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Little did Walras realiso, when ho boheld his new born “Elements” (Walras,
1877) the impnet it was destined to produce on generationa of practitioners in econo-
mics. A lot has changed in the world of economic theory sinco ita publication.
Time has become predominantly “infinito’ and linear functionala have come to
“soparate”; traders have formed a “continuum and economics havo had joy rides
along “turnpikes”, including “twisted” ones at times. However, in apito of the
technological change at such an unprecedented rate, the “Elements” has defied obso-
lescenco. Tho bnsio issues considered in it still keep scholars busy and as such,
Arrow and Yahn's General Competitive Analysia (1071) is not uniquo in tho class of
publications on tho wubject, It has amongst others, rich predescessors like Koop-
mans’ (1957) "“Three Essays”, and Debrou’s (1059) "Theory of Value”. Being the
youngest in tho line, it had, naturally, o lot to consolidate. However, when two
peoplo like Arrow and Hahn collaborate, tho output ccases to be a mere consolida-
tion of earlier work. As with Derfman, Samnelson and Solow's Linear Prograniming
and Economic Analysis (1958), almost overywhere in tho book, “originality™ keeps
“breaking in". Arrow and Hahn's book has thus surpassed tha narrow confines of a
text-book and has emerged 18 a goldmino of new resulta and better proofs of old ones.

Of course, like many first cditions, the book contains slipp—minor, as well as
not s0 minor ones. Bofore we mako detailed comments on these, let us briefly
indicato the contenta of the boak.

Chapter 1 begina with an interesting introduction to the history of General
Equilibrium : of earticr attempts, of their failurea and of later modifications and
rigorous proofs given by carlior general equilibrium theorists. Chapter 2 studies tho
problem of the oxistenco of equilibrium in the simplest possible framework, where
thero is a well-defined excess demand function at any prico peS, : the unit aimplox,
and posscsses tho propertics of () Walras Law (b) homogoneity of degreo zoro in tho
prices (c) continuity; and in this situation, tho existenco of equilibrium is exhibited.
Such an exorcise would be helpful in considering the more general cases, whon some
of tho assumptions mado above do not hold.
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Chapter 3 considers tho theory of production. Assumptions are provided
under which, the set of feasiblo production allocations for tho cconomy is bounded. A
few of the standard propositions in tho theory of tho firm, relating to supply functions
aro established. Results similar to the Wong-Viner theorem arc indicated. Chapter
4 deals with consumer behaviour theory. Under a suitablo sot of assumptions on the
preferences, a continuous utility function is shown to exist over the consurption
possibility sct. Tho concept of Pareto optimality is roplaced by a weaker notion of
Pareto efficiency and the authors go on to demonstrato that every Pareto efficient
utility allocation is supported by a compensated equilibrium prico vector. Tho Slutsky
equation nnd other related results aro derived. Chapter 5 starts with rigorous defi-
nitions of the two kinds of equilibrin—compensated and competitive. The relationship
betweern the two is presented and conditions are provided under which a compensated
equilibrium is a competitive equilibrium. The existenco of a competitive equilibrium
is next taken up in full gencrality, in the case of an economy consisting of finitcly
many agents. Somo observations ure made regarding probleras which come up with
the introduction of uncertainty in the model.

Chapter 8 goes on to use the tools developed in earlier chaptera to prove the
existenco of equilibria in rituations where the conditions of perfect competition may
not hold. Thus, if (a) utilitics vary with prices or (b) there aro externalitics of & parti-
cular type in production and consumption, then modifications of assumptions made
in tho previous chapter aro shown to lead to the existence of an equilibrium. The
method of carlior chapters is also used to study a two-period y where
dities traded in currently, are the commodities of tho present period and bonds. A
unit bond is & promise to pay one unit of currency of account in the next period.
By suitabloe modifications, an existenco theorem, which claims the existence of equi-
Librium in current markets, is proved. Finally tho caso of monopolistic competi-
tion is considered; as is clear from the above description, this chapter branches off
from the traditional gencral oquilibrium theory into arcas not usually considered in
the literature,

