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ON UNBIASEDNESS OF MANN-WALD-GUMBEL #*-TEST

By BIMAL KUMAR SINHA
Indian Statistical Institute

SUMMARY. 1In this noto it ie proved that tho Mann-Watd Gumbol x? toet basod on
oqual hypothotical prohabilitia (Kendall and Stvart, 1801} which was shown by Mann and
Wald (Ann. Math. Stat., 1942} to bo locally unbiased is in fact uniformly ao againat all
altornativos,

1. INTRODUCTION

Let z,, 7y, ..., z, bo independent observations on a random variable with
distribution function (d.f.) F(r) which is unknown and consider the goodness.
of-fit problem of testing the hypothesis

Io : F(z) = Fy(z) e (LYY
where Fo(r) ia a completely specified d.f. (continuous or discrete). One mothod
of testing I, which depends on a very simple device consists in dividing the
range of the variate into % ( > 2) mutually exclusive classes and the test is
based on the statistic

x
xt= E‘ (ng—npo)2[npo . (12)

where pg is the probability (under I/,) of an observation falling in the i-th
class and n; in the actual number of observations falling in the i-th class,

13
i=12. ., kkpe>08=12 ., kZpy=Ln20i=1..,5kZn=n
1 1

Regarding the method of how the classes for a fixed * > 2 would be
constructed, Mann and Wald (1942) and Gumbel (1943) suggested the follow-
ing rule : 'Given L, choose the clagses so that the hypothetical probabilities

Poi 81 all equal to %— Under this rule, the form of the y*-statistic becomes
E
% nt—n o (L)
1

and tho goodness-of-fit test of I, based on this statistic is given by

Roject 7, if x% > ¢, where ¢, is such that

Prfx > ¢, |} =Dr [% 2t > -Z—(n+c¢) = c(sny)] =a,0<a<l .. (14)
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Wo shall refer to the test outlined in (1.4) as Mann-Wald-Gumbel (M-WV-G)
x*test. Tho test is consistent (endall and Stuart, 1961; Noyman, 1949)
and has been proved to Lo locally unbiased by Mann and Wald (1942), The
object of this note is to prove somewhat stronger result that the test is
uniform)y nnbiased against all alternatives. Throughout this paper we
assumo that » and & (> 2) are arbitrary but fixed.

2. EXPLICIT FORMULATION OF THE PROBLEM
Let &¢ be tho random variablo denoting the number of observations (out
of ) falling in tho i-th class (i = 1, 2,...,%). It is then clear that £, ..., &
have a joint multinomial distribution and under H,, the joint probability
function is given by

n! 1\»
Pr[El=n,....,E_k=nk|n,llo]=T( ) foromn

AT AY)
1<k
E
Imy=n
1
= 0, otherwise. . (20)

Consider any arbitrary alternative H, : F(zx) = Fy(x) whero Fy(x} is an arbi-
trary c.d.f. and denote by py the probability (under I7,) of an observation fal-
13

ling in the 4-th elass, § = 1,2, ..,k p¢>0,i=1,..,k Sp;=1. Tt then
1
follows that wnder this alternative I7,, tho joint probability function of &, ...,
£; is given by
Prg, = ny, ..., Ex = ng|n, I1})

t " " 13
= PP for 0K <, 1<i<HE =10
) ! 1

=0, otherwiso. . (2.2)

Let ngy, Dy and 8y stand for tho k-vectors (ny, ..., m), (py, ..., 1) and
1 . . e

(—E, v F) respectively. Here (ny, ..., m,) is a X-vector of non-negative in-

X
tegral co-ordinates my’s with Xny = n. Let us also denote the R.H.S.
1
expression in (2.2) by me(ngy/n, puy) so that mx (ngy/n, Say) stands for the
R.ILS. expression in (2.1).
Our aim is to provo tho following result dirccting to uniform unbinsedness
of Mann-Wald-Gumbe) y2-test ;
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Thearem @ Whatever ¢, pyy oo P > 0. Epg =1

b me(ny | 75 puy) 2  mrny|m Sity) e (23)
n(,)ls‘_ i) 4 Si

where Sg={ng,: 0> 0, 1 ik Tog=n; Tn} > ¢).
ITere atrict inequality holds unleas

i) P =28uw, or (i) c<cyp > .o (23.0)

r E
with en k= min {l;.n“} Jor variations of integral n’s subject lo )‘In‘ =n.

