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Abstract: A m ethod  for coding o f  b inary im age con tou r using Bezier approx im ation  is proposed. A set o f  key pixel (guiding 
pixels) on the co n to u r is defined w hich enables the con tour to be decom posed in to  arcs and straight line segments. A set o f  
cleaning opera tions has been considered as an  interm ediate step before producing  the final output.

The quality  o f  faithful reproduction  o f  the decoded version has been exam ined through  the objective m easures o f  shape com ­
pactness and the percentage erro r in area. F inally, the bit requirem ent and  the com pression ratios for different input images 
are  com pared with the existing ones.
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1. In troduction

Im age coding  is a  technique w hich represen ts an 
image, o r  the in fo rm ation  co n ta in ed  in  it w ith fewer 
bits. I ts  objective is to  com press the d a ta  fo r reduc­
ing its transm ission  an d  sto rage costs while preserv­
ing its in fo rm ation . V arious techniques such as spa­
tial d o m a in  m ethods, transfo rm  coding, hybrid  
coding, in te rfram e coding  etc. w here b o th  exact (er- 
ror-free) an d  ap p ro x im ate  (faithful replica) coding 
algorithm s for b inary  an d  g ray tone  im age have 
been fo rm u la ted  are  availab le in  [1-8]. A pprox i­
mate cod ing  of g ray tone  co n to u r for its prim itive 
(lines a n d  arcs of different degree of cu rva tu re) 
extraction using fuzzy sets is described by P al et al. 
[4-5].

Bezier ap p ro x im atio n  techn ique [6,7] w hich uses 
Bernstein po lynom ials as the b lending  function  
provides a  successful w ay to  ap p ro x im ate  an  arc 
(not hav ing  any  inflexion po in t) from  a set of 
m inim um  th ree  co n tro l points. T he app ro x im atio n  
scheme is sim ple an d  useful for its axis independen­
ce p ro p erty . I t is also  found  to  be com pu ta tionally  
efficient.

T he p resen t w ork  a ttem p ts  to  fo rm ulate  an  a lgo­

rithm  for approx im ate  coding of b inary  im ages 
based on Bezier app rox im ation  technique. A co n ­
to u r is first o f all decom posed here in to  a  set o f arcs 
an d  line segm ents. F o r this, a set o f key pixels are 
defined on  the co n to u r and  the vertices o f Bezier 
characteristic  triangles co rrespond ing  to  an  arc are 
coded. R egeneration  technique involves Ber- 
senham ’s a lgorithm  [8] in add ition  to  the Bezier 
m ethod . D u rin g  the regeneration  process, key 
pixels one considered to  be the guiding pixels and  
the ir loca tions are therefore in no  way distu rbed . In  
o rd er to  preserve them , an d  to  m ain ta in  the connec­
tivity  p ro p erty  som e in term ediate  opera tions e.g., 
deletion  an d  shifting of undesirable pixels generated  
by Bezier app ro x im atio n , and  insertion  of new 
pixels a re  in troduced  in o rder to  have better faithful 
rep ro d u ctio n .

Effectiveness of the algorithm s is com pared  w ith 
tw o existing a lgorithm s based on  co n to u r run  
length  coding  (C R L C ) [9] and  discrete line segm ent 
coding  (D L S C ) [10]. The com pression  ra tio s  of the 
p roposed  m ethods are found to  be significantly im ­
proved  w ith o u t affecting the quality  m uch  w hen a 
set o f im ages is considered  as inpu t. T he co m p ac t­
ness an d  the difference in area  betw een the in p u t



an d  o u tp u t versions keeping the locations o f the key 
pixels the sam e are also  com puted  to  p rovide a 
m easure of the e rro r.

2. Bezier approxim ation technique

Bernstein polynomials

The B ernstein po lynom ial ap p ro x im atio n  o f d e ­
gree m to  an  a rb itra ry  function  F: [0,1] -> R is de­
fined as

m

Bim[f(t)\ =  X /O '/m ) <t>im(t)
i = 0

where the w eighting functions <pim are , for fixed t, 
the discrete b inom ial p ro b ab ility  density  functions 
for a fixed p robability ,

where

m ml

i }  (m — i) \ i \

T he rem arkable characteristics o f the B ernstein 
polynom ials are  the ex ten t to  w hich they m im ic the 
principal features of the prim itive function /  an d  the 
fact th a t the B ernstein  ap p ro x im atio n  is always at 
least as sm ooth  as the p rim itive function /  w here 
‘sm o o th ’ refers to  the num bers of undu la tions, the 
to ta l varia tion  etc.

