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SUMMARY. Asymptotio oxpression for probabilitics of moderate dovintions of the
samplo mean from tho lation moan aro obtnined for etationary strong mixing proceascs

undor suitable mixing condition,

1. TNTRODUCTION
Tet {X,:n > 1} be o strictly stationery sequenco of rwv.'s (rendom-
veriables). Let M3 denoto tho o-ficld generated by X, (a € n ). The
process {X,} is called strong mixing if thero exists o sequence {a(n)} s.t.
1> al) 2 a2),..., lim a(n) =0
n—pa

and

sup  sup sup | P(A (N BY—DP(d4) P(B)| < a(n).

21 pamt AeMp,
The process is called g-mixing if

sup  sup sup | P(4|B)—P(A)| < ¢(n), P(B)> 0
21 pemt AeM%,,

where
126(1)2>6(2) 2, ..., ¢(n) > 0 a8 n > 0.
Lot S"=§ Xon=E(X,)
1
and
ot = V(X )42 £ cov (Xy Xpeg).
1=t
Wo adopt the convention of donoting by K (> 0), Ky(>0), y(> 0), ete., gencric
conatants, a,~-b, will mean a,/b,— 1 03 n— 0.

Rocently Ghosh and Babu (1977) obtained oxact asymptotic oxpression
for P(n-1S,—p>ca (log n/n)}) for ¢-mixing processes under tho conditions
() E| X1|‘2+'“‘ < oo for somo & > 0, (b) T 3}(j) < co and (c) o 52 0. In this
paper, wo oxtond the result for strong mixing procosses to cstablish the
following thoorem.
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Thoorom 1.1: Let {X,} be a strong mixing proccss with a(n) = O(e~*n)
Jor some A> 0. If g2 >0 and Iy‘[;\'d“‘g“ < 0 forc>0and§ > 0, then

Y
P18, — e > co(log nfn)) ~ (2nc? log n)-In te e (L)
and
—fe2
P(|n'S,—p| > co(log nfn)l) ~ 2(2nc? log n)~in . o (1L2)
Clearly (1.2) follows with tho help of (1.1).

Sinco our proof is on tho samo lines as that of tho theorom in Ghosh and
Babu (1977), we give only tho cssontial part of tho proof and omit tho rest.
Wo shall adopt tho notations of Ghosh and Bubu (1977) without any furthor
oxplanation,

2. PRELIMINARIES

Lomma 2.1: Let (X} be a strong mixing stationary sequence. Let
r, 8,k be such that r=*4-s='4-kh=' = 1. Suppose X and Y orer.v.'s measurable
with respect to M2, and ME,, respectively for some inleger v and further assume
thal || X||r <coand || Y||s <o where| | X| |, = EVr |X|*. Then

|E(XY)—E(X)E(Y)| < 100 | X] o) [Y])e ... (1)

Ono or both of r snd s can Lo tiken to bo 4o for bounded r.v.’s.  This
lomma is duo to Davydov (1970). For a proof aco Do (1973).

The following leima is essontinlly contained in Lomma 2.5 of Babu and
Singh (1977), but for tho sake of referenco wo includo tho proof.

Lemma 2.2: Let (Y} be a sequence of identically distributed r.v.’s such
that 0 < Y A4 for some real number A > 0. Let Yy be measurable with
respect lo the o-field Mlzm+m for some positive inlegers 1 and m. Then,
Jor any positive inleger a, we have

E (1 Y1) < lo+ 100404 1) a@)iav)e - 29
1
where
g= sup E(Y{).
tEuGe

Proof : 'Tuking r = c0, s = 14 —1)1- and & = 14a in Lomma 2.1, we got

E (l‘il Yi) < B E ("E'l’r‘) +104a1n(E ( ? yy).
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By Héldor's incquality wo obtain
a " =1
E (n }q) < [B(Y)+104aVA() B ({1 Y:).
1

Sinco, 1 L 8! efor ¢ =1,2,...,a and g in tho lomma is not less than
1, a ropoated upplication of the abovo rocurrenco rolation gives that

a a- o
B(1v)) <L ED+H10(4 12 ()
=1 3=0

< (4100 D Ao,
This complotes tho proof of the lemma.

Without loss of gonerality wo assumo =0, ¢=1. Wo prove tho
following lemma as a substituto for Lomma 2 in Ghosh and Babu (1977),

Lomma 2.3: For 1 < u < n, n sufficiently large and for any posilive
taleger m > 2,
E|S.|™ < K (uR(m)+um??) (log n)™2 e (23)
where
—a-2-3
Ry = Rp(m) = n“" ) or o
according as m > or  ¢2+248. K, and K, may depcnd on m but not on u
orn.

Proof : Tor m = 2, tho corresponding proof in Lemma 2 of Ghosh and
Babu (1977) goes through oxcept that in this caso wo estimate | E(X;X]y)—
E(X1)E(X14;)] with tho holp of Lomma 21 taking r =g = 24-8/2 and
= (448)/8.

