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OPERATOR METHODS IN ORDER STATISTICS

K. BALASUBRAMANIAN! N. BALAKRISHNAN? AND H.J. MALIK®

Indian Statistical Institute, McMaster University, and University of Guelph

Summary

This paper presents operator methods, based on difference and differ-
ential operators, for establishing identities satisfied by distributions of order
statistics. In addition to deducing many known identities, these operator
methods may also be used to derive several new identities for distributions

of order statistics.

Key words: Order statistics; identities; difference and differential operators; combi-

natorial identities.

1. Introduction

In the last thirty years or so, many identities and recurrence relations for
distributions of order statistics have been established by several authors includ-
ing Srikantan (1962), Govindarajulu (1963), Joshi (1973), Arnold (1977), Joshi
& Balakrishnan (1982), and Balakrishnan & Malik (1985); interested readers
may also refer to David (1981) and Arnold & Balakrishnan (1989) for a more
comprehensive list of references. The proofs for the identities of order statistics
established by these and other authors hinge upon some combinatorial tech-
niques, some easy and some involved.

In this paper we derive operator equalities (based on both diﬂ'farence and
differential operators) which when applied on suitably chosen fun.ctlon.s gener-
ate identities for distributions of order statistics. Many knqwn 1.de.>nt1t1es are
deduced easily by this approach, and, in addition, many new identities are also
generated. Furthermore, unlike the direct combinatorial appl.‘oaCh', f;he.ope; a.tor
method presented in this paper may easily be extended to' 1'dent{t1e§ invo vm%
Joint distributions of order statistics. This is illustrated for .]o1¥1t distributions o
two order statistics and many new identities are derived in this case.
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2. Identities for Single Order Statistics by Operator Methods

Let X1,...,X, be a random sample of size n from a population with cu-
mulative distribution function F(z) and probability density function f(z). Let
X1:n <+ < X,., be the order statistics obtained from the above sample. Then,
the density function of X,., (1 <r < n) is given by

n!

fr:n(m) = (7‘ _ 1)!(” - T)

(F(2)7 (1= F(@)" (&) (~o0 <z < o).

(2.1)
Further, let A and F be the difference and the shift operators with common

difference 1 acting on functions of y (where y is independent of z). Then, we
have the following operator equalities satisfied by distributions of order statistics.

Theorem 1. Forn > 2,

n

;fr:n(:v)E”_’ = (:‘) fra(z)AT (2.2)

r=1
and

Y @B =N (") frr(z)ATL, (2.3)
r=1

r=1 T

Proof. We show below the equality in (2.2); (2.3) can be proved similarly. We
start from

n

Y (14" frn(z)

r=1

= n! r—1 n—r
= Zl CERVICT (F(@)"" {0+t)(1-F@=)}"  f(e)

n—1
=n{l+t(1- F(m))}n—lf(a:) =n Z (n ;— 1) (1- F(z)) f(z)t"
r=0

Then

i n

’ Z(l + )" fra(z) = Z (:) fr(z)t L (24)

r=1 r=1

Equation (2.2) follows from (2.4) on setting ¢t = A.
Example 1. For the function T(y) = 1/(n — Y),

(r—1)!
(n—y)"’

E"T(y) = and A™7IT(y) =

-y

—
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where m®) = m(m — ...(m—-k+ Vfork>1and=1fork =0 Setting
y =0, (2.2) now gives

Z frn Z flr

Similarly, (2.3) gives

n

5';"—r+1f"" Z (@)

These identities are due to Joshi (1973).

Example 2. By choosing the function T(y) = 1/(N = y)'®), we obtain from
(2.2) and (2.3) (with y = 0) the following identities

n

1 (k+7—2)—1
Z mfr a(z) = 21 (r) Wﬁ:r(w), (2.5)

r 1 = k+7r—2)(r—1)
W rpmiE= ; (r> (—Jm-——fr o(2)- (26)

~
M-
L —

By setting N = n + k — 1 in these two identities, we get the identities due to
Balakrishnan & Malik (1985) and, therefore, (2.5) and (2.6) can be regarded as

generalizations of their results.
Alternatively, by setting t = D in (2.4) where D is the differentiation op-

erator acting on functions of y (with y being independent of z), we have the

following theorem.