The role of convexity is perhaps best understood, when one tries to prove
existence theorems without convexity. Externalitics, traditionally, are takon to
introduce non-convexities in the y. These matters aro idered in Chapter
7. In this chapter, & general theorem is stated on the degree to which an economy
not satisfying the eonvoxity assumptions in production and consumption, ean neverthe-
less possers an approximato competitive equilibrium i.e., a prico voctor, & consump-
tion vector for each houschold that minimizes the cost of achioving & given utility lovel
and satisfies o budget constraint at thoso prices, a production vector for each firm that
maximizes profit at those prices, and the social excess d d for all diti
is bounded (bound determined by the amount of non-convexity presont in the

y). Also this discrepanoy is shown to go to zero as the size of the economy
(o.g., the ber of io agonts) i
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Tho conjectures of Edgoworth and tho contribution of Debren and Searf
(1263), which have now come to bo known ns tho theory of the coro, are considored
in Chapter 8. Al recont contributions in thia area have boon such as to demand
quito a sophisticated lovel of mathomatics from the roaders. Arrow and Ilahn
have choson well to excludo the mensuro theoretic treatments from this seetion. Tho
competitive equilibrium lies in tho core—but exactly how doos the coro approximato
tho competitivo cquilibrium? In this chapter, a substantinl generalization of tho
Dobrou-Searf limit theorem is provided. As is indicated in the discussion rolating to
Theorem 2 (Arrow and Huhn, 1971, pago 190) tho theorem is proved for cases whero

houscholds may have ox pref . Consequently, the Debrou-Scarf result
gots substantially wonkened. Instead of the coro shrinking to the compotitive equi-
librium, it is shown that an allocation in the core approximates a P d equi-

librium (in an approprinto sensc).!

It is in Chapter 0 that Acrow aud Hahn provide a lucid "description of the
couditiona under which an economy hus a uniquo equilibrium. Tho so-called unique-
ness conditions which exist in thoe literature, namely those due to Gale and Nikaido
(1958) aro weakened in several ways. This might be indicated in the following manner.
The Jncobinn of tho excess supplies, denoted by J(p), is assumed to be such that all
its principal minors have positive determinants for all values of p lying in S, : this
is tho Gale-Nikaido condition, called GP in Arrow and Hahn (1071). The Arrow-
Hshn contribution lica in kening the above ption to the one where J(p)
has GP only for peE = (p/S(p) > 0), the sct of equilibrium prico vectors.

Chapter 10 considers the problems involving tho existence of comparativo
stalics information. Usuully, compurativo statics results aro derived viu tho calculus
and as such nre concerned with infinitesimal changes. In this chapter, following
Morishima (19G4), binary comparisons of prico situations are made and hence, theso
lead to results concerned with ‘large’ shifts in prices. Chapters 11-13 aro concernod
with the study of tho problem of stability of competitivo equilibrium. There is no
other collection of such results, oxcept perhaps the survoy by Negishi (1062), and in
most cases, rigorous proofa are provided.

Chapter 14 deals with tho Keynesian model. Previously a temporary equi-
librium (Chapter 8) was shown to oxist under an assuraption that economic agents
hsd no commitmonts loft from tho past, and also, thero was no monoy in tho economy.
Ono of the main things studied in this chapter is whother, under the allowance of tho
two points noted above, a tomporary equilibrium exists. It is not, as the authors
aro caroful to point out, & detsiled study of Koynes. Appendix A is on Positive
Matrices and is o particularly neat oxposition of the Perron-Frobenius theory. Ap-
pendix B is on Convex and related scts and consists of much of the background neces-
sory to understand tho material in Chapters 7 ond 8. Appendix C containa a rigorous
statoment and proofs of Scar{’s algorithm for approximating fixed points of mappings.

*Nole that Arrow oad Hahn considor a rathor arbitrary expension of the cconomy 1 it Is not tho
duplication procoss considored by Dobrou and Scarf {1003).
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On the whole, one must say that the choice of topies covered in the appendices is
oxcellent and the treatment rigorous—quito w rofreshing change from tho usual shoddy
treatments that one finds in appendices.

This complotes the description of the contonts of the book. It is indeed quito
an impressive coverago of general equilibrium theory. It is a pity, however, that
problems of multiscctoral growth aro not discussed in this work. Wo proceed now
to indicato the places where the formal arguments need tightening or whero the proofs
go astray.

