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ON THE OPTIMALITY OF A CLASS OF MINIMAL
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Absteace: It is shown that the minimal covering designs far v+ - 6f « 5 treatments 1o blocks of size
3 are optimal w.ri. & large class of oprimalily celtecia. This class of oplichality criteria includes
Lhe well-known criteria of A-, D- and E-optitnality. I is conjecturcd that thesc designs are also
oplimal w.r.l. olher crilecia suggesled by Takeuchi (19610,
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1. Imtradwction

Kiefer {1938} proved that a balanced incomplete block design (BIBD) is optimal
w.r.t, each of the commonly uscd optimality eriterion. Subseguently he established
the property of universal optimality of the balanced designs (Kiefer {1975)). When
a BIBD does not exist, the problem of linding an optimal design is somewhat dif-
ficult. Cheng (1978) commenied on these difficulties and showed that certain par-
tially balanced incomplete block designs (PBIBTY's} which are group divisible and
for which the off diagonal elements of the association mairix differ by at most one
are optimal.

In this paper we consider incomplete block desipns with blocks of size 3. 11 v, the
number of treatments is 1 or 3 {maod /), a Seiner Itiple System (STS) can be
obtained (Hanani (1961)), These have the property of each pair of treatments cccur-
ring precisely once in each block. Clearly, these designs are optimal.

Designs with the property that every pair of Lreatments occurs al least once in a
block are called covering designs. A covering design with the smallest number of
blocks is called a minimal covering design. In this paper we use the resolts of Cheng
{1978} 1o show that when v=5 mod 6 a minimal covering design in blocks of size
3 iz optimal w.r.t. a wide range of optimality criteria. These minimal covering
designs have uncgual number of replications. We note thai some optimal designs
givenby Cheng (1979) appear 10 be the first known instances of optimal designs with
constant block size and unequal number of replications.
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All optimality results in this paper refer to optimality within the class of desipns
I}, consisting of the block designs in which v treatments are compared using A
blocks each of size k.

1. Construction and analysis

Forl and Hedlund (1958) discussed the problem of the minimal covering of pairs
by triplets. They Ffirst noted that for v treatments the number of blocks reguired
must be at least ¢(v)=[4v{L(v-1y]1 where [x] denotes the smallest integer
greater than or equal to x. They then showed that for ail v, designs with ¢(v) triplets
can in fact be construcicd. When v=5 or 17 mod 18, a simpler construction may
be obtained as lollows.

Let ve5 mod 18 and let

A={H|’a2"""ﬂﬁr+l}? B;:{b]’bzl"‘!bﬂ-pj}
and
C={encnen ol

Further, let A'=AU{a, B}, B'=BU{e, f} and C'=CU{w ). Let 3y, Bp, Fo
denote the blocks of the Steiner triple systems on 47, B' C' respectively. Now con-
sider a Latin Square af order 64+ 1 in which the rows are indexed by the @’s the
columns are indexed by the b's and the letlers used are the ¢'s.

Let & = {{a; &y, Loy, b)) 6 7= 1,2,...,60+ 1} where L{g, &)} denotes the letters
in the row a; and the column & of the Latin square. It is easy to verify that
#U H, U F g F e 15 the required covering design.

In the above design we used STS{6¢ + 3). I we use STS(6¢ + 1) we can get a cover-
ing desipn for 187— 1 treatments. This construction was suggested by R, Mullin
(University of Waterloo).

Let N=((n)} denote the vx b incidence matrix for a design. In all cases when
v==56¢+ 5 the matrix MWV’ for the minimal covering design can be expressed as

¥+3 3 | i bres
an=| 3 sl T 2.1
. Jﬁe+3,2 | (3r+ l}ft.r+3+~rﬁ:-.-3,ﬁ.:+}

where J,; denotes the p» g matrix of all 1's.

