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SUMMARY. Singlo sampling three-decision plan by eltribulea providing avorago
quality protection is discussed. Two types of threo-decision criterin (i) aceept-screen-Toject
outright (ASR plans) and (ii) acccpt-screon.accept with penalty (o supplier (ASP plana)
aro considered.  Somo illustrative numerical oxamplo for construction of such plans aro given.
For ASR plans a characterization thoorom is proved and altornative ways of characterisation
is indicoted. It is shown that tho threo-decision plans involvo smaller aversge amount of
inzpection as T d with tho ‘corresponding’ Dodgo and Romig's plans.

1. INTRODUCTION

Singlo sampling plans by attributes with three-decision criteria providing
lot quality protection for specified values of consumer’s risk expressed in
terms of probabilities of misclassification wero discussed by Pandey etal. (1972).
Tho plans provided minimum averago emount of inspection at process average
quality. Single sampling threo-decision plans minimising sverege total cost
with discreto and continuous prior distributions for tho incoming lot quality
wero discussed by Pandey (1974a) and Pandey (1073) respectively. It was
cmpirically shown in Pandey (1974b) that tho three-decision plans involve
smaller averngo total cost as compared with the two-decision plans, Moti-
vated by the three-decision plans providing lot quality protection (Pandey
el al. 1972) singlo sampling plans by attributes with threc-decision providing
average quality protection nro discussed here. Two types of three-decision
criteria aro considered : (i) criteria with aceept-screen-outright reject type of
decision (ASR plans) as introduced in Scction 2 and discussed in Sections 3
and 4 and (ii) criteria with accept-sercen-nceept with a penalty imposed on
the supplier typo of decision as discussed in Scction 5 under ASP plans. A
choracterisation theorom based on point of inflexion and other related para-
metres is proved in Section 3 and a comparison of ASR plans and ‘corres-
ponding’ Dodgo and Romig’s plan is attempted in Soction 5.

2, THE TAREE-DECISION CRITERIA
Tho concept of threc-decision in sampling inspoction was introduced by
Pandey ¢t al, (1972). For tho purpose of developing plang in this paper the
threo-decision eriterin D, as deseribed hy Pandey (1974n, pp. 349), ie., classify
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the lots in three quality grades A, B and C and accopt grado A as good lot,
acreen grado B lots and reject a grado C lot out right, is used.  Singlo sampling
plan Ly attributes with threo-decision eriterin D is defined by the parameters
n, ¢, nnd ¢, and is oparated as follows :

Tako o random samplo of z from N and let z bo tho number of defectives
in the samplo then

aceept if 0 £xcy
sereen if o<z ey e (D)
rejeet il o< 0.
We shedl refer to suclun planas ASR plans.  Tho plans discussed Iero wee nppli-
cable in those situations whero
(1) items aro inspected on lot-by-lot Lusix,
(2) inspection does not involve any destructive or very costly testing,
i.e., 1009, inapection is permissible,
(3) any defoetive item if dotected can be either replaced with a good item
or rectified,

(4)  quality protection is oxpressed in terms of average outgoing gualily

limit (AOQL).

3. THE OPERATING CHARACTERISTIC CURVE

Tor incoming lot quality p tho probability of acceptunce Pqo(p), probability
of scroening Py(p) and probability of rejection Pp(p) under an ASR plan nro
defined as followa :

Py(p) = Bley n,p) e (2

Py(p) = Bey n, p)—Bleg n, p) o )

Py(p) = 1—B(eg; n, p) e ()
where Be; n, p) =z§;:“ (: )p:(l_P)n—:_

For p not oxceeding 0,10 Doisson approximation o B(c; n, p) ix uxed by
Dodigo and Romig (1959).  All tho results of this srlicls are based on Poisson
approxinution of the binominl distribution.
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Wo shall use tho following notations :

s+ p-coordinaty of tho muximum ordinate of tho curvo of £2,(p) ngainst
».

p8:  p-coordinato of tho point of inflexion of Pg(p). Tho corresponding
values for P,(p) and Py(p) can similarly bo dofined.