To prove the Lemmn by induction, assumo

C(u,m) = E|S;|™ < K\(u R(m)+um?)(log 2% = Du,m). .. (24)

To provo a similar inoquality for C{uz, m+1), wo shall only show that
E| 8,48, ™ < (24 Kyllog ) 'Cla, m+ 1)+ D, m+1) ... (25)

for aufficiontly largo » and ¢ = (log n)m+1/3, The rost of tho arguments aro
samo as in tho proof of Lommn 2 of Ghosh and Babu (1977) with somo
straightforward modifications.
To provo (2.5), first obsorvo that
m-1

E|S|:+S"M|m+l=2C(u,m+1)+,2n( . IS, 1410 E| 8.1
3=1
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Wo now cstimato E'| S [m+1-4] 8¢, [4. Tuking ¢ = 1flog n, we observe that

(| Sulm™+ 180,401 < eE(| 8y |11 Susl9)
AU PR Ll P
—E|85|mi-1- E| 8, |4
+eB| 8y |mti-1- E| S, ). e (2.6)
m+1
mtl—j—¢e’
8= %H and k= %‘) and  of Hélders incquality in tho sccond

An application of Lemma 2.1 in the first term ( with r =

term yiekl
1——
L.HS. of (2.6) < K, oxp (—Atfim+1)log ) (E| S, |m+1) ™+!
m4l—e m+1

HE(ELSI M ™ < Kyf(og n)E| i mH(E| S| m) 1),

.

Now using tho facts that
mil
Fy [BISI™ ™ +1] < D, m+1)
for sufficiently large n, one concludes (2.5).

3. Proor OF THEOREM L.l

We display tho essontial modifications in the proof of the theorcm in
Ghosh and Babu (1977) in tho form of following lemmas. Rest of tho ergu-
ments go through with somo casily conceivable changes. Interestingly enough,

1
tho only propertics of « and 4 that wo make use of hero is thub? <p<a<l

Lemma 3.1: Let w = c,((log k)/k), then

=0®7), ¥y > 0. e (3

E( exp (W £ 80) )15

Proof :  Clearly,

LHS. of (3.1) € ::';l’/,‘,-l |E(oxp(w"'_ﬁ:’ E) ) =fu E{ oxp (v fz:l’a,.,))
& 10ak(g)e™ :?ll Jimt El(oxp(‘lll’:;‘_s: 5(.»))

< 10a(g)e"Efy’ 410 (1)t 4 0(g) o
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whero
9= sup  Llexp(e w§y,)).
OCve e

Tho sccond inequality above follows from Lemma 2.1 and tho last from
Lemma 2.2,

Taylor's oxpunsion yiclds

g' = 14+0(log k[k).

(3.1) is now jnmedinto using tho facts that afy) = e %9, A > 0, and

q/k = n7 for somo y > 0.

Lemma 3.2 : aup |1, (2)—0(2)] = O((loy n)=%2)
2 N

Proof : To validatoe the corresponding proof in Ghosh and Babu (1977),
wo need to prove tho following

|feited T (2)—[ Joxpz—m -to )l ()} | = O(n~). ... (3.2)

Some casy calculations show that (3.2) is equivalent to

gx(w)

elto+11) _(fn(u}+it) )'I =00,y > 0 . (39)

whero

x

90) = E(oxp 0 X E),

1=1

for somo complex 4, and
Salw+1t) = Elexp(w+it)e,).
Since |gx(o+it)| < gu(w),
wo have
LALS. of (3.3) < frH gx(wit)—fi(w+it) | + | geue+i0) | |95 (w)—f2]
< S gtwit) = f(w4i0] + | ge(w) —f3] -

Tho sccond term above has been estimated in Lemma 3.1 and tho
first term can Lo shown to Lo O(n=?), ¥ > 0, on tho same lincs. This,

with the fact that ff ~ nei2 (sco (3.31) of Ghosh and Babu, 1977) establishes
(3.3) proving tho lemma,

Lomma 3.3 : PR, > &0 loy n)i) = O(n~<")
where Eo=(loy n)~=", v>0, for n>3.
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Proof : As in Lemma 4 of Ghosh and Babu (1977), it is enough to show
3 2
P( X g > o log i = O(n~° )). e (3.4)
1
By Markov's incquality and Lemma 2.2, wo have

k
LHS. of (3.4) € e*loan E( exp ( etn-i(log n)¥/2Hy X m,))
1

< WG 4 Kok 0(p))E
whero

9" = sup E(exp(u ctn-i{log n)3/1+vy ).
oRuge

Now sinco
9° = 14-0(n=1"(log n)*+oE |7, | )4 O(nY(log n)3+2° Epky)

and EaMtt1(p) = O(n~"1),

it follows with the help of (3.4) of Ghosh and Babu (1977) that
klog (g4 K\aV/*+2)(p)) = 0(1)

and this proves the lemma.

It has already been mentioned that the above lemmas prove the theorem
a3 in Ghosh and Babu (1977).
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