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Abstract

This article deals with the problem of common due-date assignment and
scheduling on single machine with exponential processing times. The objective
is o minimize the expected total cost associated with the due-date and
earlinessAardiness of jobs. For large due-date cost, we have derived a.closed-
form solution, which is applicable to the general processing times as well. In
the other case, it is shown that an optimal sequence lies among the V-shaped
sequences, and an aigorithm is developed for the derivation of optimal solution.
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1. Introduction

Consider a single machine with n independent jobs, all‘available for procgssin_g
(“On'preemptively) at time zero. Aill the jobs have common due-date whlcb is
unknown. The problem is to find an optimal value of the due-date and an op’umal
sequence which minimize the total cost based on due-date vaiue and the earliness/

tardiness of each job.

Traditionally, the due-date has been assumed to be extel_'nally determjn_ed
(beyond the control of the decision-maker). Under such situatlo_n, the decision
Problem is essentially scheduling the jobs subject to* th(_eir prescribed due-c_iate_s.
Conway [6] was the first to introduce the notion of attainable d_ue-date Wh‘ICh‘ is
imernally determined. With this orientation, the decision problem is both assigning

due-dates to jobs and scheduling them.
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Recently, the issue of due-date assignemt has received considereable attention
of the researchers in the field of scheduling. For instance, refer to De et al. [7,
8], Cheng and Gupta [5], Baker [4] etc,, Analytical studies of the problem were
initiated by Seidmann et al. {13] and Panwalkar et al. [12].

The present study is motivated by Panwalkar et al. [12]. They have given
elegant solution to the problem wherein job processing time are known constants,
However, in many real-life sitations, the processig times are likely to be random
and this calls for scheduling analysis under uncertainty (refer to Frost [9], Al-Turk
et al. [2, 3]). In such cases a common modelling assumption has been the use
of exponentially distributed processing time. For example, see Glazebrook [10],
Weiss and Pinedo [14], Agrawala et al. [1], Kampke [11] and so on.

In this paper, we study the common due-date (fixed) determination and
sequencing problem on single machine, when the job processing times are
exponentially distributed.

We first formulate the problem in Section 2 as the minimization of expected
total cost. In Section 3, we present the preliminary results that are used later to
derive the properties of optimal due-date and sequence. In this section, we derive
the distribution of the sum of independent and distinct exponential variables. The
main results are presented in Section 4. For large due-date cost, a closed form
solution is provided. In the other case, it is shown that an optimal sequence can
be found in the set of V-shaped sequences. An algorithm is also developed for
this case.

2. Problem Formulation
The processing time X, of job i(1 < i < n) is assumed to be random having
exponential distribution with parameter A;. We assume that X;'s are independent,

and distinct (i.e., A;'s are distinct). Let us denote the pdf (probability density function)

and cdf (cumulative distribution function) of X; by f.() and F;(.) respectively, s0
that

fi(x) = }»,-egl"xand F(x) = 1-e % when x> g, for i = 1,..n.

For a sequence n = (m,,...,n,) of n jobs, let C;(n) be the completion time
of m; (the i-thjob in x)

It is also assumed that all the jobs have common due-date § which is fixed
but unknown. Next, let us denote the earliness and tradiness of the job m; by
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E@® mand T (3. n) respectively.

Therefore, for any fixed sequence x and given due-date §

»

C(n) = EX,«,,
;!
E (5 m = max {0. 5 - C (n)}
and T (8, m) = max (0, C (n) - &}
forji=1,., n

We denote the cost rate (per unit of time) for (i) due-date, (i) earliness and
fi) tardiness by P, P.,and P, respectively, and they are assumed to be fixed and
known.

Then, the total cost, denoted by Z (8,7), associated with a specified value of
due-date 6 and a given sequence g, is

Z(8,m) = Y [P8 + PE(8,n) + PT,(8,7)]. (1)

i1

It must be noted that E (6,m) and T, (6,n) are random, and consequeqtly
Z (d.n) is also random. Let us use the notation &W) to represent the expectation
of any random variable W.