A suitable modification of theso notations may bo made in cases whero moro
than ono point of inflexion exist. However, such modifientions are not relevant
to p% sinco tho point of infloxion of Py(p) is unique.

24 the point where the tangent at the point of inflexion of P,(p) cuts
tho p-axis;

82 : slopo of Pa(p) at its point of inflexion ;
p3 ¢ p-coordinate of tho point of inflexion (which is unique) of pPa(p) ;
89 : slope of pPa(p) at its point of inflexion.

Using these notations we shall prove the following charucterisution theorem,

Theorem 1 : The acceptance sampling three-decision plan by ullributes
is completely characterised by pd, pt and p points on ils OC curve.

Proof : Let (n, ¢y, ¢;) vnd (n', ¢, ¢g) bo any two plans with values of
28, pb and p? and pf,", p:' and p:' rospectively. It is cnough to show that
2=, Py = p‘,' and p; = p," imply n.=n’, ¢; =¢; and ¢; =c5. From

28 = p% wo got

c ¢ .
o @

and pf = p¥ pivey

apal der g, g1 dEr e (6)
n nc;‘ reg 1! n' n'cf' yeo !
For p; and p}" wo got tho rolutions
cy¢ c,!
() = 2 - D

-4
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J et Gl

and (' p Yot = -1 e (8)
1

From (5) and (6) wo get

@=O¢ () _ @=]! FEr )
c;' r=o 1l c;'l reo 7!
€.
Wo shall show that f(¢,) = (cl_:_l)l El(—:;l' is ono-to-ono strictly decreasing
cll r=0

function of ¢;. Writo

O

To provo that f(c;) > f(c;+1) for any positivo integer ¢,.

. [
Consider )= L. 3 4
fer) S 1o A

0, (]
N ’
_ cylet 2 —o, €}
ol o rl

cll r=0

_ €& Tl t1) 2 ezt do
c:,ﬁ o Tle+1)

P o
—— [ erztde
01+l

[2% %
= -[ &% de, we (10)

Ly making suitablo transformution of variables.

Now considur f{r,) to Lo dofined for all realc, > 0. 1f wo can prove that
J'(e) < 0 for all ¢y, it will imply, in particular, that fic,) > f(e,4-1) for integral
velues of ¢y,
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Now,

- -
S(e) =€ [ eF 2% de et []‘ (e~ 2" log I—G-C"Icl+l)llr]
1 1

=t [f et 2°1 {log :c—(r-—-l)}dz]
1
Denote by ¢(x) tho function log z—(x—1)

dé(z) _ 1 _ 1=z
T _—z—--l_-——-<0f0r z>1,

i.0, @) is & deereasing function of z for 2> 1. But ¢(1) = 0. Ilenco
¢(x) < 0for1 <z oo It implies that _F PPy {logz—(z—1)} < 0,i.0,
J'(e)) < 0 and therefora f(e,) > f(c,+1) which was required to bo proved.
Further, lim f(e,) =coand lim f(c,) = 0 showing that f(c,) is atrictly
€ —0 el

deereasing ono-to-ono function of ¢, (Figuro 1).

c fC)
[ ®
1 2000000
2 1-250000
3 0-9620063
4 0-804687
5 0°702080
¢ 0629115
[] 0574019
s 0:630627
a. ] 0493363
o0 10 0466021
180 in 0441119
160
140
% 120
1-00
0-80
060
040

1 2 3 4 5 6 7T 8 9 10 N 2 3

G
Figueo ). Curve for f(e,) againat ¢,
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Since
E=D! 3 ()
=g 57
&l g !
1
ix strictly decreasing one-to-ono function of ¢; thero ean not exist two integral

values of ¢, for which (9) holls and hence we got ¢ = ¢, which amounts to
n = n' from (3). Further from (3), (7), (8) and p}

P’ we get

1 ;! 1 ¢,!
Ink=——gIn—24 In =2
a—C, ol ea—ry !