Bezier curves

This class of curves w as first p roposed  by Bezier 
[6,7]. The p aram etric  form  of the curves is

X = P x( 0 , 

Y = P y(t).

(2a)

(2b)

Let (x0,j;0), ( x l , y l ) , . . . , ( x m, y m) be (m +  1) o r­
dered points in a  plane. T he Bezier curve associated 
w ith the polygon th rough  the above po in ts is the

vector valued  B ernstein  po lynom ial an d  is given by

m
P*(t) =  X  (3a)

i = 0 
m

Py(t) =  Z  &m(0 y< (3b)
i = 0

w here 4>im{t) a re  the b inom ial p ro b ab ility  density 
functions of (1).

In  the  vector form , th e  equ a tio n s (3) are

n , ) = ( w ) and

so th a t

m

P(t)  =  £  Vi-
i = 0

(4)

The po in ts v0, vx, . . . ,  vm a re  know n as th e  guiding 
po in ts  o r  the co n tro l points.

F ro m  eq u a tio n  (4) it is seen th a t

P (0) =  vo an d  P(  1) =  vm.

T hus the range o f t significantly ex tends from  0 to
1. The derivative o f P(t)  is

P'(t) =  - m {  1 - 0 m _1vo
m ~  \ (

+ l l . j i i f - K i - t r - '

+  m t m~ l vm.

N ow  P ’(0) =  m(vl — v0) an d  P ’( l )  =  m(vm — vm_ 
T hus the T ay lo r series expansion  n ea r  ze ro  is

P(t)  =  P (0) +  t P \ 0) +  h igher o rd e r  te rm s of t 
~  v0(l +

and  an  expansion  near one is

P(t)  =  P ( l)  — (1 — t)P '( l)  +  h igher o rd e r  
term s o f (1 — t) 

as vm{l - m (  1 - 0 }  + m ( 1

It is now  clear th a t as t - » 0  the B ezier polynom ial 
lies on  the line jo in in g  v0 an d  Vj an d  fo r t -> 1 on 
the line jo in ing  vm _ x an d  vm. This m ean s th a t  these 
lines are tangen ts to  the curve a t v0 an d  vm.



Also since = o 0™(0  =  1 the Bezier curve lies 
inside the convex hull o f  the co n tro l points.

For cubic Bezier curves, m  =  3. T h e  co n tro l po ly­
gon then  consists o f four co n tro l vertices v0, v1; v2, 
v3. The B ernstein  po lynom ials for th is case are

00.3(f) =  (1 -  0 3 =  -  t 3 +  3 t 2 -  3t +  1, 
4>u3(t) =  3 t(l -  t) 2 =  3 t3 -  6 1 2 +  31,
02 ,3(0  =  3 t2(l — t) =  — 3 t3 +  3t 2,

03,3(0  =

and the co rrespond ing  Bezier curve is

^ ( 0  =  (1 -  O 3v0 +  3 t(l -  t )2v 1 
+  3 f2( l -  f)v2 +  f 3v3. (5)

T hough  the cubic Bezier curve is w idely used in 
computer g raph ics [1 1 ] we have used here its q u a ­
dratic version  to  m ake the p rocedu re  faster enough.

F or the  q u ad ra tic  Bezier curve, m  =  2 and  the 
control po lygon  alw ays consists o f th ree po in ts . T he 
Bernstein po lynom ials in this case a re

002(0 = (1 -  0 2 = 1 -  2r + t 2,
0 i2 (O  =  2(1 — t)t =  2r — 2 r2,
0 2 2 (0  =  t 2.

