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Abstract

In this paper a new model-based variance estimator is proposed. It is along the lines
of those suggested by Hanif and Brewer(1980) and Kumar-Gupta-Agarwal(1985).
Empirical investigations show that the amount of bias is fairly small for all values

of g and that it is more stable than all other estimators considered.
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1. Introduction

Horvitz and Thompson (1952) suggested an unbiased estimator for population total

Yie. o
- n
’ - Yi
Y=Y (1.1)

i=1

The variance and variance estimator derived mdependently by Sen(1953) and Yates

and Grundy(1953) were

Y Y
cyc,-(y ) = 2 ZZ(W W[J)("r_l - 1[_—])2 (1.2)
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and n
1 (mmj —m5) v Y
ry= 1 J RN AR/ Ay 13
varsYG(yHT) 2;; i (m ‘Kj) ) (1.3)
it

where 7; and 7;; are the inclusion pr¢babilities for the unit  and a pair of units (4, j)
in the sample size n. In order for (1.3) to hold, n must be fixed. A large number
of selection procedures have been advanced for which 7y = npy , I = 1,2,... N,
where py is the initial probability of selection of Ith population unit. For m; =

n/Nandnp; = ﬁ%;:,—__ll%, (1.3) becomes

 y_ N> N-n 1
varsyc(yw)— n N

n—1~«4

E(yi e 1’—/)2 = var(y:‘an)’ (14)
i=1

which is an ordinary unbiased variance estimator as if simple random sample without
replacement from a finite population has been selected.

Since wry is involved in (1.3), the calculation becomes cumbersome for large n. In
order to overcome these difficulties Hartley and Rao (1962) derived an asymptotic
form of x5 for random systematic selection procedure. Two sets of approximate ex-
pressions of 77y were also suggested by Brewer and Hanif(1983), Herzel(1986) gave
an approximate formula for 777, Asok and Sukhatme (1976) also evaluated approx-
imate expression for 7y correct to O(N)~?! for Sampford’s selection procedure, but
all these have their limitations. Jessen (1978) derived an variance estimator which
did not involve my;. Hanif and Brewer(1980) and Kumar, Gupta and Agarwal(1985)
derived model-based variance estimators.

(1) Jessen’s variance estimator:

The variance estimator given by Jessen (1978) is
N
n—y. 7rl2 n
roy o =1 ¥ y_] 2
vr,(¥,) = ST Z.Z("i =) (1.5)
. )=
J#i

(ii) Hanif-Brewer variance estimator:

Hanif and Brewer (1980) suggested model-based variance estimator i.e.

ry= P =1 Yi _Yur ,
varﬂs(ypn-) T n—1 1- N Z . n (1.6)

T
79-1)i=1 LY
I

N
Zwtg n[ / ]2

=1
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Putting g = 2,
N
o
ry_ N =1 2
arHB(yH'r) - n 1- N? Z( ”T)
T,
=1
=y yi Yj
and using the result Z(—L _ Yur )2 Z Z( L ] )2 (1.7)
i 73
i=1 i,j=1
j<t
we get

n—27r
ar"B(y”.,T)_ 2n(n_l)ZZ( - ])2— var (y )

_J #
Hence Jessen’s variance estimator is the special case of Hanif-Brewer variance esti-
mator for g = 2 '

(iil) Kumar-Gupta-Agarwal variance estimator:

Kumar, Gupta and Agarwal (1985) proposed another model-based variance estima-
tor '

3 Pr=1(1-nP,) .
var (¢, )= & , v (- Ay (18)
p3 |

‘N
9 : . -
_ iz=:17r' . n; Yi y:n’ 2 = y’ 1.9
KGA i % l. Z(_ﬂ:_ n =va rHB( ) ( : )
a9-1| i=1
t=1

Hence variance estimator proposed by Kumar, Gupta and Agarwal is identical with
the estimator proposed by Hanif and Brewer For simple random sampling without
replacement this turns to be

N2 PR
ar,m(y'm)=7 Z = ) = var(yl,,)
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This necessarily holds also for the Kumar-Gupta-Agarwal variance estimator (with
which it is identical) and for the Jessen’s variance estimator (which is a special

case).

