OPSEARCH, Vol. 29, No. 4, 199;
SHORT COMMUNICATIONS

THE WEIGHTED MAJORITY GAME

Rajiv Goel

Indian Statistical Institute, 7 S.J.S. Sansanwal Marg
New Delhi 110016, India

(Received : August 1991, Revision Received : April 1992)

ABSTRACT

In this paper the author presents some results for weighted majority games.
Also, a polynomial time algorithm is presented here, which accepts as inputs
the minimal winning coalitions for a decisive simple game and produces as
output either a quota weights vector which represent the game or a proof
that the game is not a weighted majority game.

1. Introduction

Let N be a nonempty finite set. A simple game on N is a function
v 12NV > {0,1} satisfying

() »(¢) =0,
(i) W(N) = 1,
(iii) v(S) < v(T) whenever S C 7.,

Some authors refer to this as monotone simple game also. Elements of
the set N are called players. The player set N is normally represented as
N = .{1,2,....,n}. Elements of 2V (subsets of N) arc called coalitions. A
.coalmon § is called winning if w(S) = 1; losing if v(S) = 0; and blocking
if v(NN\S)=0. A coslition S is called minimal winning if ¥(§) =1
an'd.v(T) =0T C S; maximal losing if w(S) = 0 and wT) = 1%T2S;
minimal blocking if (N\S) = 0and WN\T) =1y TDS. A simple
game 1s called decisive if v(S) + wW(N NS) = 1forallS C N.

dA weighted majority game is a simple game such that there exists WE R’
an .q € Rsuch that £, ow, > g if W(S) =1 and T;ggwi < qif S) =0.
A §1I]I11plc game 1s called a pseudo weighted majority game if () it is not 2
weighted majority game and (1) there exists w € R> andg € R such that
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S w2 qif v(S) =1and Z w,q if w(S)=0. Element w; of the

S ieS
vector w is the weight of the player i and q is the quota.

Hilliard [3] in his thesis presented an algorithm which was designed
to accept as input a list of the minimal winning coalitions for a (monotone)
simple game 2nd to produce as output cither a quota and a set of weights
which represent the game or a proof that the game is not a weighted
majority game. Goel {2] presented a modified version of Hilliard’s
algorithm.  The algorithms presented were non-polynomial time algorithms
(For details refer to Goel [2] ). In this paper, the author presents some
simple results for weighted majority games and a polynomizl time algorithm
for finding a weighted majority representation of decisive simple games
if it exists,

2. Preliminaries: Definitions and Notations

Let N = {1,2,...,n}. For any subsct S of N, | S| denotes its cardinality;
and { } or 4 denotes the empty set (or empty collection). Throughout the
paper, we shall assume that all the sets are ordered subsets of M, i.e., SEN,
S={s, 8, ,s)thens, < s, < 53 < ... < s Let Q be the collection
of all ordered subscts of N of cardinality k, ie., Qx = {S:S ¢ N and
| §| = k}, where k is between | and n.

Dcfinition 1. Consider S and T belonging to Qx:
S-Tifs;< ¢, fori =1 to k and strict inequality holds for at least one i,
SLTifs; ¢y foralli =1 to k,
S=Tifs; = t,foralli =11tok,

Sis comparable to 7if S € T or T < S, (Otherwise Sis not comparable
toT).
Definition 2. A non-cmpty collection B of subsets from Qx is called an

antichain set if

(i) cardinality of collection B is one, or

(i) | B| > 1; then any two distinct elements from B are not compara-
ble to each other, ie., X, Y € Band X7 ¥ = X L V.

Definition 3. Define the following scts:
W={TwW(T)=1,and Tis an ordered sct},

L = {T:(T) = 0, and T is an ordered set},

B = {T:w(N\T) = 0, and T is an ordcred sct},
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We={(Tw(T)=1|T|= k and Tis an ordered set};

Ly = {Tw(1)=0,|T| = k and T is an ordered set},

B ={Tw(N\T)=0,[T| = k and T is an ordered set',
W= {S:S € Wi and foral T € Wi, T 4 83,

L= {S:S € Ly and forall T € L, T3 S}

wr=(S:S € WrandforallT € W, T ¢ S}

L= {S:S€ LyandforalTE€ L, T D S},

B = {S:S € BrandforallT € B, T4 S,

W= Uja Wi, L' = Ul Li,

W= Ut _ Wi, L™ = Ufe L' B™ = Ui Bk
Won = (S:S € WeandforallT € W, T & S},

Lim = {S:S¢c L'andforallT € L', T D S).
Definition 4. A simple game is called

Proper if v(S) + (N\S) € 1 v SN,

Strictly Proper if it is proper and strict inequality holds for atleast on¢
SeN,

Strong if v(S) + v(N\S)> 1 v S G N,

Strictly Strong if it is strong and strict inequality holds for atleast on¢
SeN,

Decisive if v(S) + (N \S)=1 v S € N,

Mixed if it does not fall into any of the above categories, i.c., if it is
neither proper nor strong.

3. Main Results
TaeorReM 1. For all simple games L — {S:N\S € B"}.

‘ Proof. Follows from the fact that (maximal) losing coalitions ar¢ com-
pliment of (minimal) blocking coalitions.
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THEOREM 2.