The problem under consideration is to minimize the expected total cost, i.e.,

Find & and =n* such that

£(Z2(8°, n*)] = mine[Z(5,m)] 2)
d.n

3. Preliminary Results

In this section, we present some preliminary results that are required to derive
the optimal due-date and optimal sequence obtained in the next section.

Lemma 1 : For any r (r > 2) distinct numbers — a, (i = 1, 2., 1),

r _ 0’ .
(a) 21 L (a, - &) )

:tl
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Proof : The proof is given in the Appendix.

The following lemma gives the density function of the sum of exponential random
variables having distinct parameters.

Lemma 2 : Lex X, N exp (A) for i = 1, 2, ...,r (r > 2) be distinct and mutually

independent. Then the pdf of 2;21 X, denoted by g, (), is given by

At

ey (A = &) )

#f

g,(t) = (W_h;) Y

i=1
Proof : The proof is based on Lemma 1(a) and is given in the Appendix.

Corollary 1 : The cdf of 2,;1 X; (as defined in Lemma 2) is given by

G, ()

r
i——————ni:ﬂi Ajt
7 - #i e N
r
izt g (A; — A;)

#i

Proof : It is obvious from Lemma 2.

Lemma 3 : For a specified value of due-date & and a given sequence T, the
expected total cost is

n
e[Z(8,m)] = (P, + P,)8 + Py 3 (n— i+ iy,

i=1

- (P + R B[ G (t ot o
i=1
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where G, (tin) = P[C, (n) > t]
and By =€ [Xq ]
Proof : We have, for any i (1 <i < n),
E (5 n) = max {06 - C(n)}
= & — min {C(n) &}
and T (8.n)= max {0, C (n) - &}

= C, (m) — min {C(m) §&).
This implies that

e [E (b)) = &~ ¢ [min{C(n),5}]

ad € [T (5nm)] = Z“"/ =& [min{C(n),5}]
jo1
Now,
efmin (C,(n), §)] = j:op[mm (C/(n),8} > t] dt

- jiop[ci(n) > t] dt

& —
= L:OG,-(I/R )dt.

Therefore,

n n
e[2(8,m)] = PP + P, S e[(E (8,1)] + P, Se[T,(8,m)
i=1 i=1

n i no 5 _
= n(P + Bp)s + Py D Db, ~ (P # P3)§ [ Gi (tim)et
i=

i=1 j=1

(by using (7), (8) and (9).)

225
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Hence the result follows.

Lemma 4 : Let & (= 0) be a constant. Let U and V be two non- negative
continuous random variables which are independent. Denote the pdf and inverse

cdf of U(V) by hy(-) (hy(-)) and Hy(-) (Hy(-)) respectively. Then

Efmin {U + V,8}] = fio [ﬁ:o H, (t-u)hy(u)du + Fy(t )} .

Proof : We know that
E[min{U + V, d}]

i

J':o P[min{U + V,8} > t]dt

js_o P[U + V > t]at

t=0

|

Herice the lemma holds.

ja [j:’:o PIV >t - u] hU(u)du]dt

[ H (t- ul by(u)du + Hu(r)]dt_

u=0

4 Main Results

This section deals with the determination of optimal due-date and optimal
sequence of the jobs in order to minimize the expected total cost.

The following lemma describes the behaviour of the expected total cost function.

Lemma 5 : For a given sequence m,

ak[Z(3,n)]
o}

(a) = n(F ~ P;) + (P, + P3) Y, Gy(3n),

i=1
(b) e[Z(8,n)] is a convex function of§.

Proof : Using Lemma 3, it is easy to note that
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*(2(5.2)] - =
[(ﬁ =P P (Pev )Y G
[
T[2(5,7) X
T e e g
\

[

were g ([n) 1s the pdt of C (n).
Hence the result follows.

We present below a theorem that gives solution to the problem if the cost
rale for due-date 1s farge enough.

Theorem 1 : it P, P, then optimal due-date §° - 0,and optimal sequence
T = (n,...%,) is such that Hp < Mn, < o < Mg .