In Chapter 3, the production sct of the firm f, Yy, is assumed to bo closed,
convex and to contain the point O (i.e., the origin). It is then claimed (see, Arrow
and Hahn, 1971, Section 4, page 69) that if Y, also happens to bo bounded abovo, then
“the function p-y, attains a maximum on Y,". This statement nced not be true for
all peS, : the n-di ional unit simple For ple, in the two di ional case,
let p=(0,1). If Yy is as shown below, in Figure 1, then there docs not exist any
yss ¥y at which py, attaing a maximum. It can be casily ascertained, however, that
the assortion is true for all peS, such that p > 0. Theorem 4 of the samo section
as above olaims that m(p) = mn}:,( Py 19 o strictly convex function of p when

ynYy

Yy is bounded and strictly convex and admits free disposal. This statement, onco
again, scems to bo false. 7,(p) is certainly convex, but even the strict convexity of
Y, may not guarantco the strict convexity of my(p). Consider, for example, tho case
described in Figuro 2.

_

Fig. 1 Fig. 2

Yy is a strictly convex sct with a non-differentiable boundary at the point
z. Given the prices p and p', m/(p) and my(p’) are attained at tho same point, viz.,
z. Tho proof in Arrow and Hahn (1071), proceeds ns follows. Supposo m(p) is
attained aty, and. my(p’) ia wttained at y’. Thon, consider, p(a) = ap’+(1—a)p,
where 0 <z < 1.
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Lot yy (p) corrospond to ms(p(z)). Then, by tho strict convexity of Yy,

Pyple) < pyy and piyla) < p'yj. e (D)
Hence multiplying the first inequality by (1—a) and the sccond by « and adding,
(V—a)p-ysta)+ap'y la) = pla) yyla) < 1 —a)pyy+ap’y;.

The proof gocs wrong when wo consider a point like z in Figuro 2. It is obvious that
given any convex combination of p and p’, the profit maximizing point always remains
z. Conscquently, the strict inequalitics in (1) havo to bo replaced by equalities and
the remainder of the proof docs not go through. For the theorem to be truo, one
needs stronger assumptions than tho atrict convexity of ¥, In particular, one might
like to assumo that Y is strictly convex and there exists a unique tangent plane
at cach point on the boundary of Y.

In Chapter 4, a now proof is given for the existence of a continuous utility

over the ption st of an individual. The proof is extremely elegant
and very Jucidly presented. The motivation of the proof is made clear at cach stage,
The extension of the utility function to tho entire consumption possibility set from &
subsct of it is only one examplo of tho ingenuity which tho authors keep demonstrating
throughout the book. Thero is only one minor comment that wo would like to roake.
In Arrow and lahn (1971, page 83), the following statement is made : “Since p{’) is
o continuous function bounded from below...and C(z) is closed, p(x’) has o minimum
a3 & varies over C(z)". Tt so happens that p{z’) does achieve a minimum over C{z)
in their case, but not for the rcasons they give in ll\c above mentioned statement,
which is not true, in general. For pl the jon y = 1/x* defined
over the sct [0, ). The set is closed in tho real lino (a8 ngainst tho extended real line)
and 1/2? is bounded below on [0,c0). It is trivial to seo that the minimum is not
attained.

The last seetion of Chapter 4 derives some of the standard results in the pure
theory of demand, including the Slutsky oquation. Tha method is based on Mckenzie
(1050-57). Mckenzio's main achicvement in this paper consisted in giving up two of
the major assumptions usually made in texts like Snmuelson (1947) or Hicks (1039).
Both Samuelson and Hicks nssumed strict convexity of preferences and twico differen-
tiability of the utility function. Mckenzie was ablo to give up the latter assump-
tion altogether and replace the first one by n substantially sweaker one and still
retain tho majority of results in demand theory. Arrow and Hahn fail to mention
this at all and, as such, much of the flavour of the excreise is lost upon the reader.

