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A B S T R A C T

Vijayan (1975) and R a o  (1970) ob ta ined  the  necessary form s o f  n o n -nega tive  
quadratic  unbiased es t im ators  o f  m ean  square error o f  a linear  e s t im a to r  o f  p o p u ­
lation total. Here we consider different unbiased  variance e s tim a to rs  w hich sa t is fy  
those necessity conditions for M id zu n o  strategy. T he ir  p ro p ertie s , viz.,  probab il i­
ties o f  their taking negative values and s tab i l i ty  have been s tu d ied  empirically.  T h e  
m odified  non-negative es t im a tors ,  as in Rao and  Vijayan (1977), h a ve  also been  
considered. The present s t u d y  covers six teen  difTcrent es t im ators .

K E Y  W O R D S

N on-negative U nbiased V ariance E stim atio n ; m ean  sq u a re  e rro r  M idzuno  s tra te g y ; 

1. I N T R O D U C T I O N  A N D  P R E L I M I N A R I E S

Consider a finite p o p u la tio n  V  o i  N  iden tifiab le u n its  labelled  N .
A ssociated  with i are two rea l q u an titie s  (Y;, x ;) , values o f  a  m ain  v a riab le  ‘y ’ an d  a  
closely related  auxiliary  variab le  ‘x ’ respectively  ( i  =  1 , . . .  , N ) .  In  a  sa m p le  su rvey

N
for estim ating  the p o p u la tio n  to ta l  T  =  Yj (m ean  Y  =  T / N ) ,  a  s a m p le  s  ( a p a r t

l
o f V ,  w ith  un its  repeated  o r w ith o u t rep e titio n ) is se lec ted  accord ing  to  a  sa m p lin g  

p lan  p  w ith p(s)  as the p ro b ab ility  of selecting  s (p (s )  >  ° > X ] p ( s ) =  1 , 5  =  { s } )
se s
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and  an e s tim a to r  e (s , y ) ,  a  fu n c tio n  on S  x  R n  such th a t  its  value depends on

y  =  i/ v ) only th ro u g h  th o se  m  for which i €  s ,  is em ployed. A com bination

(/>, 0  is ca lled  a  sam pling  s tra te g y .
For e s tim a tin g  T ,  M idzuno  (1950,  1952) - L ahiri (1951) - Sen (1952) proposed

th e  following sam pling  s tra teg y . T h e  first u n it in th e  sa m p le  (o f size n) is chosen
N

w ith p ro b ab ility  ;>,(= x , /X ,  X  =  ] P x . )  an d  the su b se q u en t ( n - 1 )  un its  by  simple
l

random  sa m p lin g  w ith o u t rep la ce m en t (srsw or) from  V  -  {£}. T h u s

p (s )  = ( 1.1)

w here x ,  =  M i  =  ( .* ) , * =  1,2. T h e  ra tio  e s tim a to r  eR =  X y , / x , ,
i€a

w here y ,  — is unbiased  for Y  w ith  variance
*€*

1 O*

and as an  unb iased  variance e s tim a to r

N  v  N  v

E y?E^r +EEY>Y> E  f. J' .t .  . . x 5i / j  = l
- T l ( 1.2)

v(efi) =  e \
X E>1 + ^  EEra 

«€* es

(1.3)

We shall consider the  above M idzuno  stra tegy . T h e  e s tim a to r  v (e n )  can often  take 
negative values, an undesirab le  p ro p e r ty  for a variance e s tim a to r . Rao (1972, 1977) 
and C h a u d h u ri (1976) considered  non-negative un b ia sed  e s tim a to r  o f V (e n ) .