Proof : For a given sequence n, we get from Lemma 5 that

df[Z;‘::ﬂU = n(P, - Py) + (P, + P) Y, Gi(3/n)
i=1

> 0 (since P, 2 Pa)'

e, €[Z(8,m)) is an increasing function of 8. Therefore, 6* = 0 minimizes &Z2(3,7)]
for any given n.

Next, with §° - p we get from Lemma 3,

n
e(Z(8"\m)] = Py 3 (n - i+ Ty, (10)
i1
It is known that the sum on the right-hand-side of the equation (10) is minimized
Y 1 = (m,..,m,) when Mg < Hg, < oo < B,

This completes the proof.

Remark 1 : The 5 in Theorem 1 is called SEPT (Shortest Expected Processing
Time) sequence, and the result is same as that of Panwalkar et al. [12] for the
deterministic case.

When P, > P;, the Theorem 1 provides the solution of the problem un.der
consideration. We assume that P; > F throughout the remaining part of this section.
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Theorem 2 : For a given sequence =, €[ Z (6, w§ has unique minimum at
§ = &, where §,is solution of

n(P; — F)

(8 =
ZGI(/TE) P2+P3

i=1

Proof : The proof follows from Lemma 5.

(M)

Remark 2 : Using Corollary 1, we can solve the equation (11) for 8 by numerical
method.

Remark 3 : Notice that the Theorems 1 and 2 hold for arbitrary random job
processing times.

The following lemma evaluates the effect on the expected total cost when two
adjacent jobs are interchanged in a sequence.

Lemma 6 : Let n(z,...,m) be any sequence of the jobs. The sequence 7' is
obtained from = by interchanging the jobs = and =z only (T <r <n-1) ie
T=my, X, T, . ). For any fixed 3, the difference in expected total cost

(52 B A > W

between m and 7' is given by
e[Z2(8,m) — Z(8,')] = (Mg, = W, Py — (Pp + P3)Gr(8/7)].

Proof : Observe that C (n) and C (r) are identical except for i = r. Therefore,
the result can easily be verified for r = 1.

Assume that r > 2. Then C. () = C_, (m) + Xy, and C (n) = C_ (1) +

r
Xz,.;- Consequently, using Lemma 3, we have
ez(dm) ~ Z (67)]
= Ps (Re, = Wy, ) — (P + P3) e [min (C,_y(n) + Xy 3)

- min {C,_4(n) + Xn,+,,5}1

[}

S — —
Pa (s, ~ Wn,, ) = (Po+ F3) | j;=o Rt ~y) - Fatt = v} gralyiniydt
(by Lemma 4)
= P3Ny, — Wy, ) — (P, +P3) - K  (say).

For the sake of simplicity in notation, we denote )"’ti by )“i for i = 1., n
the following part of the proof only.
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Now, with the help of Lemma 2, we can write

r !
r-1. ! 8
K=(”/=,,‘I. z *ﬁ‘—m v[l l:
”I"(/‘/ ~y) 0

~i

t -A (t-y) ~Apq(t- oy
J.y:o {e " r — g rral Y)}e}"ydy]dt

1=1

r 1
)y o B o)
N s T
=1 J 1 / i rA'/+1
i hho { s }
. X N - - - e _ 1
Ai(ﬂf - /'l) (A(H - Ar)
. *ra {e'}‘ra _ 1}
(h, =A)(x,, ~ 2 )
- A, e-xms . o
(A, ., =~ )(h = L) (on simplification)
I+ s r+ r
nr+1}\
N (Ay = *,) . i U {e"*,ﬁ i 1}
A ) r+1
AIArH i=1 ”I.:f (}'/ - )\.I)
r-1
+ ret nl.:'}\l' ’E'i’ 1 {e_)\_IS _ 1}
r-1
(A'HY - }"r) i=1 ()\'/ B }"I)HI=1()"I - }\',)
#i
r-1 B
._A’ . n/=1)\l ’21 1 {e"}»rﬂs - 1}
r-1
(hpyy = 2,) 15 (h g = 20 = &)
#i