2. New Varignce Estimator ' o -

¢ L'

Consider the following super-populatxon model as in Royall and Cumberland ( 1981),
Kumar et al (1985), = P

),’ ;ﬂpl+€’) § wol=

N
where 8 7 B .
© Ee,|P)=0= e‘(e | P, # .
‘ e(ef]Pl) = ;IPI’ fora > 0 g>0 ‘ @n.
.‘ _@Fen (Rao, 1966) . .
‘ : W E[Vaf;q;,a(yl )] =2 Z Pffl(l - nPI) s ‘ (2.2)

S _1
1t also follows that var_ (y )[— VarHB(y )] is desngn model—unblased for any
mps - des1gn under the model (2 1) ie.

v

[E{varhGA(y )}] E [e{varHB(y )}] E [E{Varwa(yHT)}]
where E, denotes expectation w1th respect to samplmg design. :

It makes good sense to use the quantities (J- —-1)2 for ,# ,as bulldmg blocks

for constructing an estimator of Var (y ) If we divide each of. these terms by
its model expectation (which is a functlon of Pand P)) and take ‘their sum T
its model expectatlon will be a constant for all samp]es Ts wﬂl provxde a basis
for providing an estimator of (2.2). The varlance estimator (1 8) lS design-model
unbiased but its model expectation is not a constant for all samples It appears,
therefore, that the proposed estimator based on Ts would be more “stable than the
one given by Kumar, Gupta-Agarwal and by Hanif - Brewer. We note first that

ﬁ_ﬁi’_ipy—ﬁ':pgd
(- 2= P+ P

Consider the estimé'tﬂé‘).l::’ '

b

(_L ‘_L2
T

varN(y )—.bz Z m—f = bTs(say), (2.3)
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where b is a suitable constant so that

e[bT, - VqYG(y;T)] =0 foralls: P(s)>0

This glves
! ,
N’ '
m—— Z_; P71 —nP) (2.4)
Hence. tﬁe new variance estimator is
_ ‘;Q L_ 2
varn(y, )= 2] (2.5)
’J;e»

For simple random sampling without replacement (2.5) takes the form as

N:N-n 1 & 3
N aoI > (v — 5)* = var(yla,)
i=1

varN(y:”) =

wh‘iéh‘ is consistent with other variance estimators given in this paper.
The estimator varN(y;,T) is model-unbiased and hence design-model-unbiased. The
estimator is, however, design-biased and use of this estimator like var, (y )[
(y’ )], pre-supposes a knowledge of ¢. It is well known that g lies between 0
and 2 for a wide class of socio-economic surveys (Scott et al, 1978). The value of
g can be approximately assessed from a past survey of the similar nature. In what
fol]ov'\_rs_r we study here the extent of design-bias involved in the variance estimators
suggééﬂed by Jessen, Kumar-Gupta-Agarwal [= Hanif-Brewer] and new variance
est,ifna.tpr suggested in this paper. The stabilities of these variance estimators were

also studied using some natural populations given in Table-1.
s . ,
3. Bias in vary(y! )

In order to study the extent of bias, some natural populations [given in Table
1] were used ; The samples were drawn by using the Sampford (1967) selection
procedure. The different values of g considered were 0.0, 0.5, 1.0, 1.5, 2.0, 2.5 and 3.0.
' The quantity

A= I[Ep{var*(y;r)}/VarSYG(y;T)] - 1] x100
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was taken as a measure of the relative absolute bias of the estimator var* (y:”) .

The values of A for the estimators varJ(y’HT) , var (y;n), varN(y;T) for these

populations for different values of n = 2, 3,4 and forkdi?ferent values of g have been
given in Table 2 and 3. varN(y’ ) is seen to be ap-preciably more biased than
KGA(y ) for values of g < 2. 0 for n = 3,4. For higher values of g, varN(y )
seem to have the relative less bias of thé same magnitude for all values of n. The new
estimator as compared with Hanif-Brev'.ver. estimator is substantially more biased for

the lower (more plausible) range of g-values.
- ,
4. Stability of varN(yHT)