()

whero & = e/e, and In denotes natural logrithm.  Sinee e} = ¢,, (11) implies

1 ¢! 1 ¢,!
—— In-t = In % . (1)
C—Cy ! c—¢; !

which means ¢; = ¢, proving the result.

Corollary : The acccplance sampling three-decision plan by attributes is
completely characterised by any one of the following combinations of parameters

(») 28, S8 and p;
() 2§, 8% and p;
Tho proof of this corollary is gimilar to Theorem 1 and is omitted.

4. THE OPTIMAL PLANS

Let p denote tho incoming lot quality. Assuming p < .10 which is a
reasonable assumption for most of the industrial situationg, tho average amount
of inspeetion for ASR plan can bo written as

[ =n4-(N—n) ‘E e~np(np)rir ! .. (13)
e

Sinco under ASR plan the rejected lots do not contribute to the averago out-
going quality after inspection, p, is given by

N—-1T,
=P ‘\'-l ()

when tho defeetives found in the sample aro replaced except in tho caso of
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rejection and where 7, iy tho average amount of inspection conditional that
the lot is cither aceepted or sercened, i.o.,

I nPq(p)+NDy(p)
1

- Pa(@)+Pilp)

The averege outgoing quality limit (p,) is tho maximum value of p, that will
result under any sampling plan, considering all possiblo values of p in the
submitted product. The value of p for which this maximum value of p,
oceurs is designated as p,,.

Differentiating (14) with respeet to p and equating to zero wo get

N

dpy _

dp = (3

Substituting for I, in (15) we get

- o F1
PD)+Po(pIPup) = npe-rn V2L (Pat)4 Ptph—eonn C2 T pop)

(16)
Let tho solution bo p = p, and then denoting 2p, = z
- /L_l) 17
o= \7TN) Y - (7
& or % r
whero y=2Le* 1—, e z—'
7=0 ‘lpao T
From ()6) we get
[
(Ee )2
pmo T\ 1t
£yt e, eyt
— T N _c_zxz f,-xf: o (18)
el peo rt ¢3! oo r!

Solving (18) by Newton-Rephson method of upproximation we obtain the
solution z, the valuo of y for tho values of ¢, = 0 to 20 as given in Table 1.
Tho smallest feasiblo valuo of ¢, is taken corresponding to a given [
in (18).
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TABLE 1. TNE VALUES OF x SATISFYING (18) AND CORRESPONDING VALUTS OF y

o 6 z v g, € z Y

0 2 1414213 0.414214 1m 13 11.215362 8.168714
1 3 2.230378 0.052182 12 14 12.140244 8.053887
2 4 3.092727 1.5658027 13 15 13.008490 0.750142
3 5 3.065123 2.208438 14 10 14.000707 10.504794
4 L] 4.819030 2.891019 15 17 14.930630 11.379249
1 7 §.742012 3.698241 18 18 15.804714 12.1069019
o 8 0.041530 4.325121 17 19 16.800401 13.023669
7 L] 7.547688 56.008162 18 20 17.737800 13.852822
8 10 8.459209 5.824704 19 21 18.877001 14.680149
9 11 0.374142 6.593001 20 22 19.617890 15.523357
10 12 10.292835 7.371440

The valuo of ¢, giving minimum valuo of I at a specified process averagop is
given by

Alle,~1) <0 < Alfe) e (19)
where 1 denotes the value of I when p = 2. TFor a specified values of procoss
average (p), AOQL (p,) and tho lot sizo (N'), tho plan (n, ¢,, ¢,) which minimises
I would Lo the optimal plan under consideration. For determination of such
plans, tho relovant cquations and conditions aro (17), (18) and (19).