ﬂ,”}»
. _ j=1"]
Ay oA _,21 P {9_}"’8 - 1}
r+1
lr}‘rw /=7ni=v7(}\/’ - Xi)

#1
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__Ilgi_j___ {9_}"8 - 1}

Ay = )
#r

r+1

Wi A8
_ #r+1 {e r+1-  _
nhay - A,)

#r+1

1} (by applying Lemma 1(a))

r+1

r+1

r+t Hf=7 i
(Mg =) Yy {1 _ e"‘if’}
r+ ~
A'r}‘r+1 i=1 Hj=] (Aj )"i)
Ed)

]

(Ur, = Un, ,)Gr41(8 /1) (using Lemma 1(b) and Corollary 1).
Therefore,

e[Z(8,m) — Z(8,1)] = Py(ity ~ My ) ~ (Po + Ps) (g, = B, JGru(3l8)

= (Wn, - Wn,,, ) [Pz = (P2 + P3) Gpuy(3n)].
Hence the lemma holds.

We know that for any due-date § and sequence p, G, (8/m) >.. > G, 317
Let Q = P/(P, + P,). Nete that 0 < Q < 1.

Lemma 7 : Assume that due-date & is given. For a sequence @ = (T,,...1);
. suppose that

G (In) > Q> G, (8/n) for some 0 <k < n, (12)
where G, (6/m) = 1 and G,, (6/m) = 0. We have

(@ if Ug < HUr.,, forsome 1 <r<k- 1,then n' = (Tyseey gy Mg Ty T
m) is at least as good as m,
(b) i B> Mg, forsome k<s<n—1, then n" = (e Ty T, T T

m) is at least as good as m,
Proof : Using Lemma 6, the proof is simple.

The following result helps us to reduce the effort in the search for optim
sequence.
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Theorem 3 : Let the due-date § be given. In order to minimize the expected

iolal cost ¢ (Z(o. 7)) it 1s enough to consider the sequences - m's which satisfy
the condition :

Heo 2 2 M <o <l for some 1 < k < n, (13)
where n - (n.,....n
Proof : The proot tollows from repeated applications of Lemma 7.

Remark 4 : A sequence having property (13) is called V-shaped. Let us represent
the set of all such sequences by V.

Finally, we present an aigorithm for minimization of €{Z(8, n)] (when P,>P)
based on the results obtained.

Algorthm :

Step 0 : Set Z = )

Step 1 - it V= o, then goto Step 4. Else, take n € V and update VeVifr).

Step 2 : Let & be the solution of the equation (11). Evaluate €[Z(5, m)] using
the relation (6).

Step 3 - I ¢[Z(5. )] < 2, « ¢ [Z2(6.7m)], ™ « mand 8 « & Goto Step 1.

Step 4 : Return as optimal due-date §* and optimal sequence m* with Z as
the corresponding minimum expected total cost.

5. Discussion

In this aritcle, we have dealt with a stochastic version of the common d.ue-
date determination and scheduling problem on single machine, where the iject
is to minimize the expected total cost associated with the due-date and earliness/

tardiness of the jobs.

Wth P, > P, we have derived optimal solution (Theorem 1) for general
processing times. This solution is same as that of Panwalkar et al. [12] for the
deterministic processing times. The case of Pz = F, is analysed for distinct
exponential processing times. It is shown that the search for optimal sequence may
be confined to V-shaped sequences only (Theorem 3). The procedure_ (Theorem
2) for the determination of optimal due-date is also obtained. (In fact, it holdg for
genral processing times.) Based on these results, we have developed an algorithm

for the dervation of optimal solution.

A closer view of the Theorems 2 and 3 suggest that similar charaqterizgtion
of the problem with general (or even with arbitrary exponential) processing times
Is quite difficult.
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Appendix
Lemma 1 : For any r {r > 2) distinct numbers — a (i=1,2..,
4 1
(a) Z“, -0
=il (a, - a) (14)
i ll/:1 a/
(b) Y ——* =1,
,:,11121(a} - a,) (15)

Proof of Part (a) : We prove it by induction.

