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SUMMARY. A roal symmotrio matrix A is said to bo positive subdeflnite (PSubD)
if for any voctor &, ', Ax < 0 implios Ax is either nonpositive or nonnegative voctor.

A PSubD matrix which is not positive somidoGnito is ealled moroly positive subdofinito
{MPSubD) matrix,

In this papor two chnrucwrm\uom of MPSubD mutricos are eatablishod and alwo MPSubD
matricos p ing MPSubD g.i aro cl isod.

1. INTRODUCTION AND PRELIMINARIES

The concopt of quasiconvex and pseudoconvex quadratio forms which
pley an important role in mathematical programming problems lead to a
now subclass of roal eymmetrio matrices, namely positive subdefinito (PSubD)
matrices. Martos (1969) mado an interesting study of theso matrices whero
he proves some nico properties of mecrcly positive subdefinite (MPSubD)
matrices which aro PSubD but not positivo semidcfinito (PSemiD). He
wondered whether somo of the propertics of these matrices, proved by him,
would characterise the MPSubD matrices.

The object of this paper ia to answer his question in affirmative,
thereby obtaining an interesting characterisation of MPSubD  matrices.
We obtain another characterisation of MPSubD matrices similar to the one
of PSemiD matrices. These characterisations provido an easy recognition
of quasiconvex and pscudoconvex quadratic forms in view of Theorems 4 and &
of Martos. Ve study these matrices with respect to the gencralized inverse
(g-inverse) also. It is well known that a PSemiD matrix has a PSemiD
g-inverse. However as we show, barring trivial cases MPSubD matrices
do not possess MPSubD g-inverses.

Matrices aro denoted by capital letters and agy, A, det A, tr A, R(A)
and Ay denote respectively (i, j)-th clement, transposs, determinant, trace,
rank and k-th order leading principal minor matrix of tho matrix A. Column
vectors are denoted by lower caso lettors and & denote the i-th component
of @. (x, y) denotes the usual Euclidean innerproduct of vectors & and y.

We call a vector & nonnecgative (positive) denoted by x > 0 (x> 0)
if ¢> 0 (x> 0) for all § and & is semi-unisigned (unisigned) denoted by
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1%0(120) ifxt> 0 or ¥ < O0(x!>0 or xf<0)for all iand |x|
donotes the voctor wr, cach eloment replaced by its modulug,
Definition 1: Let A4 bo an mXn matrix, then the matrix G of order
nxom sutisfying
(iy AGA=4
(i) GAG =G
(iii) (AGY = AG
(iv) (GA)Y =GA
is defined as Moore-Penroso inverso of A, denoted by A*. Any matrix G

satisfying (i) and (i) is defined as reflexivo g-inverso of A and is denoted by
A7 (Rao and Mitra, 1971).

Definition 2: A real symmetric matrix A is said to bo positive sub-
definite (PSubD) if for any vector &, &'Ax < 0 implies Ax is cither non-
positive or non-negative vector.

Definition 31 A PSubD matrix which is not positivo scmidofinito is
called morely positive subdefinito (MPSubD) matrix.

2. CIARACTERISATIONS OF MPSUBD MATRICES

Theorem 1: A non-positive symumelric matriz, having exactly one (simple)
negative eiyen value, is MPSubD.

Proof :  Let A be & non-positive symmetric matrix having exactly ono
negative cigen value Ay, Therefore the cigen vector of A corresponding to
A, i3 semi-unisigned.  Consider the spectral decomposition of A.

A= piHAppit Ay DA AP,
whero Ay, ..., Ay aroe positivo cigen values of A, A,,,. ..., A, and zero cigen
values of A and py, p,. ..., p, i3 tho orthonormal sot of eigen vectors of A
corresponding Lo Ay, Ay, ..., A, Without loss of generality let p, > 0 beenuso

P, i8 semi-unisigned.  Thereforo

A = A piApapi AP, e (1)

Lot & = ¢,p,+C,pa+...4c¢,.p, bo any vector, then
Az = 2,0+ 2,604 ...+ A,
und (Ax) = Ae pi+Acpi+t.. +A0p! fori=12..,n
T'Ax = AetHA,ci+... 4+ Ack
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To show that x'Axr < 0 = Az —E 0. Lot ¢, > 0.

TAp < 0=)c, #0,
therefore,

—h> g Dueh o Ael) = () - ()

whero u' = ci (VA€q -y VAE).
1
Sinco A 0
ag = AP ALpi ...+ A pi)t < 0.
Now Pl=0==rpl=p{=..=0=—(Axf=0
Otherwiso if pf # 0
1 .

-4 > Py (AP +...+2(p)2] = (v, v) e (3)

where v = —}, (VADS, ..oy VADY)

»
(2) und (3) =
=22, > (u, w)+(v, ) > 2, v)

—A; > (u,v)
1
- > apt (A4 ...+ A, pf)
= A&, p{+2:capit - F A pf < 0 e (4)
that is (Ax)! < O for all ¢ such that pf # 0.
Therefore (Az) <0 foralld.
Hence Ax < 0.

Similarly if €, < 0 the incquality in (4) changos and Az > 0. Honce the
theorom.