V ijayan (1975) and  R ao (1979) s tu d ied  the necessary  fo rm  o f a  non-negative 
q u ad ra tic  unb iased  es tim a to r  (n n q u e) o f m ean sq u a re  e rro r  (M SE ) of a linear un ­
biased e s tim a to r  o f  T .  T heir re su lt m ay  be s ta te d  as follows:
T h e o r e m  1 . L et Y  =  bSiY i , b , t =  0 for i £  s ,  b e  a  lin ear es tim ato r o f T .  If

M SE (Y ) =  0 w hen Yi =  cto,-, i  =  1 , . . . ,  N ,  u?,’s being  som e know n constan ts and c 
an a rb itra ry  co n s tan t, then

N

M SE (Y ) =  -  £  W V j ( Z i  -  Z j f d i j
i <j = 1

(1.4)

where Z{ — Y i / w i , <fi;- =  E ( b Si — l ) ( 6Sj — 1). F u rth e r , a  n nque  of M SE ( Y )  is 
necessarily  o f th e  form

m ( ^ )  =  ~ Y ^ w i wi ( Zi ~  zi ) 2e*J'(s ) (1.5)



where

E ( eiJ(s ))  =  dij (1 .6)

and denotes ^  ^ . I t m ay be n o te d  th a t  th e  eq u a tio n  (1.5) only p rov ides a  
> i < j < e ■»

necessary condition  for nnque o f M SE (Y ). However, all e s tim a to rs  of th e  fo rm  (1.5) 
are n o t necessarily non-negative, i.e. the  condition  (1.5) is n o t sufficient to  ensu re  
non-negativ ity .

M ukhopadhyay  and  V ijayan (1990) investiga ted  exp lic itly  th e  different fo rm s of 

nnque of V (y ) .  W hen Y  =  bs Y{ is unbiased,

= E (b s% bs .) -  1 =  hij  -  1 (say) .

Now, from  (1.4),

=  ( i-7 )
i<j = 1

w here gij =  WiWj(Z{ -  Z j ) 2. O ne m ay th u s  get d ifferent fo rm s of nnque o f  V ( Y )  as

« «  =  £ Si} l (t)  -  E S i jO ' -  < =  0 , 1 , 2 ,3 ,  ( 1 .8 )

w here

and

'■Si* = ih-s' <110>1 M 2p(s)

A j?  =  — - ( 1 -1 1 )7Tjj

(3) =  h j j P j s  | » , j )
•J p(s) ’ [ ’

an d  sim ila rly  for 1^ ,  1̂ 2\  1^3\  w hen 7r,;- =  p (s )  an d  P ( s  | i , j )  d en o te s  the

co n d itio n a l p ro b ab ility  o f se lec ting  s  given th a t  i a n d  j  w ere se lected  a t  th e  first 
tw o d raw s. In  p rac tice , m any o f these  16 e s tim a to rs  vk i  w ould  coincide.

I t  m ay  b e  no ted , how ever, th a t  th e  es tim ato rs , v^ i ( k ,  £ =  1 , . . . , 4 )  do  n o t 
fo rm  a n  ex h au stiv e  se t o f e s tim a to rs  o f th e  form  (1 .5). P ad m a w a r (1982) h as  given 
o th e r  (m ore com plex) es tim a to rs  o f  th is  form . However, th e  es tim a to rs  (1 .8) are 
in te re s tin g  fo r th e ir  sim plicity.



2. N N U - V A R I A N C E  E S T I M A T I O N  F O R  
M I D Z U N O  S T R A T E G Y

Since r ( f /< )  =  0, for t/.aar,-, i =  1 , . . . ,  N, it follows from (1.4) that for Midzuno  
s t r a t e g y

N

where

* '< « >  =  E . E ^ j 1 - ^  E  ^ 7
■<.7 =  1 I

co- =  I T ~ 7 - l  X‘XJ'

(2 .1)