3. THE CASE OF k=2
Wo first show that the theorem is true for k= 2 in which easo it reduces
to proving for arbitrary p,, 9, > 0, p,+p, =1 and ¢
I mg|nipm) > T mlng|nde) e (A1)
LIORE n(2) 52
where 8, = (ng 1 my, 73 > 0, ny+ny = n, n¥+n% > ¢).
Here strict inequality will hold unless
(i) Py =201, or (i) e<e,, 2nh . (3.1))
We note that when (ii) of (3.1.1) holds, the L.H.S. of (3.1) iz either
zero or unity, independently of p,,, and hence (3.1) reduces to an equality.
Assume, therefore, ¢, , < ¢ <% Observe also that if p, or p, i zero,
the L.H.S. in (3.1) is unity but its RIS, is less than unity and hence
(3.1) is trivially true. Assume, therefore, p,, p, > 0. Also note that
there is nothing to prove if (3.1.1) holds. So assume neither (i) nor
(ii) of (3.1.1) holds ie., pygy 8 and ¢, c<nt Writing n, =2
and ny = n—=z, the T..ILS. of (3.1) comes out as

n
z (1 —np, )02
i s () o (:: ) 2i(1—=p,)

b n . "
‘. Pit—pn-z
2:(e=3) > 3(e-F (z)7i0=n

p> (%) pi1~po-s . (32)
z> 12""{‘;(*‘";‘)}” z

<3 (b )
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2 2
. n n241
Sineo ¢, = - or —;

according as = is even or odd awnd since we

restrict to ¢ > ¢, 4, WO Moy write (3.2) as

o n) () —p, -2 n I(] —p, JB-% _7_"_ —1 a1
— (a: pi(1—p,) +,§r(x) Pi() —p, )% whero r < [2 ] .. (3.2.0)
whatever 2, odd or even. This shows that the expression in (3.2.1) i8 nol
equal to unity, independently of ;. We now rewrite (3.2.1) in tho form

1 zr(—z)n-r-idz 1 2r(l—z)nr-14z

L Bota=n T Bt amn @) Gw) e 322)

- 1
It is now casy to verify that g(p,) has a unique minimum at p, = ) and

henco (3.1) follows with strict inequality unless py,y = &s).

The caso of k = 2 is thus disposed of.

4. GENERAL OASE

Before taking up the gencral case, we record an algebraic result of
subsoquent interest. We begin with

A 3
Lemma 4.1: (i) c, g 18 atiained by Xn? (subject to T ny = n) at a uni-
1 1
que point n® where ny = [L,: ] or [—Z—]+I.

E
(i) IfZ 2 > ¢, then for some ng and ny, |ng—ng| > 2.
1

The converse is also true. The proof is casy and hence omitted.
The sotting for our algebraio result would bo as follows :
We have  Sp={ngy:7>0, 1 <§ gk Zng=n;Int> ¢}
For given ¢ such that c,, i < ¢ < 12, It ¢, Lo the largest value < ¢, actually

attained by Za}. Then the event Tn} > ¢ is the same as tho event Xnf > ;.
Let ¢, Lo attained for ng=n? (1 < ¢ < Kk). Wo write 20 = (0,23, ..., #0).

We will mske uso of the above concept to prove the following.

Lemma 4.2: Civen ¢ such that Cpk Qo< (0 < x < n)such that
Cnn kot b2 € 0 < (n—2) e,



BIMAL KUMAR SINIDA

Proof : Y¥rom the ubove consideration, for any given ¢, wo determino the
particulur 6. Then ¢, g < ¢ < n% Two cases are to Lo considered.

Case 1:29 > 1 for all i, ! i k.
(8) When ¢ = Cok, AL Z (z = [—;:] or [%]+l)suchlhut C,,_,.._,+x’

= cpp . Sinco nf=n} > 1343, woalso have (n—a)*+2? > ¢ x4 k > 3 by
the uniquencss part of Lemma 4.1, Hence we can find an z such that (n—z)?
42 > 6 > €= Cup = 23+Cpey k- (the former incquality follows from the
definition of ¢;).

