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ON THE DISTRIBUTION OF VALUES OF ADDITIVE
ARITHMETICAL FUNCTIONS

By E. M. PAUL

Indian Statistical Institule

SUMAMARY. TL are proved whichesl that an additive arithmotical function
which takes valuos in u regular sot of roal numbor in a regular fashion will have o distribution
funetion,

1. InTrODUCTION
In 1947 Lrdés raisod the following question (sco Erdés, 1947) :
Question A : Lot f bo an additive arithmetieal function. Supposo there
is a finito interval I such that f-1(I) has a positive density. Docs it follow
that f has a distribution function?

This question still remains unanswered.

In 1972 a writer claimed that ho had proved that the answor to tho ques-
tion was in the affirmative. Howevor, subsequently ho dotected o flaw in
his argument and withdrow (in a personal lotter) tho claim (sco American
Mathematical Socioty, 1073).

The main aim of tho present paper is to prove somo thooroms snggosted
by Erdés’s quostion,

Wo take this opportunity to raise n question in clussical probability theory.
An affirmativo answer will at onco imply an affirmativo answer to Erdés’s
question; this will bo ovident aftor Theorom 4 bolow.

Question B: Let {X,}, n=1,2, ..., bo mutually indopendent random
variables such that Pr{X,= 0} -1 as n — 0. Supposo thero it a finito
interval I such that Pr{(X,+X,+...+X,)eI} convorgoes to a positive limit A

83 7 — co. Doos it follow that § X, converges with probability 11
1

It may bo noted that if tho condition “Pr{X, = 0}— 1" is roplaced by
the weaker condition “X,—» 0 in law™ , tho answor to quostion B is jn the
1

nogative. For oxamplo, lot Y, tako tho valucs 0 and

with probabilitios

1
- und -—‘l; forn==1,2,3,.... Lot{d,)} Vonsoquenco of ronl numbors such that
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-
tho partial sums of X d, oscillato botwoon thoe lower and uppor limits 0 and
1

%’ (say) respoctivoly snd lot d, — 0 a3 n — 0. Lot Z, bo a random variably

taking tho value d, with probability 1. Lot the Y’s and Z's bo all mutually
indopondent. Consider the infinito sories Y+ 2,4+ Y+ Z,+...4+ Y+ Z,+....

Lot I be the interval (-'—l)-, %), for oxample.

Broadly, wo shall uso tho notation used in Paul (1963). Thus X(S) and
7(8) will stand for tho upper logurithmic and 7-donsitics of §, respoctively.

3. SOME THEOREMS GUARANTEEING THE EXISTENCE OF DISTRIBUTION
FUNCTIONS FOR ADDITIVE ARITHMETICAL FUNCTIONS
Lot S bo any sot of positive integers. Lot J = {j, <j; < ...} bo any
increasing soquence of positive integers. By the upper J-log density of 8,

we mean lim ) sup /%[;’P)_._]} Similarly we dofino lower J-log density
jn

of S.  Wo shall denoto them by A9(8) and As(S) respectively, g herc is as in
Paul (1963, p. 273). If AY(S) = Ay(S), wo shall denoto the common veluo by
AI(S).

Wo shall now prove an improvomont of Lomma 1 of Puul (1963). The
proof given thore will be simplificd and made to yiold tho following improved
oquality.

Lomma 1: If J is arbitrary and S is a sct of posilive inleyers which is
right-complete with respect to J, P(MAS)} = A(S).

Proof: Lot A = AJ(S)and 7 = P(3y(8)}. Dvidontly A > 7. Supposo
A > 7; wo shall construct o contradiction.

Take an € > 0 such that (A—7—2¢) > 0. e (1)

D, has been dofined in Paul 1063, p. 274). Let r bo u positive integoer so
largo that

® (1_%)(1_%)(1_%)...(1_%') Wq fors>
(2)

and

(i) P(D; U Dry U ) < I‘—TT_?: . (3)
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Lot L = (q,,, qln,u] whero 2 is 50 chosen that

) ML S)

Wk > (A—g) e (4
(i) HEOLS, U) USH o (7t )
whero Tr=PD,U..UDy and
#(L) 2
(iii) l—og Do > 3 . (8)

From (4) and (5), wo get

MIS=(Si ). USNN T}
L Y%} > (A=Tr—2¢).

e (D
Again, wo have

{(S—(S; U .. USHNL L (SrU o U Srym) e (8)
as in step (12) in tho proof in Paul (1963).