In view of Theorem 1 of Martos (1969) wo thus have

Theorem 2 : . real aymmelric matriz A is MPSubD if and only if

(1) AL0
and (b) has ezactly one (simple) negative eigen value.

Remark 1 : It is interesting to note that if /2 is MPSubD and 2’Ax < 0
thon (Az) = 0 if and only if pf = 0, that is, if and ouly if i-th row aml
i-th column of A aro null.  Henco wo have thoe following result.

A4-11
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An MPSubD matrix is strictly PSubD if and only if 2 is unisigned that
is, if and only if A is irreducible (Gantmacher, 1960).

Also it is casy to observe that if A is MPSubD then ajy = 0 implies
cither ay or aj or both are zoro, and in the caso of strictly PSubD
ay=0==ay=ay=0.

Wo need tho following lemma in tho proof of Theorem 3. This lemma
is also of independent interest.

Lemma 1: If A is an nxn MPSubD matriz and B is a non-negalive
matrix of order nXp then B'AB is also M PSubD, provided it is not null.

Proof: x'B'ABr <0
= y'Ay <0 where y = Bx
= dy=4Bz20

= BABz 20 sinco B > 0.

Thus B’AB is MPSubD.

Remark 2: Tho above lemma holds for B < 0 also.

It is known that a square matrix A is PSemiD if and only if all its principal
minors aro non-negative. A similar characterisation for MPSubD matrices
is proved below using o separation theorem (Wilkinson, 1965, p. 103).

The cigen values Aj, Ag, ..., Ap_y of the leading principal minor matrix
A, _, of the symmetric matrix A, separate the eigen values Ay, A, ..., A, of A,

Theorem 3: A nonpositive symmelric matriz A (% 0) is M PSubD if
und only if all its principal minors are nonpositive.

Proof : “If* parl. The proof is by induction. Assuming Az =0 or
MPSubD wo will prove Ay, is null or MPSubD. To show Ayy, is MPSubD
it is enough to show thatit has cxactly ono simple ncgativo valuo as tho
result follows from I'heorem 1.

To start with A, = a,; { 0== A4, is 0 or MPSubD. Notice that

R(Ax) < R(Ary) < R(Ar)+2.

Case 1: Tet Ax =0. If Agy,y is also null wo aro done.  Otherwiso if
R(Agyy) = 1 which implies thero is only ono nonzero cigen valuo of Ay,
which hus to be negativo sineo tr(Agy,) < 0. On tho other hand if R(Ay, ) = 2
then out of the nonzero ciggen values of Agy, one is positivo and tho other is
negativo because of separation theorom,

Casc 2: Lot Ag bo MPSubD, Wo will show that A,y is also MPSubD.
Donoting Ly Ay, A%, ..., Af, the cigon valuos of g and Ay, Ay, vy Ay, tho
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cigen values of Ay, in increasing order wo have by soparation thoorem A, < 0,
Ay < 0 and A, ..., Apyy aro non-negative. Now if A, = 0 then 2, is tho only
negative eigen valuo of Ag,, nnd henco tho rosult. Otherwise that is 2, < 0
we will show a contradiction.

Let R(Ap,,) =m. Thon there exists an m-th order non-zero principal
minor of Ay,,, which can Lo brought to m-th order leading principal minor
of /i, by using samo permutation on rows and columns of A,,.  As MPSub
definiteness is undisturbed by theso operations (Lemma 1) without loss of
generality we can assumo that the m-th order leading principal minor of
Ay 38 nonzero.  Thereforo by hypothesis m-th order leading principal minor
of Apr,, is nogative.

Considering tho spectral decomposition of A g, we have

M 0 P,MP; PP
Aggyy =P P =
0 0 PMP;  P,MP;

P, P,

where P = [ ] iz an orthogzonal matrix and A is diagonal matrix

r, r,

of m-th order with diagonal cloments as the nonzoro eigon values of Ag,,.
So det B > 0 as there aro exactly two negative eigon values of Ap,,. Thus
m-th order principal minor of Ay, that is dot P, APy > 0 which is contradic-
tion. Theroforo A, = 0. Honce A, is the only negntive cigon values of
Apg,y. That proves tho if part.

Only if part :  Given A is MPSubD, to show that every principal minor
of A 0. Wo know that given any r-th order principal minor there oxists
a permutation matrix P such that the given minor is the leading principal
minor of B = PAP’. Now considor

I o I, 0 B 0
rApr’ =
[ ] [ 1} [}
whero I is the idontity matrix of order r. TFrom Lemma 1 and Corollary 2

of Martos (1969) it follows that I3, is MPSubD,

Heene the theorem,
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3. K-INVERSES OF MPSUBD MATRIOCES

When does a PSubD matrix havo a PSubD g-inverse 2 Notico that a
PSubD matrix is cithor a PSomiD matrix or MPSubD matrix, It is known
that n PSemiD matrix always posesses a PSomiD g-inverse. So our msin
interest is towards the class of MPSubD matrices, that is, when does an
MPSubD matrix have o PSubD g-inverso 2 Noticing tho fuct that an
MPSubD matrix connot possoss a PSemiD) g-inverse, since & symmotric
matrix A havo a PSemiD g-inverse if and only if A is PSemiD.  So tho only
possibility is MPSubD matrix to possess MPSubD g-inverse. A necessary
and sufficient condition for an MPSubD matrix to have an MPSubD g-inverso
is established in Theorom 5. Beforo that wo prove a theorem on symmetrie
rofloxive g-inverses of aymmotric matrices.