In the analysis of an incomplete block design, the so called C-matrix plays an im-
portant role, The Comatrix is the matrix of co-cfficients in the eqoations for esti-
maling the treatment effects when the block effects are eliminated. This matrix is
related to the incidence marrix by the relation C=diagir,, ry, ..., 1) — NNk, where
r, i=1,2,...,v, are the replication numbers for the treatments. Kempthorne (1956)
showed that the average variance for the estimated paired comparisons is 262/
where fiyy is the harmonic mean of the v— 1 non-zero eigenvalues of £, the -
matrix for design .
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To formulate the notion of the efficiency factor for a design where B4 s not
divisible b¥ v, we note that the average vartance for a completely randomized design
(CRD)} is 2a°/ry where 7, is the harmonic mean of the r,’s. This is minimum when
each r; is [#hV] or [BEAv] + 1, where [x] dentles the greatest integer not exceeding
x. The efficiency factor of a design & mav be defined as

E, =Y (2.2)
Fr

Thus, a design which maximizes i, is optimum. In the next section we shall
show that E,; is maximized by the minimal covering design. We shall denote this
design by o™,

We note that the ¢fficiency factor E; is different from E; given in Shah (1960}
which used the arithmetic mean of the r;'s.

For the design o*, we may use (2.1) to show that a generalized inverse for C;- is

given by

Har+ T 4] S O I TR ¥
(|- 6. _x6e+nto 00
= — 2,
R ? ? 3(6t+ 9, G

where 8= (6¢ +9)67+ 5).
From (2.3} it can be shown that the average variance for the estimated paired
trealment comparisons is 2a2/m where

_¥2p+ 1K2y +5)

32y +5p-2) e

with y=3f+2. Thus, m equals g4, the harmonie mean of the non-rero cigen-

values of o*. The efficiency factor for &% can now be seen to he

_ 2y 52y +3p- 1)
Hp+ 2yresp-2)

(2.5)

=

3. Opiimality of minimal covering designs

W shall first establish a weak optimality result for the minimal covering designs.
This result will be used in establishing stronger optimality results. Hecleston and
Hadavat (1974) introduced the concept af (M, S)-optimality which is an extension
of an optimality criterion introduced in Shah {1960, A design is said to be (M, 5)-
optimal 3f (i) tr €, is maximum and (ii) Cj is minimum among all designs which
maximize tr ;.
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Since d* is binary, tr C, is maximized. To see that tr C is minimized within the
class of binary designs we note that

20p+1 -3 -1 -1
. -3 2p+1) -1 .- =1
KO =
g -1 -5 2y e = @0
-1 ~1 e =1 2y

For any binary design tr(kCy' =D+ E where D={(k—1)'T;_ r7and E=T,, A}.
We also note that ¥ r=bk and ¥, Ay = Bk(k - 1), Since for the covering design
the #’s differ by at most one, 23 is minimized. IF one can find a design for which
only 2 pairs A; have value 2 and the rest have value one, £ would be minimized.
To see that such a design is impossible, without any loss of generality we assume
that the pair {1, 2) cecurs in the two blocks sav (1,2, 3 and (1, 2, 4). We also assume
that treatment 1 is not involved in the other repeated pair. Thus, treatment 1 must
oecur precisely once with each of the remaining 6F 4 1 treatments. Sinee cach block
with treatment 1 gives two such pairs, this is impossible. It is easy to verify that any
other set of values of A; does not give a lower value for E. Thus the covering
design minimizes each of £ and E. Hence the design is seen to be (M, S)-optimal.

Te establish stronper optimality resulis for d®, the covering design, we introduce
the tollowing notation as in Cheng (1978). Let f be a real valued function defined
[0, i —17] such that (i) f is conlinuous, strictly convex and strictly decreasing on
0, bk - 1]. (ii) f is continuounsly differentiatle on (0, 80k — 1) and f is strictly con-
cave on (0, Bk~ 1]). Let w (C )= EI.’__'J‘f[;;d,-]l where gy, .o, fig,— 13 41e the non-
zero eigenvalues of €, This wy pives a class of optimality criteria (called optimality
coteria of type 1} which includes the A-optimality { fix)=1/%) and D-optimalily
(fix) = In{1/x)} as special cases. A generalized optimality criterion of type 1 is given
by the pomtwise limit ul @ sequence ol such criteria, Cne such criterion is the well-
known E-optimality criterion. Cheng (1978) showed that a design 4 satistving the
following conditions is optimal w.r.t. all generalized criteria of type | over all
e Dl'?. 'v,.fc':

