EXPECTATION OF PRODUCT OF QUADRATIC FORMS
Zly ASIOD KUMAR
Indlan Slatistical Inotitnte

SUMMANY. 165 is )X m vootor and & ~ n(0, 1), Ay, Ay ... Au 810 2 m X 3 syINmotric matricon,
thon an expromion for oxpactation of (24, 2°H7A Z') ... (FA.Z)) In given In terma of teacen of peoducts
of matricee A).

1. NOTATION AXD INTRODUCTION

E standy for oxpeotation of thio slochastio varlablo. Truco of a matrix is denoted Ly
{r. When r 3 8, S{j;jp ey jr) denotes SII” Ah Al: , tho summation heing over tha
h Iy

(r—1)}2  disinct permutations (i, iy, ..., i) of (1,2, ..., )whoro the permulationa (i, iy,
. i #1} ey frogs oy gy 6y) aro considored to ho tho samo. \When r = 2,
9 Ul-.h) =4, A snd 8(j) = 4, p(n) Ia tho numbee of solutiona in integers of

n=1y.+2y.+...+ny.. w0, i=)2 ., - (L)
For o partienlar solution ¥y ..., ¥a of (L1} and & permutation (ji.js -ude) of

(1,2, ..., n), wa denoto the product

i Lo
}1;'_1 [C S(Jrl)) rl.£| (tr S(Jylon-.-I-Jy,lu.))---

'y
J}‘ {tr s(J,,* Sygbe Dy bk P L I g (= Dy g rE e e Jyluylh-.url)y,_,vr,)
» . 3

'E{.(“' Slyye 1y, et tn=1imgy $ ahgmntd Jy 4yt tn-y_ybabymn st o Jy sty oot (am iyt uk,)

by Py de verSus Y1 Y20 ooes Ya).  Observo that if y, = 0, tho factor

"
._’Il L PRTVRIRT- RT EITE PRSI T ST SN PRT MRSy
.

will e absont in P(jy, Jy, ooy Jui Y10 Y ooe Yu)e

Noger (1059) has obtained tho oxpectation of the product of two quadratio
forms of mormally distributed stochostio veriables in terms of fraces of matrices.
Neudocker (1068) uned tho method of Kronocker product and was auccossful in obtain-
ing tho oxpoctation of tho product of iwo ond threo quadeatio forms of normally
distributed stochaatic variables in terms of traces of matrices. The author of the
preaont paper fecls that his lechniquo is much simpler then that of Neudeckor
(1968). Recently Dr, P. N, Mixhra has written a paper entitled “Recurronco formula for
mathematical oxpectalion of products of matricea of atructural disturbances™ (Sanlhyn.
Reries B, 34, 370.384, 1072). \To can obtain exp jon of prod of threo quad
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forms from Dr. Mishra's paper. DBut when n =4, it i oxtremely difficult to obtain
the oxpoctation wsing Mishra's result. For the case of goneral n tho exprossions becomo
too involved ond dorivation of oxpeotation by using Dr. Mishra's reault becomes unmanagablo,
But from tho preacat resulta, it is oasy to obtain the oxpoctation for nny n without any rocur.
renco relation.

2. TUR EXPRCTATIOX OF A FRODUCT OF TWO QUADRATIC YORMS OF NORMALLY
DISTRIBUTED INDEPENDENT BTOCIARTIO VARIABLES

Eflxdx)x Ayx')} ia tho coefficient of 4, fy in

Efoxp(ty x dux'+hxd x)) - @)
(2.1) s namo s Efoxp{x{t,d,+1d,)x"}).
Now Elexplx(tid, +1,4)x)] = | I=2(t, 4, +1,4 )| -

=exp {_% Tog | I=2(t,dy+lydy)| }

Wo can easily show that fur soine positive valuos of hy, by such that [4] < by [ly] < by, wo
have

log(| 1=2(0d  +1edy) |} = —te(2(t 4,1, d Y} =te(2t, 4, +1,d ) 2.
—tr (A Ay Had))ir — ... od inf

S (200 = 0P IRl g LAy AN+ A A DY fr 4 ad af)
Now collooting coofficionta 4t in (2.1) we got
E{lxA i Yxdsx')) = 2 tr{d,dy)44r 4, b A,

3. Tor EXPECTATION OF A PRODUCT OF THREE QUADRATIO FOHMS OF KORMALLY
DISTRIDUTED INDEPENDENT STOCIASTIO VARTABLES

Eflxdx)xdpx')xdsx)}
i tho cooficiont of ftyy in  E{oxp (xAyx’+lyx dyx’+yxdsx')).
Wo proreed aa in Section 2 and obtain that