In order to study the stability of the variance estimators the parameter

Vo{var(y! )}
~ [Ey{var (y' )}]2

was calculated for all the estimators var o (y ) va (y’ ) AGA(y’ ) and
varN(y ) where V,, denotes variance with respect to samplmg design. The caleu-
lations have been presented in Table 4 and 5. Tt is found that for g=0,0.5,1.0,1.5,
varN(y ) has a smaller value of § than all the other estimators for all the values
of n cons1dered "For g = 2 the stability of Jessen KGA and New estimator is iden-
“tical. For varN(y ) the value of & increases as g increases. The value of g does not
‘seem to have any srgmﬁcant effect on any of the estimators con81dered This sug-
gests that the proposed estimator can be used for any arbitrary choice of g in [0,2].
Infact the stability of new estimator proposed here is only slightly better. This is
disappointing but worth noting. Stablhty for various values of g for var (y;’ )
does not vary srgmﬁcantly [Table 6]

8. Conclusions

The following conclusions may be drawn from this empirical study.

1. The suggested estimator varN(y; T) is design-biased. However, it is seen
empirically that the amount of bias involved is fairly large for all the values of g
considered. The estimator performs fairly well in comparison with var oA (y )
For g > 2.0[g > 2 is not very realistic] its performance is found to be better t.han
that of var (y ) for higher values of n.

2. The proposed estimator is empirically seen to be more stable than all the
other estimators considered here. The stability of the proposed estimator though
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does not depend significantly on the value of g, decreases with increasing value of
g.- The estimator varN(y:”) may be used for any value of ¢ between 0 and 3.
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Table 1

Description of the Populations

131

SL

o, Source Y X , N cv(x) cv(y) P

1. Sampford (1967) - - 10 04050 02169 043
p-507 )

2 Rao (1963) Corn acreage Corn acreage 14 04176 03786 093
p-207 in 1960 in 1958

3. Murthy (1977) area under Geographical 20 0.1882 03675 -0.07
p.178 wheat arca

4, Murthy (1977) No. of cultivators  Cultivated area 17 05610 05784 0.88
p.127 1961 census 1951 census

S. Murthy (1977) Volume of timber  length of timber 13 0.3074 0.5569 0.92
p-131

6.  Murthy (1977) output No. of 16 03422 02728 086
p. 228 workers

7. Jessen (1978) No. of fish Total No. 16 0.5708 04739 090
p- 151 tagged of fish

8.  Jessen (1978) No. of h.h. No. of h.h. 13 04715 04279 052
p- 153 in 1960 in 1950

9. Konijn (1973) Measurement Measurement 10 02020 0.1515 0.77
p- 389 obtained in obtained in

reinterview first interview

0. Keonijn (1973) Food expen- Total expen- 16 0.0781  0.115 0.95
p- 49 diture diture

1. Murthy (1977) No. of No. of 18 04775 05814 0.64
p- 398 absentees workers

1. Murthy (1977) Area under Cultivated 15 04938 06935 0.94
p. 339 wheat in 1964 area in 1961

3. Raj(1972) No. of No. of 15 04197 04144 0.77
p. 70 cattie farms

4, Sukhatme (1970) Area under Area under 20 0.7231 0.7440 098
p. 183 wheat (1973) wheat (1936)

5. *Som (1973) Average no. Average monthly 16 03510 02430 -0.57
p-225 of persons expenditure on

per h.h. cereals per h.h.

Though X should be taken as average no. of persons per h.h. for population 15, it is clear that the overall conclusion from this
study would not be affected if X, Y are taken as shown in this table. Mainly q(X, Y) should count.
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Table 2
Percent absolute relative bias of the variance estimator
n=2
Pop. var;(y"m-) ' varkga (y” ur) = vargs (' v varn(y” HT)
no. . g=0 _0.5; I.Q 15 20 25 30 g=0 05 10 1.5 20 25 30
»1.7 04 . 26 46 65 83 99 117 166 163 125 6.5 02 74
18 121327 41 56 171. 97 06 42 56 41 03 81
1-03 02 00 .02 04 06 08 21 05.04 07 04 06 23
43 23:01 21 41 59 74 702 244 29 49 4.1 3.1 171
25 16 07 02 10 18 25 83 15 17 22 10 12 4l
13 06-02 11 19 27 35 32 13 34 36 19 1.7 16