D ifferent e s tim a to rs  v u { k  (. =  0 ,1 ,2 ,3 )  sa tisfy ing  th e  necessarily  non-negativ ity  
cond itions (1 .5), (1.6) are:

d, =  i>u =  v31
{N -  1 )X  
(n -  l)ar,

^2 — ^20

^ 3  =  v 23  =  *>21

VA - V n

I

I n  — 1 A l 2 x ,

v - v  A' 2
D5 =  V 00  =  ^ C 0  —

\
M j

x V -

- 1

x
^6 — V01 =  ^03 _  2 ^  C*J---

M i ___ 1

x
X

E f

V 7  =  V 02

VS  =  VlO



= 1 3l>9 — 1^22
M

i3 '.J )

Of the 16 possible estim ato rs, n ine a re  d is tin c t, denoted  as Vi . . . ,  vg.
Rao an d  V ijayan (1977) considered  th e  es tim a to rs  v,  an d  vg an d  s tu d ied  th e ir  

stabilities and  p robab ility  of g e ttin g  a  negative value em pirically .
In th is  no te we consider th e  perfo rm ance of all th e  nine es tim a to rs  v i , . . . , v g  

empirically. 22  popu la tions, o f w hich 10 a re  shown in ta b le  1 , were considered , 
including the  14 popu la tions considered  by R ao and V ijayan  (1977). T he cases n  =  
3, 4 and  5 were investigated . For th e  cases n =  4,5 to  save co m p u te r tim e, sam ples 
were draw n from  m odified po p u la tio n s, w here the p o p u la tio n s rem ain  u n changed  if 
N  <  10, b u t were restric ted  to  first 10 u n its  if  N  exceeded 10.

Since v$ was found to  have sm alle r variance ^ ( 1)4 ) =  V4 in m any of th e  cases, 
efficiency, e,- =  V4 /V; o f th e  e s tim a to r  v; was calcu lted  w ith  resp ec t to  w here Vi 
= V (v i) ,  i ( # 4 )  =  1 , . . . , 9 .

As in R ao and V ijayan (1977), V{ was m odified to  a b iased  non-negative  e s tim a to r  
v* as follows:

v ‘, =  Vi, when vis > 0 ,

=  v , X 2 if Vi, <  0 .

Here v ,  is th e  least squares e s tim a te s  (£se) o f V{j3, )  =  £((3S — f} ) 2 under th e  m odel

Y{ =  (3xi +  e j

£ { e ,  I * > )  =  0 , £ ( e ?  | n )  =  <r2 x ? 

£(e i6 j  | n x j )  =  0, i ^  j

where Y- is a random  variable w hose one p articu la r  value is Y { ,£ ,  V  d eno te  respec­
tively, th e  ex p ecta tio n  and  variance o p era to r w ith  respec t to  th e  m odel a n d  /3S is 
the  lse o f  (3. T h u s

v,  =  , —  . t  £  ~2  f a  ~  P>x i ) 2-n l n  — 1 ) ' x f  v ' igj 1

T he m odel is ap p ro p ria te  for s itu a tio n s  w hen the  ra tio  e s tim a to r  is ap p ro p ria te .
T h e  re la tiv e  efficiency of v* w ith  respec t to  v^, d eno ted  by e* jV% — V^*, (w here 

V? — M S E  4) =  1 , . . .  ,9 ) , an d  the  rela tive b ias b* w here b* =  | E (v * )  —

7 ( e fi) | / J u S E  (V j ) , 3  =  1 , . . .  , 9  w ere also calcu la ted  for th ese  22  p o p u la tio n s.

T able 2 p resen ts th e  p robab ilitie s  p,- o f tak ing  negative values (given by  th e  
relative frequency  of num ber o f sam ples yielding negative variance es tim a te s )  an d  
the re la tiv e  efficiency e* of the  e s tim a to rs  v ;(i =  1 , 4 , 5  an d  9 ) for sam ples of sizes



ii =  1 an d  n — 5 d raw n from  th e  10 n a tu ra l p o p u la tio n s  lis ted  in  ta b le  1. The full 
deta ils  for all th e  22 p o p u la tio n s for n  =  3, 4 and  5 a re  ava ilab le  w ith  th e  authors.