Thus

0  — [0O2<012'022]

’'O

Vl

l v 2

=  [f2 t 1] [c]
Vo

Vl

where th e  coefficient m atrix

1 - 2  f

[c] =  -  2 2 0 
.  1 0 0 ^

In the po lynom ial fo rm  the Bezier curve is

n o  =  t 2 ( v o +  V2 -  2 v j)
+  J(2 vi -  2v0) +  v0. (6)

This is a  second  degree po lynom ial an d  can  be com ­
puted in  a  m uch faster way th a n  in  the  H o rn e r’s 
process [ 1 1 ].

Bresenham algorithm

T he underly ing concept of the B resenham  a lg o ­
rithm  for generating  the po in ts  for a  s tra ig h t line 
segm ent restric ted  to  an  o c tan t, given its tw o en d  
po in ts , lies in checking the proxim ity  o f the  ac tu a l 
line to  the grid location . Let ( x 1, y 1) an d  (x 2, y 2) be 
the tw o po in ts th ro u g h  w hich a d iscrete s tra ig h t line 
segm ent is required . F o r  this, the in te rcep t o f th e  
line segm ent w ith th e  line a t x  =  Xj +  1, x ,  -t-
2 , . . . ,  x 2 are  considered. If the in te rcep t w ith  the  line 
a t x  =  x x +  1 is closer to  the line a t y =  +  1, th en  
the p o in t (x j +  1 , ^  +  1) b e tte r app rox im ates  th e  
line segm ent in  question  th an  the p o in t (x j +  1 ,y) .  
This m eans if the in tercep t is g rea ter th a n  o r  eq u a l 
to  ha lf the d istance betw een ( x ,  +  1 , y)  an d  
( x t +  1 , 3?! -I- 1) then  the p o in t ( x t +  1 ,)^  +  1 ) is se-

Figure 1. F low  chart for Bresenham ’s algorithm  for genera ting  
straigh t line in first octan t.



lected  for app rox im ation  otherw ise the po in t 
(x j +  l ,y )  is selected. N ext, the in tercep t o f the line 
segm ent w ith the line a t x =  x 1 +  2 is considered 
an d  the sam e logic is app lied  for the selection of 
points.

N ow , instead  of finding the in tercep t a n  e rro r 
term , e, is used for the selection purpose. Initially  
e =  — \  an d  the in itial po in t is selected. The
slope of the line, Ay/Ax is added  to  e an d  the sign 
of the cu rren t value of e =  e +  Ay/Ax  is tested. If it 
is negative, then the po in t is selected along  the h o ri­
zon tal line, i.e. x is increm ented  by one an d  y  re­
m ains the sam e. T he e rro r term  is then u p d ated  by 
add ing  the slope to  it. B ut if the erro r term  is posi­
tive (or tw o), then  the  p o in t is selected along  the 
vertical line, i.e. bo th  x an d  y  a re  increm ented  by 
one. The e rro r te rm  is u p d ated  by decreasing one 
from  it.

F o r  integer calcu lation , e is initialized to  
e =  2Ay  — Ax because 2Ay  — Ax =  2eAx =  e (say). 
T he details of the algorithm  for the first o c tan t is 
given in the flow -chart as show n in F igure  1.

3. Key pixels and contour approxim ation

A. Key pixels

In  the analytic p lane the co n to u r o f an  object ex­
hibits sharp  m axim a and  m in im a and  these po in ts 
can be detected alm ost accurately  w ithou t m uch 
difficulty. H ow ever w hen the co n to u r is digitized in 
a  tw o-dim ensional a rray  space of M  x  N  po in ts o r 
pels o r pixels, the sharpness in the cu rva tu re  of the 
co n to u r is destroyed due to  the in form ation  loss in ­
heren t in the process o f d ig itization . T he erro r is 
know n as the dig itization  erro r. C onsequently  it be­
com es ra th e r difficult an d  com plicated  to  estim ate 
the po in ts o f m axim a and  m inim a. An approx im ate 
so lu tion  to  th is problem  is to  define a set of pixels, 
we call key pixels which are close to  the po in ts of 
m axim a and  m inim a.

F o r exam ple, consider a function f (x )  in the d is­
crete plane. W hen / ( x )  is constan t in an  interval 
[ku k 2], the corresponding analytic function / a(x) 
m ay exhibit local m axim a and  m inim a (o r global 
m axim um  or m inim um ) anyw here w ithin the in te r­
val as shown in the Figures 2(a) and  2(b).