Coming down to the dotails, the idea of Mckenzio’s proof is extromely
simple. Ho notes, to start with, that tho minimum cost function Ca(p, ¥a) (using the
notation of Arrow and Hahn) is a concave function of p given any up. As such,
the function Cp(p,up) i8 twico differentioblo in » almost overywhero (in the
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sonss of Lebesgue measuce).  Moreover, for p strictly positive, it can bo shown
tlmt.g% = zpy(p, 1), whore, once again in tho notation used by Arrow and Hahn,
25y(p, up) is tho compensated demand function for the j-th good. Ilence, whenever the

. . . A [P0
second derivatives exist, concavity of Cy(p, up) implics that the matrix (i?p,d;,) is
negativo semi-definite. That is, the matrix of the puro substitution terms of
traditional consumer behasiour theory is negative semi-definite, (Sce, for examplo
Samuclson, 1947, page 113).

As was mentioned nbove, this derivation does not require convoxity of prefer-
ences.  Mckenzio merely nssumes local non-satiation. In Arrow and Hahn, semi-
atrict convexity of preferences along with non-satiation yields local non-satiation.
However, tho conditions are by no means necessary. Also, a twico differentiable
utility function is not required, sinco the method of proof depends on the twice dif-
ferontiability of Cy(p, #a), which is guarantecd almost everywhere, irrespective of any
assumptions regarding the differentiability of the utility function, There secms to be
an error in the Arrow and Halm statement of these results (Arrow and Hahn, 1971,
pago 104, Theorem 9).  First of all, when preferences are strietly eonvex, it is clnimed
that Ca(p, uy) is atrictly concave in p.  For reasons similar to those discussed in the caso
of the theory of production, this statement is false. All that one can claim is con-
cavity. Also the method of proof suggested depends on the existenco of xa(p, ua),
the point in- the consumption set at which Ca(p, ua) is nttained. Once again, as in the
theory of production, Ci(p, 1a) may not bo attained in the consumption possibility
set. However, Cy{p, up) can be shown to Lo concave in any caso. Tho following
proof taken from Mckenzic demonstrates. Let p, p'eS,, ple) = ap’+(1—a)p, 0 < @
< L. Then from the definition of Ca(p, ua), for any e > 0, there is zeXa(u) such that

Ca(pla), un) > pla)yz—e = ap’z({l—a)pz—e
> aCu(p’, )+ (1 —a)Ca(p, ur)—e.
Since the above holds for any ¢ > 0, wo have
Calp(a), un) > aCalp’, un)+(1—a)Cn(p, 1),
which is coneavity. In the above demonstration, wo have used the notations of Arrow
and Hahn.

Chapter 5 deals with tho existence of compotitive cquilibrinm, The proof
is undoubtedly, ono of tho best given so far in the literature. The proof is completed
in two steps. First of all, under the assumptions made on the model, & compensated
cquilibrium is shown to exist. The Kakutani fixed point theorem is used for this
purpose. A compensated equilibrium alloeation turns out to be a competitive cqui-
Librium if the “'chenpter point” nssumption? is satisfied for every consumer. This is

3Tho choapar paint assumption may bo atated thus: ot § donoto the consumption posaibility
sok; then for any prico p and z¢ and U an srhitrmry naighbourhoad af s, thoro is Z¢UnS much that pr’
<px
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precisely what is teed when the ption of “indirect resourco relatedness”
of houscholds is mado. In the second stage of the proof, Arrow and Ilahn mako the
lattor assumption to show that tho compensated oquilibrium is a competitive equi-
librinm also. The ption of rexourco related may bo slightly moro satis-
factory os compared to the chenper point assumption, in that it can be given an ensy
economic interpretation. In their treatment of tho existenco problem, Arrow and
Hahn aro concerned solely with tho ease of finitely many firms. Aa much, the caso of
free entry of firma is left out. In the abscnco of externalities, free entry implics that
tho aggregnto production possibility eot (i.0. the sum of individunl closed and convox
production possibility scts) would approximate a closed convex cone. In such o
cnss, s traditional theory suggests, while aggregato production is determinate in
an equilibrium, individunl production isnot, Such a caso has been studied by Mekenzio
{1959) and a mention of it would not be out of place. In disenasing tho ease of finitely
many firms, Arrow and 1lahn are concerned solely with the parametrie role of prices
in 8 competitive equilibrium. However, n text-book on competitive analysia should
have some discussion regarding free entry also, since this has been one of the mast
important charucterizations of a petitive market.