3 . D I S C U S S I O N

T h e  following conclusions m ay  b e  draw n from  th e  d e ta iled  tab les :
For n =  3, v4 can be considered  to  be alm ost n nue  o f V ( e n ) .  I t  has  go t uniformly 

lower p ro b ab ility  of being n ega tive  th a n  all the  o th e r  e s tim a to rs  considered . Then 
com e t’6 , V7 , , t>9 , vs, V3 , r j  in th e  o rder o f decreasing d es irab ility  in  te rm s  of taking 
negative values m ore frequen tly  (as m easured  by th e  n u m b e r o f  popu la tions for 
which th e y  are non-negative alw ays and  th e  lower an d  u p p e r  l im its  o f values of 
p ro b ab ilitie s  in case these are non-zero). T h e  e s tim a to r  V4 is ag a in , in  general, the 
m ost efficient o f  all th e  e s tim a to rs  considered. T h is  su g g ests  th a t  V4 is  the most 
p referab le one, b o th  from  th e  p o in t o f view of n o n -n eg a tiv ity  an d  efficiency.

For th e  m odified es tim a to rs , re la tive  b ias o f v% is a lm ost alw ays zero , t>g takes the 
next position . A gain is, in general, the  m ost efficient o f all th e  b ia sed  estimators. 
T h is suggests  th a t  is th e  m o st preferab le of all th e  m odified  e s tim a to rs .

For n =  4, V4 is again seen to  be tak in g  non -nega tive  values m ore frequently 
th an  th e  o th e r  es tim ato rs , v 2 is seen to  be tak ing  n eg a tiv e  values m o st frequently. 
E xcept for v \ ,  v$ and vg, it is found  to  be a lm ost alw ays m ore efficient than the 
other  e s tim a to rs . T he sam e tre n d  is observed in re sp e c t o f  th e  m od ified  estimators 
also.

For n =  5, 1)5 is seen to  be tak in g  non-negative  values m ore  frequen tly  than 
the  o th e rs . In cases it takes n ega tive  values, th e  p ro b a b ility  o f  ta k in g  negative 
values is seen to  be un iform ly  low er (b a rrin g  one case) th a n  th e  o th e rs . T he next 
desirab le e s tim a to rs  are t>j a n d  vg. A gain  v-i (an d  also vg)  is seen  to  b e  the least 
p referab le  one in te rm s o f non -n eg a tiv ity . Also, V5 is m o s t efficient o f  all the other 
e s tim a to rs . T h u s  vs is th e  m o st desirab le  one b o th  from  th e  p o in t o f  non-negativity 
and s ta b ility . T h e  sam e tre n d  is observed from  th e  values o f th e  b ias ratios. For 
coefficient o f  varia tio n  of x  less th a t  15%, all th e  e s tim a to rs  a re  a lm o s t always non­
negative  for all values o f n.  T h e re  is seen to  be a  considerab le  re d u c tio n  in  the value 
of V f  over Vi th ro u g h o u t.
T he above ana lya is suggests th a t  :

(i) For n =  3, 4, v4(v^)  is th e  m o st preferab le am ong  {v,-( f *), i  =  1 , . . . ,  9}.

(ii) For n =  5, vs(v$)  is th e  m ost p referab le am ong  {j/,-(t>,*), i  — 1 , . . . ,  9}.

(iii) T h e  e s tim a to r  v ^ v ^ )  is th e  m ost undesirab le  one.