Figure 2. Possible behav iour of / a(x) when f ( x )  is co n s tan t, (a) 
Considering local m axim a/m inim a off a(x). (b) C onsid erin g  glo­
bal m axim um /m inim um  of / a(x). ■  denotes the p o sitio n  of the 

key pixel.

If we get a pixel e ither d irec t-connected  o r  out­
w ard co rner-connected  to  the end pixels o f  the  in­
terval [k1, k 2] such th a t b o th  the values o f  f ( x )  at 
these pixels are e ither g rea ter o r sm aller th a n  its  val­
ue in  the in te rval, then  we assum e a  p o in t o f  maxi­
m um  o r m in im um  to  exist a t the m id -p o in t o f the 
interval, i.e. a t x =  ( k v +  k 2)/2 if (&i +  k 2) is even 
an d  a t x =  {k  ̂ +  k 2 +  l) /2  if (A  ̂ +  k 2) is o d d . Let 
us consider this p o in t o r  pixel in  the d isc re te  plane 
to  be a key pixel. A no ther exam ple for th e  existence 
of a key pixel show n by ■  is dep icted  in  F ig u re  3 
for w h ic h /(x )  is n o t co n s tan t over a n  in te rv a l.

B. Definition

A function / ( x ) ,  co n s tan t in [ku k 2\, in  th e  dis­
crete p lane is said  to  have a key pixel P  a t  x  =  c 
(where c =  (k1 +  k 2)f2 o r (k l +  k 2 +  l ) /2  cor­
responding  to  even an d  odd  values o f  ( k 1 +  k2)) 
provided there exist <51? S2e { 0,1} such th a t  in  both



;he intervals [(/ct — <5i),AJ an d  [k2, (k2 +  d2)}

either f(c)  >  f{x)  
o r f { c ) < f ( x ) .

When k l = k 2 =  c, the defin ition  is app licab le for 
Figure 3 w here =  S2 =  1.

It is to  be no ted  here th a t the above definition 
corresponds to  the F igures 2 an d  3 w here key pixels 
lie on a ho rizon tal sequence o f pixels for the in terval 
[A’j, k 2] of x. S im ilarly, key pixels can  also  be defined 
for a vertical sequence of pixels for the  in terval 
[i-!,A2] of y.

C. Contour approximation

Let k 1, k 2, . . . , k p b e p  key pixels on  a co n to u r. The 
segment (the G eom etrica l E ntity , G E ) betw een two 
key pixels can  then  be classified as e ither an  arc o r 
a s tra igh t line. If the d istance of each pixel from  the 
line jo in in g  the tw o key pixels is less th a n  a p re ­
specified value, d, say, then  the segm ent is consid ­
ered to  be a s tra igh t line (F igure 4(c)); o therw ise it 
is a n  arc. T he arc m ay again  be of tw o types, w ith 
all th e  pixels e ither lying on  bo th  sides (F igu re  4(a)) 
or ly ing  on the sam e side (F igure 4(b)) o f the line 
joining the key pixels. Let us deno te  the G E  in F ig­
ure 4(c) by L (line) an d  th a t in F igure  4(b) by C C  
(curve). I t is therefore seen th a t the G E  in F igure 
4(a) is n o th in g  b u t a com b in atio n  of tw o C C ’s 
Meeting a t a p o in t Q  (p o in t of inflexion).

T herefo re, the key pixels on  the co n to u r o f a  tw o- 
tone p ic tu re  can  be used to  decom pose the co n to u r 
'nto tw o  types of G E ’s, nam ely  arc an d  line.