In Chaper 8, there is perhaps a small point to be noted. In proving Theorem
2 of this chapter, uso is mado of Lemmia 1(a) of Chapter 4 (sco pago 102 in Arrow and
Hahn, 1971). The said Lemma makes use of semi-strict convexity of preferonces.
Asig shown in Lemma 1(b) of Chapter 4, somi-atrict convexity of preferences along with
continuity leads to convex indifference maps. Henco, o romewhat hetter way of
choracterizing Arrow and Hanh's weakening of tho Dobreu-Searf assumptions (seo
Arrow and Hahn, 1971, page 100) wonld bo to sny that the sssumption of continuity
of preferences is given up, rather than the convexity of indiffcrence maps.

\Io\ ing on (o th clmpu-r on uniqueness, (Chapter 0), the Gale-Nikaido (1965)

di aro derably kened, as wo indicated above. Along with other

sssumptions, Arrow and Hahn employ the numersire assumption (Arrow and Hahn,
1071, page 208, Assumption 2(N)). This reads :

In overy equilibrium of the systom, thero is a good, givo it the label , for which
T 8(p) = —oo whonover p, = 0. This good is called tho numeraire.
4

A botter st t of this ption would have beon: Given any no.
N > 0, thero is #> 0, such that in every equilibrium of the systom, there is a goo«._l,
give it the lovel n, for which 'Eo,(p) < —XN whenever p, = 1,][p|l > A. This good is

is called the numeraire.

The latter statement is consistent with tho numerniro being a good whoso
price is fixed at 1 (once wo allow this, it is difficult to oxplain how p, =0is
possible).

In Chapters 11-13, there aro soveral places whero the treatment is faulty. o
would like to begin by indieating that (Arrow and Flahn, 1971, page 273, paragraph
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beginning “Now by A.4, the path...) tho rolo of tho boundedness of the solution
path has not been nade clenr. From reading the paragraph, ono would imagine that
boundedness of the path led to ¥{ ) : tho Liap function, being bounded. Now,
boundedness of the solution path leads to the existence of limit points and hopefully,
one would prove convergence to such a limit point, which would tury out to be an
equilibrium of the y. Tho boundedness of tho function V{ ) does not enter
into the argument except trivinlly. V{ ) is chosen to bo positivo at all prices and the

crux of the argument is to show that ¥ < 0 along the solution path. If wo have
such a V( ), then, 0 € ¥(p(1)) € V(p(0)) and boundedness is immediate quite irres-
pectivo of whether the solution path is bounded or not.

On poge 288 (Theorem 4) and Page 205 (Theorem 0), the proofa provided are
erroncous, It shouli bo pointed out that the Liapunov functiona to choose, in case of
the former is V(p) = Max |p;—1| and in case of the latter, J(p) = Max | Fy/p|. As

<

the choices of ¥( ) and JI{ ) stand i.e., without the absolute value signs, the proofs
do not go through.

On page 293, the assumption Z (p(n)) > 0 where p(n) is defined to be the price
vector with p, = 0 is certainly odd and should be restated as we indicated in the cose
of the numeraire assumption above. A new result in this connection is the one which
connects dominant dingonal with global stability (Arrow and Haln, 1971, page 292).

A special form of the definition of diagonal domi is used. Tt would have been
clearer to have indicated, that the speciality lay in requiring that it is the prices which
yield the dominant diagonal, A partial d tration of the conjecture mado by the

authors (Arrow and Hnhn, 1971, pages 293-204) regarding dominant diagonal and
stability may be found in Makherji (1973); the demonstration there is not quite the
result that Arrow and Hahn have in mind—it shows that at least in one caso, if the
weights h(p) which yield dominant diagonal are allowed to vary with prices, wo need
not have any information regarding how hy(p) changes with p.  This is the caso when
ky(p) also happens to be the speed of adjustment in the j-th market.