81 57 31 05 17 35 49 93296 34 41 1.7 50 143
%94 64 37 14 05 20 32 816 336 110 17 05 09 45
65 72 "18. 83 88 91 94 383 323 253 174 88 04 98
2] 03 03.02 02 02 01 01 20 14 09 05 02 01 02
1 0110 23737 51 64 15 23 93 132 115 51 5.7 23
79 .43./13 08 24 37 48 | 1021 294 34 39 24 25 89
149 73723 09 05 17 29 51.5 256 103 24 05 03 42
1.0 68 25 08 34 54 68 | 60031033 134 59 34 89 310
L02 06°°14° 23 32 40 48 188 174 140 90 32 3.4 109

b bt b b e

Percent absolute relative bias of the variance estimator

n=3

Pop. vary(y wr)| - varkca (v ur) = varpp (v i) varn(Y' 1)

no. ;. -..|g=0 .05 . 10 15 20 25 30 g=0 05 10 15 20 25 30
1 103* 3.7,1:01 36 71 103 133 160 101 162 172 147 103 53 00
2 67 20 01 20 43 67 9.1 °114 105 07 49 72 67 34 30
3 0.6 06 03700 03 06 10 ‘13 23 06 04 08 06 0.2 18
4 66 69 36 .01 34 66 95 120 744 261 29 62 6.6 08 114
5 16 £44 28°13 02 16 29 40 102 27 11 22 16 01 235
6 30 “22 1 3 16 30 43 55. 41. 08 35 41 30 00 53
7 2.7 135 95752 10 27 56. 179 995 342 55 37 27 2.7 107
8 0.6 162 112 765 726 06 31 51 928 395 140 29 06 02 23
9 142 105 11.7: 127 135 142 148 152 410 356 292 221 142 59 28
10 03 05 05 0403 03 02 01 22 16 10 06 03 0.0 02
11 8.1 02 16 37 59 81101 118 " 24 99 144 134 8.1 1.5 165
12 . 38 132 7224 12 38..60 .17 1120 330 45 43 38 01 55
13° 07 82 61 38 15 07 28 47 | 562 285 120 30 0.7 08 22
14 .56, 177 109 40 14 56 87 110 641.8 1110 150 64 56 5.0 250
15 49 05 08.21 35 49 63 176 186 176 146 102 49 01 77
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Table 2 (Contd.)

Percent absolute relative bias of the variance estimator

n=d4
‘ N /
Pop. vary(y” HT) vargGa (Y HT) =varyg (y Hr) varn(y HT)
no. g=0 05 10 15 20 25 3.0 g=0 05 10 15 20 25 30
1 114 03 23 52 83 114 142 162 © 24 105 158 158 114 3.1 10.1
2 9.6 30 02 28 02 96 131 165 116 08 57 90 96 7.7 29
3 1.0 123 92 58 24 10 41 68 620 322 141 39 10 21 0.1
4 8.2 254 156 S6 22 82 127 159 6893 1198 168 7.1 82 0.5 179
5 2.4 16 06 05 15 24 33 41 12 30 36 33 24 10 09
6 4.3 74 18 38 93 43 190 231 69 147 174 167 143 115 85
7 3.7 203 146 81 18 37 80 114 111.2 401 83 29 37 01 64
8 59 42 21 02 28 59 92 129 26 07 04 10 59 02 12
9 9.6 99 52 01 49 96 137 172 | 793 280 29 76 96 54 46
10 2.1 68 45 22 00 21 40 58 128 43 02 20 21 11 06
11 6.3 10 07 25 44 63 81 99 5§52 82 93 86 63 22 42
12 58 - 93 57 18 21 58 90 117 645 284 80 23 58 45 10
13 03 255 178 106 46 03 42 73 108.1 477 184 49 03 14 0.0
14 20.6 152 169 184 19.6 20.6 214 220 441 394 339 276 206 132 56
15 6.8 09 09 28 48 68 8.7 106 182 176 151 113 68 17 41
Table 3
Percent absolute relative bias of the variance estimator (Summary table)
vary(y’ HT) varkga (¢ r) = varys (¢ br) varn(y’ 1)
g=0 05 10 15 20 25 30 g=0 05 10 15 20 25 30
2 29 40 25 20 20 29 40 50 728 218 82 57 29 23 102
Mean 3 4.6 68 44 32 32 46 65 81 785 239 97 58 46 18 6.5
4 62| 98 64 45 48 62 94 131 724 263 113 82 62 37 45
2 0.5 03 04 02 05 05 18 29 32 14 29 22 05 03 42
Tst 3 0.7 06 05 04 10 07 29 47 41 16 29 20 07 01 22
Quartile 4 2.1 10 07 18 18 21 41 68 52 43 36 29 21 10 09
2 24 25 16 14 11 24 37 48 188 174 42 41 24 12 81
Median 3 3.8 44 28 24 16 38 60 77-| 186 176 55 30 38 88 30
4 58 74 45 28 44 58 87 114 182 176 93 71 58 21 41
3rd 2 4.1 79 57 26 27 41 59 14 816 296 134 90 41 34 143
Quartile 3 6.7 | 132 96 40 43 67 95 118 928 342 146 64 67 34 107
4 9.6 152 146 58 6.1 96 137 165 793 394 168 113 96 54 64
Lower 2 02 02 00 00 02 02 01 o1 20 05 04 05 02 01 02
Streme 3 0.3 02 01 00 02 03 02 01 22 06 04 06 03 00 00
4 03 03 02 00 00 03 14 18 12 07 02 01 03 01 00
Upper 2 8.8 110 78 83 88 91 99 6003 1033 253 174 88 89 310
Streme 3 14.2 | 177 117 127 135 142 148 160 | 641.8 111.0 292 221 142 59 250
4 206 | 255 178 184 19.6 206 214 231 | 689.0 1198 339 276 206 132 179
o
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Table 4