Repeating the argument in the lower half of p. 275 of Paunl (1963), wo get step
(11) of that proof.

(9)
From (2), (7) and (9), we got
P(DeyyU ..U Drym) > (A—T,—26). 210/”‘(—?
Jrymy
»L

> A—1=2)g——
2 log qlmm,

> Qo= gy ),

Now this contradicts (3).

Lomma 2: [f J i3 arbitrary and S is any sel of positive inlegers,
PAYSN > A(S).

Proof : Tho proof of Lemma 2 of Paul (1963), goos through; wo uso
Lemma 1 of the present paper.

Corollary :  If S is any sel of posilive integers, P{M(S)} < MS) < R(S)
<P{Mv(8)). This inequality was proved in Paul (1962). The proof given
above, unlike the previous one, dors not make usc of Dirichlet series and Tauberian
theorems.
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Tomma 3: Lel f be an additive arithmelic function such that for some
sequence J = (j, < jy < Jjs < ...} of positive inlegers, lim _/‘(2‘13:2 pZ") =g(z)
exists with probability 1. Let A be any closed sct nof real numbers. Then
A{f-(A4)) € Priglz) e 4).

Proof : Lot S = f3(4). Let g bo dofined on the sot Q whero P(Q) = 1.
Now JMMy(S) N QC E{z:glz)ed} [} Q, sinco A is a closed sot.
So M{fHAN < P(I3(S)) < Priglz) € 4).

Lemma 4 : fis an additive arithmetical function such that a subscquence of
the sequence of partial sums off(‘.’.‘z')+...+f(p:")+... converges with probability 1
to a random variahle g(z). 1fthe disiribution of g(z) is dizcrete, f has a distribution.

Proof: T f(p:") convergos with probability 1 whon centered; sco Doob

(1953, p. 121). Let X (f(pa™)+d,} converge with probability 1; Dy altering
dy, if necessary, we m;\y snpposo that the sum is g(z) itself.

Lot M, bo the maximum probability carried by any singla point in the
distribution of {f(py")+d,}; that is, in the distribution of f(p,"). Let Q o the
set of primes p such that f(p) £ 0. Lot pne Q. Tn tho distribution of f(p,™),

the maximum probability (earried by any single point) is < (I_Pim_‘-}%)'

Since g(z) has a discreto distribution, wo have, by Levy’s theorom on convorgont
infinite  convolutions of discrete distributions,J1Af, > 0. Thus
1 1
n (1— —4 )>o.
PacQ Pm  Pm
Thus
1 -
I <o SoX ") convorges with probability 1, by tho zero-ono
8 p o
Pa€Q py nel
law and f has a distribution,

Theorom 1: Jf f is additive and if there is a countable compact sel D of
real numbers such that f~\(D) has positive upper logarithmic densily, then f has
a distribution.

Proof : Lot S=f-Y(D). Lot J = {j, < j; < ...} be such that A/(S)=A(S);
by taking n suitable subsequenco if necessary, wo may supposo that

im (2" ... ") = g(z) oxists with probability 1. Now 0 < A(§) = M(S)

< Pr{g(z)e D}, by Lomma 3. So g(x) has a disereto distribution. So by
Lommn 4, f has a distribution.



ADDITIVE ARITOMETICAL FUNCTIONS 5

Corollary : If f is additive and if there is a real number a such that f~)(a)
has positive upper logarithmic density, then f has a distribution. This generalizes
a resull given in Paul, (1067),

Theorem 2 : If f is addilive and if there is a compact set A of real numbers
such that the number 0 does not lie in the inlerior of the difference sct of A, and
if Af-3(A4) > 0, then f has a distribution.

Remark: A will nccossarily bo of Lobesgue measuro zero (sco Halmos,
1950, p. G8).