(b) When ¢ > ¢, x, by Lemma 4.1, wo con find two integers »f and 2§
(> 1, < n) such that|nf—n| > 2. Set 2 < n). Next define nj=nf+1,

E
w=n0=1, nj=nd L Lh k(hs#1, k#j)sothate, = X (n))? = ¢o+2
1=1
(n§—n+1) and also define ;' =nj—1, ni'=nd+1, nyt=nd 1 <A<
x
k(h#7%, h#£j) so that ¢, = '22 (") = eyt 2(n—nP41).
-]

It is ensy to observe that c_y < ¢y < ¢, snd further that, for & > 3, 2 nt
and n-! have a common coordinate, say .

\We write then ¢q = z2+Z(nf)?,
'
¢, = 234-3(n])? and ¢_y = a®+-Z(ni1)%
1 1

From c_y < ¢, < ¢, and definition of ¢, we getc_; < ¢ < ¢,. Again, obviously,
€y D Capka+2? 80d ¢y < (2—2)*+2%  Henco, ¢,; 22 <6 < (n—az)*
+2? for a particular choico of z.

Case I1: n = 0 for some i, 1 3 k.

Certainly this timo ¢, € ¢y € ¢ < 2? whero, again, cg= I ()* >

M)

Cp k- Henco ¢, xS e<n® io, ¢,k <c<n? This is how wo
achieve tho result with 2 = 0. The lemma is thus proved.

Now we attempt a proof for the general case based on induction.

Assumo that the result is truo for k = m—1. W then provo that the
result is truo for k = . Noto that there is nothing to prove if (2.3.1) holds.
So assume (2.3.1) does not hold. Wo mako use of the well-known fact that if
£y Em have a joint multinomial distribution with the parzmeters » and
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Py s Pm (< 1), then the conditional joint distribution of ,, ..., Z,_,, given

Em ==&, is again multinomial with the new pramcters n—x and T p‘p ey

—¥Fm
l&';—'. The L.H.S. expression in the theorem for &= m can then bo
—Fm

written as

pit { ] Moy (n(,,,_,,ln—-x; %’—’-)} m(x|n; pm) .. (41)
z=0 Lngm-n€S),_, Pm

[Here wo have excluded the trivial case of any of the py's heing equal to unity.]
m-1
Hero Sy = {n(,,._,, 20, 1 i Km—1; & ng=n—x,
1
m-1

‘IE nf > c—a? }

By the induction hypothesis, the bracketted expression above is greater than
or cqual to

{ M ”m-)("(m-nl"—it; 3(m-n)} . (42)
Bm—1) €Sy _)

with strict inequality unless

Pim-n
l_pm
Supposo now that ¢, x < ¢ < 0% Then, by Lemma 4.2, we can find an

= Sm-ny or ¢—a* < Cpployy 2 (n—x)%

integral 2(0 & < ) such that ¢, py < c—2? < (n—2)%  Therefore, for
overy cefc, g n%), the LS. expression in the theovem for k = m is slricily
grealer than

n
M { M ﬂm_n(”(m-nl"—f"; 5un-n)} "n(J'l"C Pm) e (43)
z20 L ngu—y€Sn_y

unless Pun_yy/1 —Pm = i yy in which ewse (4.3) is attained.

Now suppose that the absolute minimum of the L.ILS. of (2.3) for k = m
is actually attained at o point pf,,. Then (£.3) implies pf = p8 = ... = pf,_,
(or clse it would provide a value smaller than the absolute minimum). A
similar argument shows pg = ... o,

Henee, necessarily, pf = ... = p% =

w 1.0, phy = Sy Therefore, the inequality in (2.3) is strict unless g,

= Oy whenever o< nd
4
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This completes the proof of (2.3) for k = m when it ia truo for & = m—1.

The proof of the I'heorem is thus completed by the induction srgument,

Remark., Whon the paper was being rovized, the author eame to know
that recently Sethuraman et al {1974) have proved, among other results, a
very sirong result about the multinomial implying the result of this paper.
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