*
Stability of the Variance estimators

n =2

Pop “ New ‘

no. SYG Jessen KGA=1IB g=0 05 1.0 1.5 20 25 3.0
1 22 20 20 1.1 12 14 - 1.7 2.0 23 24
2 14 13 13 12 12 12 12 13 14 1.5
3 1.6 1.6 1.6 14 15 1.5 1.6 1.6 1.6 1.7
4 1.7 1.5 1.5 14 13 12 13 1.5 1.9 26
5 1.6 1.6 1.6 1.4 14 14 15 1.6 1.7 1.7
6 14 13 13 1.3, 12 12 12 13 15 18
7 24 22 22 1.4 15 14 1.7 22 27 31
8 1.9 20 20 1.8 1.9 1.9 20 20 20 2.0
9 6.5 6.5 6.5 6.6 6.6 6.6 6.6 6.5 6.5 6.6
10 1.6 1.6 1.6 1.6 16 16 1.6 1.6 1.6 1.6
11 35 32 32 1.6 1.7 21 26 32 38 4.7
12 1.7 1.6 1.6 14 14 14 14 1.6 1.9 2.1
13 14 14 14 1.9 1.7 15 14 14 14 1.5
14 27 22 22 25 1.8 14 1.4 22 38 8.0
15 25 25 25 14 1.7 20 23 25 26 28

Table 4 (Contd.)
Stability of the Variance estimators *
n=3

Pop. New

no. SYG Jessen KGA=1IB g=0 05 1.0 1.5 20 25 30
1 12 1.0 1.0 04 05 0.6 08 10 12 13
2 0.6 (UM 0.5 0.5 0.5 0.5 0.5 0.5 0.6 0.6
3 0.7 0.7 0.7 0.6 0.7 07 07 07 08 08
4 09 0.7 0.7 0.6 05 05 0.6 0.7 09 12
5 08 0.7 0.7 0.7 0.6 0.6 0.7 0.7 08 0.8
6 0.6 0.6 05 0.5 0.5 0.5 0.5 0.5 0.6 0.8
7 14 1.1 1.1 08 0.7 0.7 08 11 14 1.7
8 1.0 1.0 1.0 0.9 1.0 1.0 1.0 1.0 1.0 1.0
9 40 4.0 4.0 4.0 40 4.0 4.0 4.0 4.0 4.0
10 0.7 0.7 0.7 0.7 07 0.7 0.7 0.7 0.7 0.7
11 2.1 1.8 1.8 0.7 09 12 15 18 21 26
12 0.8 0.7 0.7 0.6 0.6 0.6 0.6 0.7 0.9 1.0
13 0.6 06 0.6 08 07 06 06 06 06 0.6
14 1.6 12 1.2 1.0 07 06 07 12 20 38
15 25 13 13 0.7 0.8 1.0 1.2 1.3 1.4 1.5
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Table 4 (Contd.)