L et us now  consider F igure  5 w here the curve C C  
>n F ig u re  4(b) is first o f all enclosed w ith in  a righ t

y

Figure 4. Types of G E. (a) Arc with inflexion point, (b) Arc. (c) 
S traight line.

triang le AB C  w here A C  (the  line jo in in g  kj  and  
kj + 1 ) is the hypotenuse an d  AB  a n d  B C  a re  the 
ho rizo n ta l an d  vertical lines respectively. I t is 
proved  in  A ppendix  A th a t the arc  C C  will alw ays 
be confined w ithin a right triang le ABC.  A line D F  
is th en  d raw n  w hich is parallel to  the  hypo tenuse  
AC  an d  passes th ro u g h  the pixel E of m ax im um  d is­
placem ent w ith  respect to  AC.  T hus, the su b tr ia n ­
gles A D E  an d  CFE,  so construc ted , m ay  be taken  
as the characteristic  triangles to  ap p ro x im ate  the 
curve C C  by q u ad ra tic  Bezier ap p ro x im atio n  tech­
nique.

T he p rese rva tion  of the in fo rm ation  of Bezier 
characteristic  triangles w ith the help of key pixels 
form s the basis o f the underlying concep t o f the  p ro ­
posed  cod ing  schemes.

4. Coding schem es

In  the p roposed  m ethod , tw o p o in ts  (nam ely, E 
and  C) a re  on ly  sto red  to  preserve the  characteristic  
triangles co rrespond ing  to  an  arc w hen its s ta rtin g

F ig u re  3. Position  of the  key pixel when k 1 = k 2 = c. Figure 5. Bezier characteristic triangles for the arc  A E C .



p o in t A  is know n beforehand . T he p o in t D  o r F  
need n o t be sto red  because they can  au tom atically  
be ob ta ined  from  the aforesaid  p o in ts . F o r  exam ple, 
D  is the p o in t o f in tersection  of the ho rizon tal line 
th ro u g h  A an d  the line th ro u g h  E an d  parallel to  
AC.  It is to  be no ted  here th a t th e  end  p o in t o f G E  
is the s ta rting  p o in t o f its follow ing G E .

R egard ing  stra igh t lines, it is obv ious th a t, only 
one p o in t needs to  be sto red  w hen the sta rting  po in t 
is know n.

T he algo rithm  for key pixel ex trac tio n  is show n 
in A ppendix B.

Bit requirement

Let there be p different co n to u rs  in  a b inary  
im age of size M  x  N  w here M  =  2m an d  N  =  2". 
T he con tours m ay be of tw o types; e ither closed or 
open. If nk and  n; are respectively the num ber of key 
pixels (including the end pixels for o pen  con tou r) 
and points of inflexion on a co n to u r, then  the 
num ber of arcs and stra igh t lines (segm ents) is 
(«k H- — 1). O f them , let ns be the num ber of 
straight line segments. F o r closed co n to u rs  the in i­
tial key pixel is the sam e as the final key pixel.

The codew ord, s, of a G E  is variab le  in length. 
s consists o f tw o subw ords s x an d  s2. sx always rep ­
resents identity (arc o r line) of the G E  while s2 de­
notes its description. W hen the G E  is an  arc, s2 
gives the vertices of the characteristic  triangle (for 
exam ple, A , E , C  in F igure 5). F o r  a stra igh t line 
segm ent, s2 indicates the end po in ts  o f the line seg­
m ent. It is obvious th a t the cu rren t en d  po in t is a l­
ways the sta rting  po in t o f the succeeding G E . The 
b it p a tte rn  representing a co n to u r is therefore as 
d isplayed in  F igure 6.

 <  r1 -------> <-----  r2 ----- ► <-----  r} ----- ►
[Type o f  contour] [Num ber o f  GE] [Starting point]

< S1 > < s2 > ...........................
[Identity o f  GE] [Description o f  GE]

<------  s i ------ > <---------  s2 --------- ►

[Identity o f  GE] [Description o f  GE]

Figure 6. Bit pa ttern .

T ypes of con tou rs (open o r closed) can  be repre­
sented by a single bit.

In  the w orst case, all the G E ’s m ay be straight 
line segm ents an d  the num ber of key pixels m ay be 
M N .  T hus it needs (m +  n) b its to  represen t the  to­
tal nu m b er of G E ’s in  a co n to u r.

Iden tity  o f G E  (arc o r  line) can be represen ted  by 
a single bit.

G iven a sta rting  p o in t o f the co n to u r, w e need 
tw o po in ts for describ ing an  arc  an d  one p o in t for 
a stra igh t line. E ach p o in t can  be rep resen ted  by 
(m +  n) bits.