(i) A simple game whicl is proper but not strictly proper is decisive.
(1) A simple game which is sirong but not strictly strong is decisive.
Proof. Follows casily from the definitions.

Remarks. Using the above result we can classify the simple games into
the following four distinct categories:

(1) Strictly Proper.
(2) Strictly Strong.
(3) Decisive,

(4) Mixed.

THEOREM 3. For any 1weighted majority game the following two cannot
hold simultancously :

(O v(S) + w(NN\S) < | forsomeS g N,
(i) W(TY + v(NNT) > 1 for someT < N.
n n

Proof Since (i) implics thatg > } = w; and (i) ¢ < § Zi w; and
. .

=

obviously both cannot hold togecther for any choice of w;’s.

The above theorem states that the mixed simple games cannot be rep-
resented as weighted majority games.  And that a weighted majority game
is a simple game which is Strictly Proper or Strictly Strong or Decxglve.
Also, it does not imply that if a simple game is Strictly Proper or Strictly
Strong or Decisive, then it has the weighted majority representation.

THEOREM 4.

(/) For a decisive simple game W™ = B”,

(if) For a strictly proper simple game W C B,

(iii) For a strictly strong simple game W D B.

Proof. (i) Follows from the fact that every bl'ockin.g coalition is also
winning and also every winning coalition is blocking, 1.¢., W = B. Others
also follow from basic definitions.

Notation : For all 4 € Qx let us donate

wW(A) = Way + Wag -+ o A+ Waee
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Consider the following LP problem:
Maximise g,
subject to wS)y =g SE W,
w(N) =1,
Wi, s Wn g 2 0.

Let us denote this LP problem as LP1. It can bc easily seen that LPI is
always feasible irrespective of W,

THEOREM 5. A decisive game v (i.e., v(S) + v(N\S) =1) specified by Wn
is a weighted majority game iff the optimum value of the corresponding problem
LP1 is greater than }.

Proof. Suppose, thereis a decisive game v (i.e., v(S) + W(N\S8)=1)
specified by Wm, which is a weighted majority game and the optimum
value of the corresponding problem LPI is less than 4. This implies
existance of 2 § € W such that w(S) = g and g <} thenw(N\$) =
1—g 2> § 2 g which contradicts the fact that the game is decisive.

Suppose, there is decisive game v (i.e., ¥(S) + v (N\S) specified by W"
and the optimum value of the corresponding problem LP! is greater than }
then the solution of LP1 shall be the weights and optimal objective value
shall be the quota of related weighted majority game. Hence the result.

Consider the following LP problem:
minimise g,
subject to wS) < g SE Ln
w(N) == 1,
Wi, ooy Way ¢ 22 0.

Let us denote this LP problem as LP2. It can be casily seen that LP2 is
always feasible irrespective of L.

THEOREM 6. A given simple game has a weighted representation only if the

optimal value of corresponding LP1 (say, z1) and LP2 (say, 5) satisfies the
Sfollowing:

(D) z1> 2, 2 % for strictly proper game (also, z, + z, > 1),
(i) 3 2 23 > z, for strictly strong game (also, z, + z, < 1),

(ii)) z,> ¥} > z, for decisive game (also, z; + z, = 1).
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TneoreM 7. A given simple game has a pseudo weighted representation
only if the optimal value of corresponding 1LP1 (say 2)) and LP2 (say z;)
satisfies the followiny

(1) = = zo >} for strictly proper game,
(i) z; = z, < ¥ for strictly strong game,
(i) zy = z, = } for decisive game.

Remark. Normally L™ is not known. The above two theorems can be
used as a necessary condition by checking the incqualities for the LPl as
I is known.

Tucorem 8. If i, = | {S[i € S, [ S| =k ard S € W™} | where Wm
is the set of minimal winning coalitions for a weighted majority game, then
there is a quota-weight vector with thie following properties:

(D) if aw = axj for all k & n, then w; = wy,

(2) ifavi = ay forall kb << | < nand ay > ay, then w; > wy.

Proof. See Hilliard [3)

Given W=, we can use Theorem 8 to reorder the players (if necessary),
according to lexicographical order of the vectors (dyi, @, «--, @sj) to ensure
that if there is a solution (that is, if there is a weighted representation) then
itsatisfies w, € w, <...<< w,. Consider the following LP problem:

Minimise w(N)—gq,
subject to w(S) > g v S e wm

Wy > l’
Wigr—wi > 0 i=1ton—1.
Wiy eeey W, g > 0.

Let us denote this LP problem as LP3. It can be easily scen that LP3 is

always feasible irrespective of W= or W
THEOREM 9. A decisive game v (i.e., v S) + WNN\S) =1) specified by Wm

isa weighted majority game iff the optimum solution 1o the corresponding
i

problem LP3 should be such thatq > % = N
1=

Proof. Follows from Theorem 5 and equivalenace of the two problems
LP! and LP3.
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Algorithm

To check whether a given decisive simple game (W™ is given) hasa
weighted representation, we solve either LP1 or LP3 with an additional
constraint given as follows:

g > % for LPI.
g > 3 w(N) for LP3.

and if the problem with the additional constraint is feasible than the given
decisive game has a weighted majority representation with (q,w) the quota-
weight vector as any feasible solution to above problem.
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