Stability of the Variance estimators

n =4
pop | New
no. SYG Jessen KGA=]IB g=0 05 1.0 1.5 20 2.5 3.0
1 15 1.2 12 04 0.6 0.8 1.0 1.2 1.5 1.7
2 0.4 03 03 03 03 03 03 03 03 03
3 0.4 03 03 0.5 04 04 03 03 03 04
4 1.3 0.8 08 0.5 04 0.3 04 0.8 1.3 24
5 0.6 0.6 06 05 0.5 06 0.6 0.6 0.6 0.6
6 0.5 0.6 0.6 0.2 03 04 0.5 0.6 0.8 0.9
7 1.1 0.7 0.7 05 0.4 04 0.5 0.7 1.0 12
8 0.8 04 04 04 0.4 04 04 04 04 0.5
9 0.7 04 04 03 0.3 0.3 04 04 0.5 0.7
10 2.8 04 04 04 04 04 04 04 0.4 0.5
11 0.5 04 04 03 03 03 04 04 0.6 0.7
12 09 0.7 0.7 1.0 09 0.8 0.7 0.7 0.7 0.8
13 0.2 0.6 0.6 0.5 0.6 0.6 0.6 0.6 0.6 0.6
14 0.5 28 28 28 28 2.8 28 28 28 2.8
15 1.0 0.9 09 04 0.5 0.7 0.8 09 1.0 1.1

. . ™ . 3 P
*  Variation in values of measure of stability for various value of g for varjIB(Y 1fT) are very insignificant

(see Table 6).
Table 5

*
Stability of the Variance estimators (Summary Table)

KGA New

1 SYG Jessen = HB g=0 05 10 15 20 25 30

2 23 22 22 19 18 19 20 22 24 29

Mean 3 13 11 11 09 09 09 10 11 13 15
4 0.9 0.7 0.7 0.6 06 06 07 07 09 10

Ist 2 1.6 15 15 14 13 14 14 15 16 17
Quartile 3 07 0.7 0.7 06 05 06 06 07 07 08
4 0.5 04 04 03 03 03 04 04 04 05

2 1.7 1.6 16 14 15 14 16 16 19 21

Median 3 09 07 07 07 07 06 07 07 09 10
4 0.7 0.6 0.6 04 04 04 05 06 06 0.7

2 25 22 22 19 17 19 20 22 27 31

3rd 3 14 12 12 038 08 10 10 12 14 17
Quartile 4 1.1 08 0.8 05 06 08 07 08 10 12
2 14 13 13 1.1 12 12 12 13 11 15

Lower 3 06 0.5 0.5 04 05 05 05 05 06 06
extreme 4 0.2 02 03 02 03 03 03 03 03 03
2 6.5 6.5 6.5 66 66 66 66 65 65 80

upper 3 40 40 40 40 40 40 40 40 40 40
extreme 4 28 28 28 28 28 28 28 28 28 28

*  Suability of vargga (} varyg) does not vary significantly with g as may be seen from table 6.
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Table 6

‘;_ Stabihty of varng(y’ nr) = varkca(y’ kca)

Muhammad Hanif et dl,

2207426

2207428

© 2.207430

n=2
o g = 0.0'-’ 0510 L(1' 15 20 25 3.0
1. - 2018507 2018505 - 2018506 2018506 2018507 2018507  2.018505
L2 1025620 1025621 1025620 1025620 1025620 1025620  1.025621
3, 1601954 ,1'.601958 1601957 1601958 1601955 1601956  1.60195
4, U1SASOTT 1545978 1545977 1S45977 1545976 1545977 1.545976
5. 1575560 ;1575558 1575560 1575557 1575557 1S7SSST  1.5755%
6. 1636603 ' 1636602 1636604 1636604 1636605 1636605  1.636605
7 © 224865 2244466 2244466 2244465 2244466 2244467 2.244466
g 1963425 101963427 1963426 1963427 1963426 1963428  1.963428
9 6533597 - 6.53359 . 6533594 6533597 65359 6533597  6.533506
10, L6174 L62ITS L621T2 L6273 162NT3 1627173 1.6277
L . 13201249 3201246 3201248 3201247 3201247 3201248 320124
12. 1566458 1566458 1566458 . 1566460 1566458 1566459 1 56640
13. 1364494 1364491 . 1364492 1364492 1368492 1364493 ) 364492
14. 2207424 2207425 2207428 ”

2.207425
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