Therefore, for describ ing an  open c o n to u r  con­
sisting of ((nk +  Mj — 1) — ns) arcs an d  ns lines we 
need

Ta =  (m +  n) +  2 (m +  n)((nk +  nt — 1) — ns)
+  (m +  n)ns

bits where the first term  co rresponds to  the starting 
po in t. F o r  a closed co n to u r, the am o u n t o f b its re­
quired  is Tc =  T0 — (m +  n) since the last key  pixel 
(end po in t) co rresponds to  the sta rtin g  p o in t.

F rom  F igure 6, it is therefore seen th a t T0 (o r Tc) 
gives the bit requ irem en t for s2’s only. T he to ta l re­
qu irem ent considering the rem ain ing  entities o f  Fig­
ure 6, will therefore be

^totai = x  +  (3 +  y +  5 

where

a =  requirem ent co rrespond ing  to  =  1,
P =  requirem ent co rrespond ing  to  r2 

=  (m +  n), 
y =  requirem ent co rrespond ing  to  s ^ s

=  K  +  «i -  i) ,
8 =  T0 o t Tc.

5. Decoding

T he coded b inary  string o u tp u t co rresp o n d in g 10 
the m ethod  is show n in F igure  7. (m +  n) indicate 
the w ord length for the n u m b er of G E ’s w h e r e ^  

(m)  +  (n) denote the co -o rd inates o f a po in t.
D ecoding  of the s tring  of F igure  7 is based on the 

follow ing no ta tions.
T he first b it ( / J  indicates the type of co n to u r ( ie- 

/ ; =  0 for open  an d  1 for closed). T he next sequent



/1 l2 I3 U h
(*) (*** • • ■ *) (*** • • ■ *) (*** • • ■ *) (*) 

(m +  n) (m ) +  (n) (m ) +  (n)

6̂ U h  h
(*** • ■ • (*** • • ■ *) (*) v--v--'

(m) +  (n) (m) +  (n)

U h  U
(*** • ■ • *) (*) >— v— 1

(m) +  (n)

Figure 7. C oded binary string ou tpu t.

U o f (m  +  n) b its represen ts the nu m b er of G E ’s 
p resen t in  the co n to u r. T he first m  b its o f the  se­
quence  /3 den o te  the value of the o rd in a te  w hereas 
the rem a in in g  n b its give the value of the  abscissa 
of th e  s ta rtin g  po in t. Sim ilarly, the co -o rd ina tes  of 
the first key pixel is given by the sequence /4. Bit l5 
says w h e th e r the G E  betw een the p o in ts  rep re­
sen ted  by /3 and  l4 is an  a rc  o r a s tra ig h t line. l5 =  0 
for lin e  a n d  1 for arc. If there is an  arc , then  the fol­
low ing  sequence l6 is considered  to  ind icate  the 
p o in t E (as in F igure  5); o therw ise, the sequence l6 
will be absen t.

As so o n  as an  arc  o r line is reconstructed , the p re­
ced ing  key pixel p o in t becom es the new  sta rting  
p o in t.

T h e  p o in t designated  by the follow ing sequence 
/4 th e n  rep resen ts the new  key pixel for fu rthe r re­
co n s tru c tio n .

T h e  p ro ced u re  for decoding  con tinues un til the 
n u m b e r  o f  G E ’s, as represen ted  by the sequence /2, 
is ex h au sted . A fter th a t, a new co n to u r is sta rted  
w ith  th e  first b it as / t .

6. R egeneration  technique

D u rin g  the decod ing  p rocedure , if the G E  be­
tw een tw o  key pixels is found  to  be a  s tra ig h t line, 
th en  it is generated  by the  B resenham  a lgo rithm  as 
m en tio n e d  in Section 2. If  the G E  is an  arc , the 
Bezier characteristic  triangles are first o f all co n ­
s tru c te d  in  o rd er to  generate  its q u ad ra tic  ap p ro x i­
m a ted  version.