Proof : Lot 8 = f-1(4). Supposo f has no distribution. Let J bo any
soquence of positive intogars such that lim {j(2z‘)-|-...+f(p7")} = g(z) oxists

with probability 1.
0 < M(8) < PMYS)) < Prlg(z) e 4).

Wo now alter tho sequence J in such a way that tho new subscquenco of partinl
sums converges with probability 1 to the function g(z)+0 where 0 is a
constant.

So
Prig(z)e A—6} > M(8) > 0.

Chooso 0y, 0, ..., 0, so that 4—0,, A—0,, ..., A—0, are all disjoint and
vA(S) > 1. Contradiction.

If A is any sct of real numbers, we shall mean by the core difference set of
A the set of all renl numbers d such that d = (z—y) for uncountably many
pairs of points z, y ocemring in 4.

Theorom 3: Lel f be an additive arithmetical function and let A be @ com-
pact sct (of real numbers) such thal the core difference set of A does not have 0
in ils inlerior. If Af-)(4) > 0, f has a distribution.

Proof :  Similer to tho proof of tho provious thoorem. By Lemma 4,
g(z) has o continuous distribution and so overy countablo sct gets measuro
zero.  Tho intarseetion of (4—0p,) and (4—0,) is at most countablo.

Tho attontion of tho render is invited to tho problom posed at the end of
this papar.



] E. M. PAUL
3. THE INVERSE IMAGE OF AN INTERVAL WITH RESTECT TO
AX ADDITIVE ARITIIMETICAL FUNCTION
The mnin sim of thie section is to provo the following.
Theorom 4 :  Let f be an additive arithmelical function such that Af-HIy>0

for some finite interval 1. Let V be any sel of real members &uch that the boundary
of V is finite or countably infinite. Then

AV) = lim sup Pr((f27) ...+ f(p"]e V)
= 7fUY)
and
AUP) = lim inf P2 ... Hfpa"] € V)
=nfYP).

Remark :  The most important caso is when V is an jnterval.

Tirst wo provo a lomma whoso contont is & known result. 1In fact, the
lomma continues to bo truo oven if “logarithmic density™ occurring in the
statement is replaced by “natural density”; (sco for examplo, Billingsley (1964),
romarks after Theorem 3.3). We prove tho weakor lomma hero s0 ag to havo
a self-contained proof of Theorem 4.

Lomma 5: Let the additive arithometical funclion f have a discrete distribu-
tion, say Q. 1f A fs any set of real numbers, then A{f~Y(A)} exists and = Q(A).

Also, if f takes the value a once, it takes that value on a set having positive
logarithmie density. Thus tho points that carry positivo probability in tho
distribution Q aro cxactly tho values taken by f.

Proof : Sineo, f has a discroto distribution, E: %, with f(p) % 0, is <co.

If v is a valuo taken by f, then Q(v) > 0. Lot v = f(2"%...p2"). Tor
n=1,2,3,..,let B, bo tho sct of all points z, on tho factor spaco X, such
thot f(p7) =0. Let B= B;xB;X.... Wo know that P(B)> 0. Now
z f(p:" = g(z) takes tho value v with probability > P-mensure of the box
Exl}xu-x{z,n)xl?muxl?mx .. > 0. So Q(v) > 0.

To prove the convarse, let V = {v,, v, ...} bo tho sct of values taken by
J. Let g(z) = ‘-2 fm); gx) = :Zf(P:"). Let ¥, Do tho set of values taken
by the (finite) partial sims of the infinite series }:.‘,j(p:")_ Tt ia then cnsy to
pco that git (V) CgN(V).
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Again, let ¥V, bo tho sot of valuos takon by tho finito partial sums of the
infinito soriosi:.j ). Lotyy(z) = §2 @), Thongy!(Vy) < gt (Vy) <g~}(V)
and s0 on. So BC {":) g (V) =7T. Sinco T is a tail-ovent, P(T)=1

by tho zcro-ono law. 'Thus PlgYV)} =1and Q(V)=1.