Theorom 4 :  If A is an n-th order symmelric malriz of rank v, then every
symmelric reflexive g-inverse G of A can be written as

1 . 1 .
G= ‘X;‘I1‘11+---+'X; qQq,
where Ay, ..., A, are nonzero eigen values of A and q,, ..., q, are independent

veclors.

Proof : Consider spectral decomposition of A

A0
A=P [0 0 ] P’ = A py1+2a0:05+ .. +ADeD;

whore P ={py: p,:...:pri...p,)is orthogonal matrix of eigen vectors
of A and A = diag(A, A,, ..., Af).

It is well known that G is a symmetric roflexivo g-inverso of A if and
only if G is of the form

AU
G="r r
U UAU
whero U is arbitrary., TPartition Pas [P, : Py] and lot U’ = (1,1, ... ).
Consider
q¢ = pi+Pay fori=12..r
(Notice that ¢'s nro indepondent).

Therefore
Q=Iln:q:..:q¢)=P+PUA
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A-? U
G=r P
v’ UAU

At [ r,
= (P,: P,)
U UAU P,

= P,A-'P;+ P\ UP;+ P,U'P;+ P,U'AUP,
= (P, +P,U'NA-Y(P;+-AUP;)
= oA’

1 ., 1 . 1 .
= X ‘71‘11"‘A—2 'I'."Iz+~--+lt 949,

Now

which proves the result.

Remark 2 : Observo that pig; = 0 for i % j and pig, = 1.

Hence Q is a right inverse of P;.

Agnin if @ is any right inverse of Py then QA-'Q’ is a symetrio refloxive
g-inverse of A. Thus we have the following result.

If A i3 & symmetric matrix then G is a gymmetric refloxivo g-invorse of

A if and only if it is of the form
G = QA-Q’

whers @ is o right inverso of P,

Now wo prove

Theorem 5:  Let A be any MPSubD malrix, then the following statements
are equivalent:

(a) there exisls an MPSubD g-inverse of A

(b) R(A)=1 or R(A) =2 and the hwo nonzero eigen values of A are of
same maynitude.

(¢) A+ is MPSubD.

Proof : () ==(b). Let G, be an MPSubD g-inverso of an MPSubD
matrix A. Then G = G,4G, is a rofloxivo g-inverse of A. From Lemma 1
it follows that G is also MPSubD. Let R(A)=r

A = 4P i+ 200yt Ay
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a8 in Theorom 1. Trom Thoorom 4 it follows that
G = 3 4 @it r Tt ot 1,
5 = X 9+ ,\z‘lz'h Ty I,
whero q¢ = p+-APs1 for somo .

Gp, = /\l—, G=q0,>0 sinco G < 0 and p, > 0,

Sinco G is MPSubD wo have
=L L i L gin
I A (a1 +,‘2 (939 +~-~+Ar rr<o w (5)

Now gf =0=q{=¢q}= ... = ¢} = 0= gy = 0. Othorwiso
fH#E0=

1> (x,x) whero ' =qll‘(\j _A;\l b '\j _;" qﬁ).

Sinee A is MPSubD
ay = A(PHHAPH+.. (P < 0 - (6)

L_ LA 2
=12 (y,y) where y’ = Pt ( \/:/li—. Phy e \/_"—:\,1)5)
provided pf 5 0. In caso pf = 0 then oy = 0.

Since 2(x, ) < (x, )+ (Y, )
= 17‘31— P+ A0l < {(x, )+ ) < 2
1N

for all i such that p 3£ 0 and gf 5 0

= plaf > piab+pigi+...+pigi for all i,
Summing over i, wo have
Zplaf > Epiai+..+Z pla)
=1 >r—-1
=r g2 e ()
Sinco A 5 0 theroforo r =1 or 2,



MERELY 1OSITIVE SUBDEFINITE MATRICES 305

If r=2 then A = A;p,pi+2A,p.0;

= Equality sign occurs in (7)

== Equality sign occurs in (6)

= trd=0

=, =~
that is, Loth tho nonzoro cigen values aro of sume magnitudo.

L)y=(c) Ifr=1
A4 =p,p;

= A+ = ;—11,'1); = (All)nzl.
Therefore A+ is MPSubD.
Ifr=2and A, = —A,
A = A(Pp1—DaDy)
At = ‘Zl'l (P\Pi—D:02) = (7{‘1 )‘ A
= A+ jy MPSubLD.
(c) == (n) is obvious.

Remark 3: When r =2 and A, = —A, in tho abovo thcorom then
Py = |p:l. Becauso
0 = ag = A,[(p)*—(pL)]
= (i)’ = (pi)
== Pl
Thus wo obscrve that burring trivialities an MPSubD matrix does not posscss
an MPSubD g-inverso.
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