Theorem 2. Forn > 2,

Efm(z )14+ D)» "= 1<:>f“ z)D" ! (2.7)
r=1 r=

and )
me )14 Dy = (’:)fm(m)nf—l- 28)

r=1

: i .7) th
Example 3. By choosing the function T(y) = y*, we obtain from (2.7) the

identity .

me z_j( )W’”—Z()m z)k(UyF L (29)

8=
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Comparing the coefficients of y™ on both sides of (2.9) yields the identity
" /n n
:k —m T/,
Z(k— )frn( ) <k+1~m>fl.k+l ( )
r=1
a result due to Downton (1966).

3. Identities for Two Order Statistics by Operator Methods

The joint density function X,., and X,., (1 <r < s <n)is given by

nl

(r——l)'(s—r—l)'(n—s)
x(1-F@)" fl@)fy), (~c0o<z<y< o)

fr,szn(xa y) =

x (F(z)) " (F(y) - F(z))"™"

(3.1)

Let A; and E; be the difference and the shift operators with common difference 1
acting on functions of w, and similarly Az and E; act on functions of z (where
w and z are independent each being independent of both z and y). Then, we
have the following operator equalities satisfied by joint distributions of two order

statistics.

Theorem 3. Forn > 3,
n-1 =n
SN frenley) B B
r=1 s=r+1
_Z Z ( )frr+ls$ y)Ar lAs r— 1

r=1 s=r+1

n—1

Z 2 :fr,a:n(m,y)Elr"lEg—r—-l
r=1s=r+1
_Z Z ( )frs.s ,y)A;“lA;—T—I)

r=1 s=r+1
and

n-1 n
Z Z f"*""(may)Ei’_r_lE’;_"
r=1s=r+1

_ Z Z ( )fl’rﬂzs(fv,y)A;‘lAg—r—l_

r=1 s=r+41

(3.3)

(3.4)



OPERATOR METHODS IN ORDER STATISTICS 493

Proof. Consider the identity

n—1 n

21 Zlu + )" L4 0 T L w) (e, )
r=1s=r+

n—1

- Z (r = 1)'(n S

n—

X Z (” T 1) (1+v)(F(y) ~ F(z))}"
x {(1+w) (1= F)}" 7 f(2) f(y)

n—1

=n(n-1)3 (" ; 2){(1 +u)F(z)}

r=0

x {1+v)(F(y) - F(2)) + (1 +w)(1 - Fy))}""*f(z)f(v)
=n(n - 1){uF(z) + v(F(y) - F(z)) +w(l - F(y)) +1}" " f()f(v). (3.5)

By setting v = 0 and expanding the term on the right-hand side of (3.5) bino-
mially, we get

n-1 = n—1 =a

- n r—1, 8—r—
Z Z from(e,y)(14+u)""H14+w)" ’=Z Z <s>fr,,;s(m,y)u Ly 1
r=1s=r+1 r=1 s=r+1

from which the identity in (3.2) follows immediately by taking u = A; and
w = A,. By setting w = 0 (u = 0) in (3.5) and proceeding on similar lines, we
derive the identity in (3.3) (equation (3.4)).