I t is suggested  th a t for large values o f n (>  5 ),i>5(i>j|) sh o u ld  b e  u se d , while for 
sm all values o f n (<  4), ^4 (^ 4 ) shou ld  be used, specia lly  if th e  c v ( x ) is  low, say, less 
th a n  .20. However, if cu(a;) is m o d era te  to  large, th en  115 m ay  b e  u sed  for anysize 
of the  sam ple .
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T a b le  1 
L I S T  O F  P O P U L A T IO N S

I'up ijl.v
t ion

S o u r ce y X N c v ( x ) f

1 M n rth v  { I!1*)?), p .228 o u tp u t n u m b er  o f  w ork ers 8 0 .0 5 6 0 30S 0.822

K o m jn  (1 9 7 3 ) , p .49 fo o d
e x p e n d itu r e

to ta l
e x p e n d itu r e

16 0 .0 7 8 0.111 0.954

3 M tirth y  (1 9 6 7), p. 178 
( v illn ^ o  1-10)

a re a  u n d er  p a d d y g e o g r a p h ic a l
area

10 0 .0 6 5 0.344 0.254

•\ K om jn  (1 £*73), 
p. 3 89

m e a su r e m e n t  
o b ta in e d  in 
r e -in te r v ie w

m e a su r e m e n t  
o b ta in e d  in  
first in te r v ie w

10 0 .1 6 0 0.151 0.998

5 S u k h a tm e  S u k h a tm e  
( 1 9 7 0 ) ,  p. K,6

n u m b e r  o f  
b a n a n a  b u n ch es

n u m b er  o f  
b a n a n a  p it s

20 0 .1 7 5 0 .240 0.774

<; Y a m a n e  (1 9 6 7 )
p. 33*1

n u m b er  o f  
v a c a n c ie s

n u m b er  o f  
a p a r tm e n ts

10 0 .3 5 3 0 .3 4 4 0.983

M in t l iy  (1& 67), p. 132  
(b lo ck  no. 7)

t im b e r  v o lu m e s tr ip  le n g th 13 0 .3 6 S 0.351 0.945

ft S u k h a U n e  U  S u k h a tem e  
( 1!>70), p . 51

a r e a  u n d er  
r ice

to ta l  c u lt i ­
v a te d  a re a

10 0 .3 9 1 0 .3 9 7 0.874

•4 K aj ( l ' J 7 2 ) ,
p. 70

n u m b e r  o f  
c a t t l e

n u m b e r  o f  
farm s

15 0 .4 0 2 0 .4 2 3 0.894

10 R a o (1 9 7 3 )  
p. 2 0 7

co r n  a cr ea g e  
in  1960

corn  a c r e a g e  
in 1 9 5 8

14 0 .4 7 2 0 .379 0:926



-negative Variance Estimation

T able 2. P robab ility  o f tak ing  negative values and relative 
efficiency of the estim ato rs vl , v4 , v 5 , v9 for sam ples

___________of sizes n =  4 and  5 for 10 n a tu ra l p o p u la tions.
n =  4

Pop.
si.
no.

Pi Pa P5 P9
relative efficiency of t>;

e i es eg

1 .000 .000 .000 .000 1.006 1.010 0.999
2 .000 .000 .000 .000 0.987 0.993 0.978
3 .000 .000 .000 .000 1.009 1.014 1.001
4 .000 .000 .000 .000 1.062 1.064 1.034
5 .000 .000 .000 .000 0.934 0.975 0.928
6 .000 .000 .000 .000 1.369 1.266 1.473
7 .000 .029 .000 .000 1.639 1.664 1.539
8 .000 .000 .000 .000 1.093 1.145 1.014
9 .000 .005 .000 .000 0.972 1.055 0.860
10 .005 .000 .005 .014 0.849 0.933 0.739

n =5
1 .000 .000 .000 .000 1.173 1.173 1.170
2 .000 .000 .000 .000 1.005 1.016 0.992
3 .000 .000 .000 .000 1.081 1.086 1.072
4 .000 .000 .000 .000 1.240 1.244 1.226
5 .000 .000 .000 .000 1.031 1.053 1.001
6 .000 .000 .000 .000 1.847 1.678 2.031
7 .000 .167 .000 .000 3.536 3.557 3.333
8 .000 .040 .000 .000 1.783 1.865 1.658
9 .000 .044 .000 .000 1.676 1.844 1.456
10 .000 .020 .000 .000 1.208 1.359 1.024
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