We now come to the uniquencss result which is demonstrated in terms of
an adjustment process (Arrow and Hahn, 1071, page 304). The part which seems
to be diflicult to follow is the part relating to tho boundedness of the solution path.
The argument runs as follows : if {{P(t)— o then Z,(P)-» 0. Then by Walras law
and for [P large enough, Z(P)’Z(P) must bo increasing if J|P|| increases further
(Z(P) denotes the exccas demand vector without the numernire excoss domand).

This is true if there are only two goods (including the numeraire). Certainly,
PZ(P) < 0 for 1P| large enongh; but why should that imply Z{PY Z(P) to bo increa-
sing 1 We, at least, could not find the proof of this statoment.

Thero is an examplo of global instability (Arrow and Hahn, 1971, page 300).
However, it ia {0 bo noted that this ia really the caso where a proper choice of tho
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numeraire, yiclds a stabla system for all speeds of ndjustment. The examplo is built
on there being o singlo gooit which exhibits Giffen’s paradox. Choose this good to be
tho numeruire, and stability indcpendent of the speed of adjustment follows,

However, for the constant rcturns cconomy, with n single primary factor,
it is possiblo to formululo an ndjustment to indicate that tho uniguo equilibrium is
globally stable under this ndjnstment process. A formulation of this process is provided
on page 316, Unfortunately, the proof of global stability in this connection is erro-
neous. Tho mistake occurs at the stage where tho authors defino k{p) = max mlek
for all §; the proper definition would bo k(p) = mnax pifp}, whero 0 standa for the

singlo primary factor, Latter parts of the proof, uently, have to he changed

We huve, so far, been discussing processes where trading at dis-equilibrium
prices is not allowed, i.0., tatonnement processes. One of the major contributions in
tho area of non-tatonnement processes is duo to Uzawa (1062). However, the behavior
of prices in tho contribution (Uzawa, 1062) is quite unelear. The troublo with the
Uzawa paper lies in the fact that the prico adjustment equutions are not specified.
That this specifiention would be enough to show that prices converge to an equilibriam,
has been shown elsewhere (Mukherji, 1074).  Tho difficulty with the Arrow-}Hahn
treatment lies first, in their weaker assumption of quasi-coneavo utility functions for
individunls. On page 331, thoy conclude from the relation (4) on that page, that

X UnAZa > 0. However, because of the approximation involved, they should bo
‘

ablo to deduce only the weak sign > . Also, the incquality ut the bottom of page
331 should be weak, for the same reasons. Thus, the proof of Theorem 3-und hence,
tho proof of Theorem 4 does not go through. Secondly, even if we allow for concavity
of the utility functions, Arrow and Hahn da not prove what they state in their Theorem
4 (1971, pago 334). \What they succeed in proving is, that if one had as initial condi-
tions p(0) =p, Y(0) = Y*: a Purcto optimal distribution, then the solution pnth
would convergo to an equilibrium (p®, ¥'*), with no trades taking place. Further,
if the process starts with arbitrary initial conditions, then there are limit points such
88 (p, Y*), where 7 may or may not support tho Parcto optimal distribution Y*. This,
of course, is not enough to imply tho convergence of prices, in general. However,
thoir assertion in Theorem 4 (Arrow and Hahn, 1971, pnge 334), is correct, as we indi-
cated above.

In the abovo discussion, we have perhaps dwolt at length on pointa which may
bo of minor interest. A roviow can hardly ever do justico to such an encyclopaedio
work. Having indicated tho parts which wo felt could be improved upon, it would
bo incorrect not to point out what we liked in the book. The discussions at each stage,
of overy assumption made and tho indication of exactly what purpose is sorved by
theso nssumpuons, is highly prmwuorthy For each topic covered, whother it bo
the problem of or 1 or tho stability of competitive equilibrium,
Arrow and 1labn havo collected a huge body of results. Tho well-known ones aro all
included; thero are, in addition, sovera) now results as wo bavo indicated above. The
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student is saved from a lot of bother in looking up the literaturo from the pagea of the
different journals; nlso, tho now results bring ono to the very frontiors of the subject.
Tho notes at tho end of each chapter scrve as an excellent sourco of information, should
someono bo interested in looking up tho original contributions. Indced, it would bo
not incorrect to suy that tho study of goncral cquilibrium theory Is simpler, now
that graduate students have Arrow and Ilahn to turn to.
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