For m = 2, the result is trivial. Suppose, the result is true form =r — 1. We
wil show that! the same holds for m = r.

Let a,, a,.., a, be the distinct numbers. Denote the left-hand-side of (14) by

. L Then

r-1 _ o w
M (a -a)l=-7% + 1

(a, —~a)
r1 _ r~1 k r
_ Hk;-,?,w(flf__afz - i’ + 1
nh(a -a) 0 i (a, - a)
¢I
r-1 _
e ' (a, iy (a, —a,) 1
K ———————- + 1.
B 'II’T(a - a) 2 i (a, - a) (18)
2 ity i =2 j 1 i /
£

This is because of the assumption‘ that the result is true form =r — 1, ie
r1 1

z 1 a
r= a —_
,‘:2“,‘:‘1 (a; )

#1

/ 7
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which implies that

1 ol 1
r—1 = - 23 —
n.-,(a -a) isznjzj (a, - a)
#i
Now, on simplification, we get from (16),
(a, —a )N’ (a -a)
] r—1" 0 7 k=2 "k r
n''(a -a)lL = 21 + 1
k=1 K r r-1
i=2 . (a; — &)
#i
r—1
r_1H (a - ar)
Z r1 + 1
=2 /2(a - a,.)
; ’2’ 1 1
= My (a - a,) - *
211 z(aj -a) Tl(a -a)
¢l
4 1
" ez (B = 20 ErI’ (a )
=2 j=2 j a
#!
Therefore,
;
L-— |y 1 .
(a, - a) i=2nj=2(aj ~a)| = 0

2
since the result holds for a, a,...,a.
T

This completes the proof of Part (a).
Proof of Part (b) : Denote the left-hand-side of (15) by U(r). We can write
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1 'a
r J=19) 1"’ r=1
uir) = B =) PR =L B
r r—1
T H/:, (a} al) “,-z, (a/ ~ al.) H/.=1 (a]. - ar)
£i £1
,z, 17 a; ( . )2,: ;
= [ U + (il 4. -
r j=1<] -
g (a,  a) i Wi (a; - a;)
s ;ﬁi
1’ 'a
r 1 =1
= 2 *—*—'”;_; (a/_T;j') (by applying Part (a) of this lemma)
£l
=U (r- 1)

Using the above recursive relation, one can easily prove the result.
lemma 2 : Let X N exp (%) /=1, 2., (r > 2) be distinct and mutually

independent. Then the pdf of Z:ﬂ X, denoted by Gt), is given by

4}.,.1
e
I .
#i

o= (1,%,)5

r
i=7

W, (h, = &) (17

l

Proof : The proof is by induction.
Wth m = 2 it can be seen that the result holds. Assume that the result is

tuefor m =r, ie.,

r -t

e
g (t) = (“(:,}‘-)Z r ’
#/

We will show that (17) holds for m = r + 1. Let £ , (1) be the pdf of X, and
r+1 .
J.,#) fori=1,2,..,r Then, the pdf of ¥, X, denoted by g.,,(t), can be written

as
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- j' (t — y)f._(y)dy
gm(t) - y=0 gr y r+t
- () 2’: | Fghilty) & ay
,':1 —1 (;" )\'I) -
;&
At
( r+1 ) Er: . e [e(}‘i‘)‘m” - 11!
= i 11 0‘ )‘i) (}‘ - }‘m)
3‘4
r —7»1.1 r
e 1 At
(m7in )2 - (MY o™
=) S T -n) =) | ’*’ D=
¢I ;tl
; -t
-
- (n;:;xj) >—-°2 N (n;g j,) L o
i=1 Hj=1 (}‘j - A) H/=1()‘j - }"r+1)
#f
(by using Lemma 1(a))
r+1 ")‘,'t
= (n’.*’x.) )Y
j=1"j r+1 :
i=1 1 (}‘j - A

£

Hence the resuit holds.
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