{i} Cj has two distinct non-zero eigenvalues > u’, the multiplicity of p being 1,

{ii) tr Cpo=Maxy.p 11 Cp

(i) tr €< {te Cpaliv —2),

{iv) Cgo maximizes tr €y —[(v— 1/0v— 20" [tr C3— (tr €%/ (v — 11'2 over all
dEDb. vk :

Let f* denote the coverning desipn. Clearly, o * satisfies {11). We shall now show
that it satisfies the remaining conditions. From {3.1) it i1s easily verified that (x + 5}
is an eigenvalue of #C, with multiplicity one and {#+ 1) is an eigenvalune with
mubtiplicity (v —2) where u=2y=v—1. Thus () is satisfied. Also, tr{kC.) =
' +u+4 and r(kC,F =u + 264 9w + 24, Condition (iii) can now easily be
verified.

Let Ay=trfkCy), By=urikCy¥ and PI=H,;—.A3/{v—1). To establish {iv) we
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have to show that o* maximizes Ay—{e/u— 103} P, For design g%, A4 =
Wt urd and (wAw—10"Pu =4, Thus we have to show thal for any design
de D.!J,-.-':.'h

Age - Ayz=4— (wiAu— 10VEP, (3.2)
Tf A Ay=4, (3.2) clearly holds, We note that

Age— Ay =t(NND - tNg N = T ¥ niy— L L niys
1 ()

!

Since ¥ n;=3, An—A,=0 for all binary designs, Thus if' o is binary, the
(M, S)-optimality of ¢* implies thal By.= 8, and hence Pgr=F,; Thus in this case
{iv) holds. We thus restrict our artention to designs 4 which are not binary and for
which .- A,=1.2 or 3. A block with one treatment occurring twice contributes
210 Ag—A, and a block with a treatment occurring thrice contributes 6 to
Age—Ay Thus A,— A, cannot take values 1 or 3 and it is cnough te consider
designs in which one treatment occurs twice in one block and no other block has
a repeated treatment,

Singe for such a design Ad=u2+u+1, {3.2) simplifies to

By=u'4 2ut4 Su+8. (3.3

Mow, 8,=sum of squares of diagonal terms of &C, + sum of squares of off-
diagonal terms of £Cy, where the sum of the diagonal terms + the sum of the off-
diagonal terms is zero. Also, the diagonal elements are nonr-negative integers
whereas the off-diagonal elements are non-positive integers. Since the sum of the
i+ 1 diagonal elements=w®+u+ 2, it is easily seen that their sum of squarcs
must be at least (w— 1w + 20+ 1F =w* + w4+ 4u+ 2. Similarly, the sum of the
u{u + 1} off-diagonal clements is —{* + 1+ 2) and their sum of squares is at least
{at + 1) =24 =1¥ 4 2(-2F =’ + 4+ 6 and hence By=u? + 26+ 56+ 8. In fact,
for £, to attain this value one block must have a repeated treatment say 1 in block
(1,1,2} which gives 1;;=2 and all other .;'s must be 1. Since there are 6f+ 3
treatments remaining, it is not possible Lo pair treatment | precisely onee with cach
of these and hence B, >’ +2u® 4+ 51 + 8. This completes the verilication of all the
conditions. OQur result can now be stated as follows:

Theorent 3.1. The covering desipgn on v =58+ 5 trealments in Bocks of size 3 5 op-
timal w.rlf, any peneralized criterion af type 1.

Takeucht (1961} considered the criterion of minimizing the maximum variance of
a paired treatment comparison. He also gave a lower bound for this maximum
varianes and showed that when A=3 a necessary and softicient condition tor this
lower bound to be attained is that the design is a group divisible partially balanced
incomplete block design with A, =4, 4 1. For the minimal covering design Lthere are
three possilde values of the variances of the paired comparisons. These are
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i 129+ 24 il &
(2r+5) " (2p+I2p+5) 2y+1)
so that the maximuen is 6/(2y + 1) which is very close to 62y + D+ 472y + 10,
the bound given by Takeuchi. Since a design for which this bound is attained does
not exist, we are led io believe that the minimal covering desipn is optimal in this
sense also.
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