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Distributions Determined by Conditioning on a Pair
of Order Statistics

By K. Balasubramanian and M.1. Beg'

Abstract: Let X,,X,,...,X, (n=3) be a random sample on a random variable X with distribution
function F having a unique continuous inverse F ' over (a,b), -~ <a<h =< = the support of F 1 et
X1 .n<Xp.n<...<X,., be the corresponding order statistics. Let g be a nonconstant «ontinuous
function over (a, ). Then for some function G over (a,b) and for some positive integers 7 and s,
I<r+i<s=n

1§ G(x)+G(y)
E E g(/Yi:n)’Xr:n=x’ Xs:n=y =———, V1, velahi
S—r+1l;=y 2
. g(x) gla+)
iff g and G are bounded, increasing and continuous, G = g and F(x) = ————— This lcads
to characterization of several distributions. gh ) gla+)

1 Introduction

Let X, X,,...,X, be a random sample on a random variable X with distribu-
tion function F having a unique continuous inverse F ' over (¢,h), o« <a<
b < o, the support of F. Let X,.,<X3.,<...<X,., be the corresponding order
statistics. Ferguson (1967) characterized distributions using the fact KX,
Xi,1.21=ax—p. Beg and Kirmani (1974) characterized the same distributions
through the condition E{X;|X,., =Xx}= ax—f, where a and f are constants.
For related results we refer to Galambos and Kotz (1978) and also Azlarov and
Volodin (1986).

Let g be a nonconstant continuous function over (a, b) with finite g(a+) and
Efg(X)}. By suitably choosing g, Beg and Balasubramanian (1990) characterized
all distributions for which the explicit form of the distribution function is known,
continuous and strictly increasing in its support (@, b) through the property
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ki 1 }.‘,g(x:‘nnxx:nzx}:g_(x.)i-zg—«"i-_)’ Vxe(a’b)‘
S

Here the conditional expectation is assumed to exist. But in the present paper such
an assumption is unnecessary as it exists anyway. Moreover, two functions g and
(; make the result stronger, in the sense that G should necessarily be equal to g.
T'hus the present result, all things considered, is considerably stronger.

Definition: Distribution generated by a function g:
let g be a right continuous, increasing and bounded function on (a,b),

glx)—gla+)
T g(b-)—-g(@+)

If Fis a distribution function, then ‘F is generated by g’ is equivalent to ‘F
is a linear function of g

- sa@< bhs oo, The distribution generated by g on (a,b) is

Theorem I: For some function G over (a, b) and for some positive integers r and
s, I<r+li<s<n

Sy G(x)+G
E g(;’,i'{),E,g(x’:")lx’i" =x,X5:,,=y} =L2<y_2’ v x,ye@Db)
)

if and only if g and G are bounded, increasing and continuous, G = g and F is
the distribution generated by g in (a, b).

The proof of Theorem 1 follows immediately after a lemma.

2 A Lemma

Lemma I: Let ¢ and h be functions defined over (@, ) and let A be continuous. If

_ e h{a)+h(x)
¢(x)-¢(a) = (x—a) [T] s vV a,xe(a,p) @

then A is a linear function.
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Proof: In view of continuity of A,

=h(x) .
P —— x)

Hence ¢ is differentiable and
P’'x)=h(x), Vv xe(ap).

Thus from (2),

¢'@)+e¢'(x)
2

px)—o(a) = (x—a) [
or

Pp’'(x)=2 [Ml}—ww) , Vaxe@p). ()

(x—a)

(3) is a linear differential equation in ¢ (x) with the general solution of l!\c form
o(x)= aox2+b0x+c0, where by = ¢'(a)—2aya, ¢y = ¢(a)—a¢.’(a)+aqa‘ and a,
is an arbitrary constant. Hence h(x) = ¢'(x) is a linear function.

3 Proof of Theorem 1

The joint probability density function of X,.,, X;., and X, , (1 Sr<i<s=n)is
for x<t<y

n FeI ™ FO-Fe) ™ IFO)-F@)
=D G—r— DY =i~ 1)} (n—5)!

‘N=FON"f)f()f0)

and that of X,., and X,., (1=<r<s=n)is for x<y

. FO)V ' FO)-FEI ™ 1 -FON" S fB)
(r—D!(s—r—1)!(n—s)!
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I he conditional probability density function of X;., given X,., =X and X;.,=
vil<r<i<s<n)is for x<t<y

6o [ Fo-Fo] T [Fo-Fo T o
( r Os-i-DH| FO)=F(x) F(y)—F(x) F(y)—-F(x)

which is the distribution of the (i—r)-th order statistic in a sample of size s—r~1
drawn from f(1)/[F(»)- F(x)] (x<t<y), ie, from the parent population trun-
cated on the left at x on the right at y.