Let )T = NP, @ = np and for n given ¢, tho corresponding values of ¢,
aand y be denoted by c(;‘), a,, ond Ye, reapectively. Further let B/p,, bo denoted
as k. Consider tho M, & plano. For given valuo of AOQL = py, for any pair
(A_I, k), o particular pair (¢y, ncl) can bo found which mnkes I a minimnm. Since
tho accoptance number ¢, assumes only diseroto values minimum valuo of I
will be found for many pairs (A, k) for the samo valuo of ¢,. From this it is

ovident that on an A7, k plano thero oxist zones in which the aceeptance numbers
aro identieal. To find tho boundary lincs of theso zones it was notad as by

Dadga and Romig (1059) that for cortain pairs (1|—1. %) two paivs of (e, ":l)
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exist, giving the samo minimum valuo of I.  These values of ¢, wero found 1o
differ Ly 1 in all such ensos.  The boundary point for any two adjacent zones
would Lo given under tho optimal condition (19) ns

{c) ' {c 1) r
" -a, (%, ) 2. —ae gy (Ug,4,)
=), X e VT —a, S e WV
— ' ! Teat r 177 142 r
N = .o (20)
tep) €, +1)
1 r 1 r
4 —a, (@ ) - (¢e 41)
2, . a,‘( o e JToan et
z — - = —_—

6+l o eh rt

Thus to obtain optimal plan (n, ¢y, ¢,) one may consider ¢, ¢, wnd y
satisfying (18), i.e., from Tablo 1 and then by » process of iteration boundary
points for tho adjacent zones on J/, k plano cun Lo obtained, subscquently
sketching all tho zones each having identical valuo of ¢;. This chart on the JI, k
plano will give tho valuo of ¢; minimising I for specified p[py, and lot size (X).
Tho corresponding valuo of n is to bo determined from (17).

Tho iterative procoduro to obtain boundary point on M, k plane is given
Lolow :

Step 1: Chooso somo arbitrary value of ¢, and henco ¢;+1.

o . . .
Step 2 : Assume N as infinito, obtain ", and n 4 and lienco ag, and

Get1 from (17) using tho values e, and Yepi1 fron: Tablo 1.

Step 3: Obtain tho valuo of M and henco N from (20) using chosen
values of ¢, and ¢;41 and corresponding values of c;“), c;ﬂ‘“)

G, and a4y 08 obtained in Step 2.

and tho valuos

Step 4: Trom (17) using V as obtained in Step 3 and tho values of Ye,

an 1 g
d Yeyrrs obtain new values of a, and LA

Step 6: Again obtain N from (20) using now now values of ag and
@ +4 Obtained in Step 4.

Step 6: OUltain moro uccursto values of a, and [ from (17) using
N as obtainod in Stop 5,

Step 7: Torminato the iteration Jor o fixed k= p/p, whon at two
suceessivo slagos of ilorations tho solutions are almost idontical.
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For oxaniplo, let 7 = 0.005, p, = 0.030. Yor k = p/p, = 0.100 and
¢y =0,1,2,3, and 4 and using tho corresponding values of y from the tablo

of x andl y (Tuble 1) the boundary points A fortho ndjncent zones were obtained
as given in Tablo 2 under abovo proceduro.

TABLE 2. TUE VALULS OF M7 ON THE BOUNDARIES
FOR ASR PLANS

€1 a+1 M y

0 1 1.404712 0.414214
1 2 10.389320 0.952182
2 3 136.331060 1.558027
3 4 078.750790 2,208438
4 5 €430, 144300 2.891019

Example 1: TFor ijllustration the optimal plan for ¢, = 0; p = 0.003,
Pr, = 0.03 and y = 0.414214 is obtained below :

Tho valuo of 3 corresponding to £ = 0.100 from Tablo 2 is 1.404712 for
¢, =0and ¢;4+1 = 1. Tho valuo of the lot size at tho Loundary of the zono

for ¢, = 0 is obtained by dividing the value of M by the valuo of 3, i.c.,

1.404712
N o= 2T 980.04.
4 005 80.9
Using (17) wo got the value of samplo sizo #s 8.05. The average lot sizo for
tho ¢, = 0 zone i« taken as 144 and tho lot rango as 8-280.

