshu]sinhuda_ 05l

When both A4y and g are ot zero, we can write the second cqustion of {30) a5

_E:'r_'r* +4-3‘rll gy Il g i.-}]_I + prsech mT

Az
| l+—— gink L T i = pr-in)
[Farady e T H']
AT P feeshe)de =0, afa < (32)
As before, equation (52 35 equivalent to the diffcrential equation
1 df,  dud 1, gt ] :
:ﬁnhtx’mbﬂlﬂmfjl-'-lE ¥, cinhio .|H--0.. (557

where mw

i) =J:[’+_:| {r”l .‘I..r:} sinhat T - e} 1"1&—#—11')}

* |fﬁ-—.ﬂ+i1] Fid- ir]] : comch 7T AP o, (coshaddt, a0 <o (54)
The solution of {537 is given by
ulfry= 078 plevshee) + GOE o (oshu).

Since i) must be finite as o tends to infinity and © > 4, we nmst bave € = 0. Hence,
by (54}, we have

J:[ Fid = ey F3— - i'r'lrI cirsach AT A{ T, (eosh o) de
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'_ nm . A
- ng"_ﬂ[wm,f} et b Y ﬂl 'le."_'-i_.- (coshoidy, o <0< e, (55}

Hier iy et
Equation (55 and the first equation of (50} gives, afler gsing the gencralized Mehler—
Fok invorslon firmulae cited above,

a[Fik=prin) F(h—p—iv)] ” coseeh 2 ﬂ

=0 J’ i PR (eosha) Gl o fensha) xinhmdlr+J:_f{a] Py (oosh e sinh o de

A : i . b I :
e J:P-’:m.lr[p:mha}muba[ L B et I_,.“ir{mshm]d,rjl-dm. £36)

The conlinuity requirsment ar & = o pives

Sia A =_¥AlN .
g=—t=l 0 L ED |2ty (c0BRAYdy.
O pieeshaly w4 oleosha) (7" #e)

Substingting the valee o' Oy in (36) and nfter some simplification, we find the FIE of the
second kiod for A¢h s

Az} g AlF) P,
: &jﬂ Lty nidy = B, (57}
whore
Ay ety {.'[J;-—_r1+1r}.f'l:; ,u—i‘z]-]‘ sinh? w1

&y, 1=

Fiinuyleesha)

Ul g icesha)

[tir-ci-cosha- P4 (oosa) 02 (rosha)

+|:p'+‘-7_Jf] P—':.-zvir{ﬂmh“jml-]::{mn}
[ iT=g) B4 5 eosha) OF o casha)]
i+t -r“]"{i(‘r—rjcnsﬁa Pl i oosha)

x Pfh'hi-r {eoshia) + |:'.u +iy = Jf] -P_':rzux {eosher) F\'us.'z Ay {omsher)

. |
(i b Pl o) ||
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ard

il - u - irsiok o v {7

sy —gdemeha P (eesha )2 G oesh )

== e 0 (onsk a)

- (peit—3) Py lepsha ) OF 1 (eosh ) J

[ciz easy nwenify thae by panieg o= 0 iv the cuoal integral equetans of Bezdiom 3, snme
cegmlts ob@mined in Section 2 for the selutons of denl integral sguations imvelviag Legen-
dra Tinction 2s keenet are recosvered.

4. An example

Ag application of the Ceal egral cquations, we consider 8 mized boundary vaiue prob-
[=mm involving e hallsspace dise to tomion of an atiached ogid moalar die, Lsing toroidul
coordiontenr Ca, 0 &) whore

eainh i a7

e C Rl S EBIMA G e
ERl R comhci—roz Bt T oeie b ons £ e

legew DL A=y the holfospoee i3 220, sod the die is mepresented oy z2-0,
oy < i oo The starz of stress and amain does bet depenc on Ze angular epcrdinste & and
i detecmined by e nonexarn compenent of displacemeals, we= alr, 2. i, ) sutislies

with the bovodary eondirions
#

._,f'ﬁn_u =, D= Sy, uiﬁ‘nuﬁ"’: (. o ey :r'?_F—'l-'

wheze ¥ i% the wagie of totacim of the die.
We reek 8 splubion of the above mixed Doundscy volue prablem in the form
ginh(x - jijr

u= kofoosho - cusﬂ:l"'ﬂju-a![*r} TR Bl rieosha ) dr,
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thee “Fe acuadary morditinas soluee ihe daal inZezrl eguatons
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