E{(xeA;x)xAyxHxAsx')) = 8 tre{d,Agd,)4+2 tr A, te Ay dy+21r 4, tr 4,4,
+2te dytr A Agtte Ay trdgtr Ay,

4. TR PXPECTATION OF A FRODUCT OF n{>>3) QUADRATIO FORMS OF NORMALLY
DISTATBUTED INDEPENDENT S8TOOCTASTIO VARIADLEA

Ef(xd x"Mxdpx") ... (xAux)}
in the cocflicient of ity ... 7, In  Efoxp (x4 x"+yxdyx'+...+luxd ox’)) o @)
\We proceed as in Soction 2 and obtain that for somo positive values of by, Ay, ..., A, such
| < Ay, |t] < by ooy [8a] < Ba: we have
(4.1) = oxp —;- [tr (204 st AN F1r 20y gyt HA N2

+tr (20 A HyAg+ .o d Y r+... ad inf) . {42)
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E ling (4.2) in ial sories and oollecting tho terms involving tty ... 1,, wo Boo

that wa have to consider tho terms

RIS

Uty Ar I+t gl ... y.l)(;-)

XU 2 Ay gt d YN X2 A+ A2

x[u('z(r,A,+:,A,+...+:,,.ll.))'/r]"x...x(n(au“l,+t,,l,+...+1.,(_))-/n]"
. (43

for all solutions (y,, ¥, ..., ya) of (L.1).

Now to find the ccofficiont of 4yt ... I, in (4.3), we see thal for nny partition
(s Gy o ngosd o GpysaygetIygongh s
{J'yluy.~...4(,-u,,_lﬂJ‘yluy.‘n..urhny,_,u jvl0ly=..-ﬂ'-llv7_|")' e
‘jlll"ig’“-"r,-r*ljyiilyzo..wry,-r'l"' jyldlyih..ry‘)'

. ({4)

(jy’ﬁlyz¢udny.- [T RISy YT U Jyluygn.uy.)

erising from tho permutation (j, jy ..y Ja) 0f (1, 2, ..., 1) wo havo a contribution.
For this particular partition (4.4) tho coofliciont of £,f, ... I, from (4.3) ia
Lyt
e | (PR AT AR R ES ) "
Ve, ! Ye Vr
X(2%2/2) 22X 3[3) (2N 2XAM) .. 2rx2Xrf) "

)

@8X 2301 X1 Yab oo Yal X Py s o003 1 Y

Lo TN ,
=2 PG crdad Y Y e o)
Now taking into account sll tho n!/((ll)vly|(2l)'=y,l ...(nl)"y,,l) modes of partition for a
partioular solution g, g, ..., Y of (L.1) wo got tho coofficiont of ity ... t, from (4.3) as

Y P s g Gt Yio Gar e )

=2
where tho swmmation is over ull nl[(ll)y'yl!(2|)"y,l (nl)"y.,l permutationa (fy, jy. -1 ja)
of (1,2, ..., n) giving riso to distinct partition (4.4).

Heneo the coofliciont of ¢y ... t, in (4.2) is

L S0t 7 P
=22 TPy o Y0 Y1 oor Y)

whora the swmmation is over all golutions y,, ¥y, ..., ¥aof (1.1) and (for fixed ¥y, ¥y, --e1 ¥a)
“oll pormutations (jy, ..., ja} of (1,2, ..., n) giving rico to distinot parlition (4.4) which s our
exproasion for E{{xA,x")(xAyx’) ... (xAnx')}.

361



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Sgnizs B
5. ILLusTRATION

Wo will obtain E{fx 4,2 )xAsxNxAsx'Nxcd,x)). Horo pin) m 6, A recurronce

formula for the valurs of p(n) for n == 1,2, ..., 100 aro givon in Hall, Marshall Je. (1967,
PD. 32).

o Elledy eyt oed o)
=10 tr{{A Ay Ayd ) () dyd (A HA A A)) 8 te Ay tr Apdyd (8 te Agtr Agd A,y
+8irdytr A Agd +8te A tr A Ay dyH te A Ay e Agd (+4 trd Ay ted A+
Féte Ay A tr Agdy+2te A Ay te dyte A 32 te A A e A tr Ay 42t Ay dte Ay tr dy
F2trAdgtr dytr A F2tr A A tr Ay tr A2 te Agd (e Ay te Agdte dyte Ay tr Agte 4.
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