Similarly, proceeding succossively for ¢, = 1,2,3 and 4 and using the
values from Tablo 2 wo obtain the optimal plans as given in Tablo 3,

TABLE 3. SOME ILLUSTRATIVE OPTIMAL ASR PLANS FOR
P = 0.005 AND p, = 0.05

lot N ¢ [ n
8-280 144 0 2 8
281 - 3277 1779 1 3 18
3278 - 27276 15277 2 4 31
27277 - 195750 111314 3 S 4H
195731 — 1250028 740890 4 ¢ 67
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5. SPECIAL PLAN (ASP PLANS)

In tho provious soction wo havo considored ASR plans. From the appli-
cability conditions (Seetion 2) it is apparont that tho items are assumed to bo
in good supply. During o recoiving inspection it may bo possiblo to afford
outright rojection of a lot under this three-docision critoria. But if suddenly
demand increases manifold duo to emergoney liko war, opidomic or famine
it may not bo possiblo to afford outright rojection of n lot. Howovor, it may
Lo dosirable to discourego poor quality matorial by imposing some penalty
to tho supplior on tho basis of a sampling inspoction. In such casos tho threo-
decision criteria under ASR plan may be modified as follows :

Tako n random samplo of 2 from N and if  donotes tho number of dofoc-
tives in 2 then

aceept if 0z
sereen if <z, .o (21)
accept with ponalty if <N

Wo shall rofer to tho plan with this three-decision critoria as ASP plan. Some
aspocts of utilisation of the lots accoptod with penalty to tho supplior undor
an ASD plan nced clerification at this stage. A lot so accoptod may bo cither
scrooned or used as such doponding on whether n dofective item is rendered
completoly unusablo or it satisfics the functional requirements without hamper-
ing it considerably. Sometimos such & lot may Lo kept asido and may be
used when actual non-availability ocours duo to short supply. If supply is of
stochastic naturo and the distribution is known reasonably woll, it may be
werth investigating an optimal docicicn minimising regrot or loss in rospect
of instantanoous or deforred uso of such lots.

Assuming that tho lots accopted with ponalty under ASP plans are used
a3 such without being screonod the avorage amount of inspoction is given by

0,
I =n4(N—n) Eﬂ P (np)r/rl e (22)
€141

which is tho samo oxpression as (13).
Prococding on tho lino of (156)—(17) of Soction 4 wo got
dp, _ N—n S (up)y | _ (np)es*r _ _ » (np)att)
U *T[“J‘lf mETreTLr Tvar | =
(23)
Bi-5
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Solving (23) for p supposo wo got tho solution p = p’. Lot p’n = x thon wo
got (24) and (25) analogous to oxprossions (17) and (18) ns follows,

Ny N
= 7T o (24
Npot+y @4
27
whero —')
r!
[2 +1 +1
- ¥ e e B e (25)
cp+l r ¢! 6!

Solving (23) by Nowton-Raphson mothod for the values of ¢; = 0 to 21 we
obtain the solution x, and the valuo of y a3 given in Tablo 4.

TABLE 4. THE VALUES OF x SATISFYING (25) AND THE CORRESPONDING

VALUE OF y
[y G z y N €y E Yy
0 3 1.500000 0.433158 11 13 9.040888 7.463453
1 4 1.000000 0.907877 12 16 10.494637 8.206485
2 8 2.444308 1.395127 13 17 11.348001 B.057475
3 7 3.183143 1.081920 4 18 12.206446 0.716324
4 8 3.044987 2.600002 15 19 13.069517 10.481834
3 9 4.724950 3.152097 18 20 13.036821 11.834342
é 10 5.510603 3.012070 17 21 14.808015 12.031571
7 1 8.320748 4.595737 18 22 15.682820 12.509203
8 12 7.144284 5.204427 19 23 18.534527 13.802765
® 13 7.970872 6.000078 20 24 17.442188 14313414
10 14 8.803380 6.720038 21 25 18.320320 15.02741t

Argueing as in Scction 4 and proceeding on tho identical lines wo got tho
boundary points Jf for tho adjacont zonos on the Af, & plane under ASP plan
for ¢, =0,1,2,3,4,5 o3 given in Tablo 5 whon tho same values of p and
P, s carlier are used.