Now lot @ bo a value taken by f. Lot Z Lo tho subset of X consisting of
points (z;, z,, ...) such that z,eB, for all largo n. Sinco Z is o tajl-ovent
containing B, P(Z2) = 1. It follows that [g7a} ) Z)C ML{f~'(a)}. Thus
A{fYa)y > PRI a)}] > Q). The proof of Lenuna 5 is now completed
without difficulty.

Thoorem 5: Let the additive arithmetical function f have a discrele distri-
bution. 1f A is any sct of real numbers,

AU-HAY = lim Prif@™+...+f(p.") € A} = n(A).

Proof : Lot Ci Lo the 6ot of points (x,, 2, ...) of X such '.hnt,j(ﬁ"...p:") ed.
Lot Z bo tho sct described in tho proof of Lemma 5. Sinco P(Z) = 1, wo have
Alf-UA) < PRMY-AY N 2)
= PL{f-{A)}] = P(lim ind Ci) < lim inf P(Ci).
£ k

Using tho corrosponding inoquality for A{f-}(d)}, wo get
AJA) = lim Pe{f(2" ... pa) ).
n

Now wo shall provo Theorom 4.

If £ has o disereto distribution, our assertion follows from Theerom 5.
If f has n continuous distribution, A{f-)(V)} exists and = II{f=)(V)}, sinco tho
rosult holds for overy open interval.  So now suppose f has no distribution,

Then wo havo o soquenco {d,} of resl numbers such that E:(f(p:")+d,,}
converges with probability 1. Also d,— 0 as n —» .

Lot J ={j, <Jj,<..) bo a sequonco of positivo integers such that
AY(S) = A(S). By choosinyg a subsoquenco of J if nceessary, wo may supposo
that linm e ...pj:") = g(x) oxists with probablility 1. By Lomma 4, g(z)
has o continuous distribution.

Priy(x)e Vy = P{MY(S)) = PIMLS) = M(8) = A(S).
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So Pe{f(2) (5" € Vo A(S)
and 5o sy » A8).

Now lot 8 = lim sup Pr{f(2 ... pime V) = TI(S).

Lot I = {k,, ks, ... } bo & soquonco of positive integers such that f(2 ... p::")
converges with probability 1 to somo random variablo k(z); by Lemma 4, k(z) hag

a continuous distribution; let K bo so chosen that PrU(E"...p::") eV} > TI(S).

As boforo, Pr{h(z)eV} = P{MUS) = P {MYS)} = AK(S) < X(S). So
s) < A(S). This proves Theorem 4,

Theorom 4 shows at onco that mn affirmative answer to question B
implics an afBrmativo answer to Erdéa’s question A.

Now lot f bo an additive arithmotieal function and suppose thero is a
finito interval (a,b) such that A{f~(a,b)} = #> 0 oxists. Supposo f hus
no distribution funotion. Lot § {f! :")—{-d,,) =g(x) with probability 1.

n=1
Lot lim inf (d,+...4d,)=v and lim sup (d,+...4+d,)=w. So v<w
» n

Wo may modify d, in such a way that » < 0 < w; wo assumo that such a modi-
fication has beon made. Let J = {j; <ji < ...} bo such that (dy+...+d, )

—0as 200, So lim f(2... pZ") = g(z) p.p. By Theorom 4,
L]

Pr{g(z)e(a, b)) = A.
If v < 0 < w, Prig(z)e(a—0, b—0)} = B; this wo show by using, instoad of
J, & suitablo new sequonco K. Thus tho distribution of tho random variable
g(z) is peculiar in that tho pattorn of distribution on [b—w, b—v] is tho same
as that on (2—1w, a—v].

It is also scon ecasily that the distribution function of the random vari-
ablo g(z) is strictly ineroasing throughout (—oo, c0).

Theso facts give us tho following thoorom.

Thoorom 6 : Letfbe an additive arithmetical function. Lela, < ay<<...~> 0.
If for each n, A{f~)(a,, a,,,)} exists and 13 >0, f has a distribution function.

We concludo by posing tho following problem : Construct a speoifio
sot A (of roal numbers) having positive Lebesgue monsuro, such that overy
additivo arithmotical funetion f for which A[f~)(4)} oxists and is positivo will
bavo o distribution function.
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