In view of the above relation it is easy to see that

\‘ 1
}.. R E'g(xl:n)lxr:n:x’ Xs:n'—"y}
(s r+l)

- (s—r+1)

[(B(x)+g(N+(s—r—-DEg(X)|x<X<y]] . O]

If # i« generated by g, taking G = g in (a, b), it is easy to verify that the right hand
side of (4) reduces 1o (1/2) (Gx)+G ).
To prove the converse, from (1) and (4), we have

dF(t)

Fle(X)ix< X<yl= fg(t) —
x (FO)-Fx))

_G—r+D(GX)+GO)) gx)+g(y) _ Hx)+H(y)
2(s—r—1) (s—r—1) 2 ’

(S—f+1)G(')_ 2g(°)
. (s—r—1) (s—r-1) .
Putting F(1) = u, F(x) = ¢ and F(y) = z, we get

where H(") =

jg(F “(w))du = [H(F_'(C)J;H(F"(z))

:|(Z—C) N 4 C;ZE(O’I) . (5)
Writing § g(F '(u))du = ¢(u) and HF™'(*)) = h(*), (5) reduces to

h
¢(z)-¢(c) = [%}] (z—¢), ¥ ¢ze(0,1) .
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By Lemma 1, ¢'(u) =h(u), ¥ ue(0,1) and h is a linear function. 1 herelore,
g(F~"(u)) = h(u) = H(F~"(u)). This shows G = g and that g is a lincar func
tion of F. The theorem follows.

A simple interesting consequence of Theorem 1 is the following.

Corollary I: Under the assumptions of Theorem 1,

1 n
E{g(/\,i)thn:x’ Xn:n=y}=E {; E g(Xi)'XI:n =4, Xn n .‘K
i=1
_Gx)+GQ)

, VXx,yelab)
2

if and only if F is a distribution function generated by g.
Corollary 1 remains valid if we replace

Ni=1t

1 n
E {_ E g(X,-)|X1..,,=x, Xn:n=y} by

n
E{Z aig(’Yi)thn =X, Xp:n =y}

i=1

n

where a,q,, ...,a, are any real numbers such that ) a, = 1.
i

4 Application of Theorem 1

By suitably choosing g we can characterize all distributions for which the cxpligil
form of the distribution function is known, continuous and strictly increasing in
its support (a,b). These are the same as in Beg and Balasubramanian (1990).

Remark I: For completeness, we state the following equivalent forms of Theorem
1, the latter avoiding the use of order statistics.

Theorem 1* For some function G over (&, ) and for some positive integers r and
S, I<r+li<s=n
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E{ o E g(X,:,,)’X,;,,=X, X51ﬂ=y - 2 ’
(s—r-— 1),.ren

v x,ve(ab)

if and only if g and G are bounded, increasing and continuous, G = g and F is
the distribution generated by g in (a, b).

Theorem 1 ** For some function G over (a, b)

EFlg(x)lx< X<yl = —C—;—(—'\%@ , V x,ye(ab)

if and only if g and G are bounded, increasing and continuous, G = g and Fis
the distribution generated by g in (a,b).

Remark 2: In Beg and Balasubramanian (1990) conditioning on one order statistic
is used for characterization. In the present paper conditioning on two order
statistics is used. Conditioning on more than two order statistics is unnecessary

in view of Markovian property of order statistics from continuous random vari-
ables (see David 1981, p. 20).

Ach nowledgemeni: We thank the referee for some useful comments.

References

Azlarov TA, Volodin NA (1986) Characterization problems associated with the exponential distribu-
tion. Springer

Beg ML, Balasubramanian K (1990) Distributions determined by conditioning on a single order
statistic. Metrika 37:37-43

Beg M1, }iirmani SNUA (1974) On a characterization of exponential and related distributions. Austral
1 Statist 16:163 166 (correction in Austral J Statist (1976) 18:85)

David HA (1981) Order statistics. Wiley

Ferguson TS (1967) On characterization of distributions by properties of order statistics. Sankhya, Ser
A29:265-278

Galambos J, Kotz S (1978) Characterizations of probability distributions. Lecture Notes in Mathemat
1cs 675, Springer

Received 25 January 1991
Revised version 26 April 1991



	Distributions Determined by Conditioning on a Pair of Order Statistics

	1	Introduction

	/•; J £ g(Xl,„)\Xr:n = x,Xs,„ = y[ =^)+G(y) , v x,ye(a,b)


	(1)

	2	A Lemma

	, V a,xe(a,P)	(2)


	3	Proof of Tbeorem 1


	[F(xr-‘ [F(r)-F(x)]'-r-1 [FOO-HO]

	- 		[(j?(.v) + gO')) + (5-r-l)£,[g(A")|x<A'<>’J] .	(4)

	2

	4	Application of Theorem 1

	I	g(X,„)\Xr:n = x, Xs:n=y