Proccoding on thoe linos as in the provious section some illustrative optimal
ASP plans sro obtained and aro given in Tablo 6.
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TABLE 6. THE VALUES OF M ON THE
JBOUNDARIES FOR ASP PLANS

€ e +1 M y

0 1 1.1779 0.4332
1 2 14.0202 0.9079
2 3 160.5458 1.3051
3 4 1320.0289 1.9819
4 6 7026.4795 2.6009
5 ¢ 90196. 6000 3.1521

TABLE 6. SOME ILLUSTRATIVE OPTIMAL ASP PLANS

lot N I'N [ n
8-236 144 0 3 8
237 - 2805 1621 1 4 18
2806 - 33310 18058 2 [ 28
33311 - 204007 148059 3 7 40
264008 - 1585200 024052 4 8 52
1585207 - 18030320 0812308 5 9 83

As mentioned theso plans are only illustratives. An oxhaustive table for such
AOQL plans with threo-docision criteria can be worked out following the ateps

given hero.

6. COMPARISON WITH DODOE AND ROMIG'S FLAN

Given a Dodgo and Romig's single sampling plan for o fixed valuo of the
lot size (), process averago (3) and AOQL (p,) with snmplo sizo n and aceep-
tanco number ¢ wo shall defino a ‘corresponding’ plan (n, ¢,, ¢;) with threo-
decision criteria whero ¢, = ¢ and ¢; > ¢,.  Such *corresponding’ plans may be
noither unique nor optimal in tho sonso of Dodge and Romig (DR). However,
for & given plan with three-decision critoarin a corresponding wniquo Dodge
and Romig's optimal plan can bo defined.

Theorem 2: For a given lo! size (N), process average (p) and average out-
90ing quality limit (AOQL) as py, if there exists a DR plan (optimal) with AOI
a8 IY and an optimal three-decision ASR plan with AOI as I then 13 & 1.
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To provo this rosult tho following lommn will bo nsed.

Lomma :  For given lot size (N), process avcrage (p) and AOQL (p,) if there
exists an optimal Dodge and Romig (DR) plan (n, ¢,) with AOI as I3 and a corres-
ponding three-decision ASR plan (n, ¢y, ¢3), ¢, < ¢y with AOI as Ipthen I, < 1.

Proof : Sinco
I9=nt(N—n) & b (np)rfrl
et1
and

[
Iy=nt(N—n) T enp(ap)fr!
€41
tho rosult of tho lemma follows immediately from

B = L4 (N—n) T e (ap)rir!
(7538

as (N—n) & emdpnp)rjrl > 0.
cptl

By definition 1§ < I, which implics tho result of Theorem 2.

Corollury :  For given lot size (N), process average (p) and AOQL (p,) if
there exist Dodge and Romig (oplimal) single sampling and three-decision optimal
ASP plan with AOI equal to 19 and 13 respectively then I < I3.

7. GENERAL REMARKS

Tho use of plans providing averago quality protection in torms of AOQL
has been questioned. AOQL has been criticised 8 an inadequate measuro as
it doos not provide a sharp uppor bound for averago outgoing quality.
Anscombo (1958) viewod AOQL a3 only statistician’s guarantco end remarked
that in practice it is not consumer’s roquircment. He emphasised the need
for an alternativo measuro. So far no adequate elternative measure has been
found. Hillicr (19G4) proposod averago oxtra defoctivo limit (AEDL) as an
alternativo measure to obtain unique plan in enso of continnous sampling plan
(CSP-1) of Dodgo (1943). But AEDL ia based on AOQL and is mainly »
way out to obtain a uniquo CSP-1 plan (i.o., value of parameters ¢ and f for
givon value of AOQL and incoming lot quality p) rather than an altornative
moasuro. It would bo of interest to oxamine infloxion averago quality, ie.,
valuo of PL(p) for p = p3 as a sharpor bound alternativo to AOQL for o given
plan with three-docision critorin.
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