Example 4. Apply (3.2)-(3.4) to the function T'(w,2) = 1/(n —w —z — 1).
Then setting w = z = 0 leads to the identities
n—-1 n
—E Z fran(‘c’y) Z Z s(s frr+13( z,y),
r=1 a_r-}-l r=1 s=r+1
n—1 n 1 )
—<Jrs:s(T:Y),
—Z I SNCRIED DD Dl
r=1 s—r+1 r=1g=r+1

and
_Z Z fr,sn )y) Zl Z S(S_‘l)flr+la( ,y)v
r=1 .s—r+1 r=L =

respectively. These identities are due to Balakrishnan, Bendre & Malik (1992).
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Example 5. Apply (3.2)-(3.4) to the function T'(w,z) = 1/(N —w — z — 1)(F),
Setting w = z = 0 leads to

n

Z Z ‘*n+s—r) )fr,,;n(it,y)
r=1 .s"r+1
_Z Z ( ) k+s—(fz_, 2) fro+1:s(T,y),

r=1 s=r+1

Z Z (N—s+1) (;,)ffan(m y)
r=1s=r+1
k __3(3 -2)
_Z Z () = (k-)+-s 2y fross(2:9),

r=1s=r+1

and

55 (N—n+r) W —ninmiren®y)

r=1 s=r+1
k+s—3)(s—2
_Z E ( >((N _31 o fir+1:s(2,y).

r=1 s=r+1
These three identities are generalizations of identities due to Balakrishnan, Ben-
dre & Malik (1992) whose results correspond to the case k =1 and N = n.
Here is an equivalent form of Theorem 3 in terms of differentiation operators.

Theorem 4. Forn > 3,

n-~1 n
Z Z fr,s:n(m’y)(l-f- Dl)r—l(l + D)

r=1 s=r+1

‘Z Z ( >frr+1., (z,y) D} D31, (3.6)

r=1 s=r+1
n—1 n

Z Z from(2,y)(1+ D1)" 7 (1 + Dy)* 771
r=1s=r+1

; Z (z)fr"’:"( ay)Dr 1D8~r—1’ (3-7)
-1 =n

Z Z fr,s:n(m,y)(1+D1)"—T"1(1+D2)n—s

r=1 s=r+41

—Z Z ( )fl r+1:8(T, y)Dl—lD’ r=1 (3.8)

r=1 s=r+1
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where .Dl and D» are differentiation operators acting on functions of w and
respectively. z

Example 6. Let the operator identity (3.6) act on T'(w,z) = w*zf. Then

n—~1 =n r~1ln—
Yo fram@n)Y i (r —, 1) (" i s) () g3) k=i =
r=1s=r41 1=0 j=0 t J

n—-1 n

n
= Z Z (3)frm-l»l:s(‘”ay)k(r_l)é(s—r—l)wk_r+lzl_s+r+l. (3.9)

r=1 s=r+1

Comparing the coefficients of w*~Pz~2 on both sides of (3.9) gives the identity

n—1

- r—1 -
Z Z ( » )(nq s)fr,s:n(w,y)z (F+Z+2)fp+1,p+2:p+q+2($,y)

r=1 s=r+1
which is due to Downton (1966).

4. Conclusions

In this paper we have presented a unified method based on operators for
establishing identities satisfied by order statistics. We have shown that many
well-known identities for order statistics follow as special cases of this method
corresponding to different choices of operators and functions. We have also used
this method to generate some new interesting identities satisfied by distributions
of single as well as two order statistics. In addition, we make the following
comments:

(i) In order to illustrate the usefulness of the operator method developed in this
paper, we have made a few choices for the function 7 that the operator acts
on. One may be able to generate many more identities for order statistics
by making different choices for the function T'

(ii) For purposes of illustration, we have used in this paper only the operators
A and D. Other choices (e.g. matrices) are possible which could lead to
many more new identities for order statistics. .

(iii) By writing the identities established in this paper in terfns of ex.pec,t'a?mons
of functions of order statistics and then by assuming specific d1str1bu.‘non for
the underlying population and making use of ex‘act e'xplicit expressions for
these quantities, one can generate combinatorial identities. see, for exarple,
Joshi & Balakrishnan (1981) and Balasubramanian & B§g (1990). ' ‘

(iv) The operator method presented in this paper, u.nlilfe 'the (%ue?t cogblna;ic})lnal
method, lends itself to proving :dentities involving joint distributions of three

or more order statistics in a straight forward manner.
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