Recursive computation algorithm

The algo rithm  for com pu ting  the values of 2nd 
o rd er Bezier app ro x im atio n  curve using a forw ard  
difference schem e is described below . Let

y  =  a t 2 +  bt +  c

be a po lynom ial rep resen ta tion  of the eq u a tio n  (6) 
w here the co n s tan t param ete rs a, b an d  c a re  deter­
m ined by the vertices o f the Bezier characteristic  tr i­
angle.

Suppose, a  num ber of p o in ts  (values of y)  on  the 
arc  are to  be evalua ted  for equispaced  value o f the 
independen t variab le t.

T he usual N ew to n ’s m ethod  of eva lua ting  the 
po lynom ial results in m ultip lications an d  does n o t 
m ake use o f the previously com puted  values to  
com pute  new  values.

Assum e th a t the p aram ete r t ranges from  0 to  1. 
L et the increm ental value be q. T hen  the co r­
respond ing  y  values will be c, a q 2 +  bq +  c, 4aq 2 +  
2bq +  c, 9aq 2 +  3bq +  c , . . . .  Let us now  form  the 
difference tab le  (see T able 1). O bserve th a t

A 2yj =  2aq2

and

yJ + 2 -  2yj + 1 +  y,- =  2a<l2 for a l l ;  >  0.

This leads to  the recurrence form ula y 2 =  2 y x — 
y0 +  2aq2 th a t involves ju s t th ree add itions to  get 
the next value from  the tw o preceding values at 
h an d . T hus one does n o t need to  sto re  all the po in ts  
on  the curve.

Table 1
Difference table for recursive com puta tion  of poin ts of Bezier 
curve

t V Ay A 2y

0 c aq2 + bq 2aq2

q aq2 + bq +  c haq2 +  bq la q 1

2 q Aaq1 +  2 bq + c 5aq2 +  bq la q 2
3 q 9aqz + 3bq +  c la q 2 +  bq
4 q 16 aq2 +  4 bq +  c



7. Im plem entation  strategies

A fter coding  a single pixel w idth co n to u r inpu t, 
the regeneration  algorithm  as described before is 
used to  decode and result in its app rox im ated  ver­
sion (o u tp u t) . D uring regeneration , the ou te r c o n ­
to u r  is only traced using F reem an 's  chain code 
(clockw ise sense) assuring  the positions of key 
pixels on  it. In o ther w ords, key pixels are consid ­
ered to  be the guiding pixels (being im p o rtan t fo r 
preserving the input shape) du ring  reproduction .

It is to  be noted  that due to  the app rox im ation  
schem e, som etim es the follow ing undesirable s itu a ­
tions m ay arise:

(1) T he regenerated co n to u r m ay not have single 
pixel w idth.

(2) The key pixel may becom e an  in te rio r pixel o f 
the co n to u r.

T o  overcom e these situations we trace the c o n ­
to u rs  from  the ordered regenerated  d a ta  set, c o n ­
sidering the following opera tions.

A. Deletion o f  pixels

D uring  the co n to u r trac ing  if a pixel on the co n ­
to u r finds m ore than  one ne ighbour in its 8-neigh­
b o u rh o o d  dom ain , then the ex terio r pixel on  the 
c o n to u r  is kept while deleting  the rest (pixels on  the 
in te rio r con tou r). But if the re  is a key pixel falling 
in such neighbourhood , then the key pixel is re ­
ta ined  as the co n to u r pixel and  the  rest are deleted. 
T his enables us to keep the key pixel always on  the 
co n to u r, thus m aking the ap p ro x im atio n  of the in ­
put better. F igures 8(a) an d  (b) dep ict the situations. 
C onsidering  ‘c ’ to  be the cu rren t pixel an d  ‘p ’ the 
prev ious pixel, the co n to u r (clockwise) is ‘a ’ for a  
s itu a tio n  as show n in F igure 8(a) b u t if the situ a tio n  
is as in F igure 8(b) the next pixel on  the c o n to u r is 
then k (the key pixel).

d
c k ->

d c

b b
a a

(a) (b)

Figure 9. Shifting o f pixels: (a) con tour before shifting, (b) con­
to u r after shifting.

B. Shifting o f  pixels

S uppose a G E  is generated  and  a key pixel is 
reached. N ow  d u rin g  th e  generation  o f a  following 
G E , its first d a ta  p o in t m ay m ake the preceding key 
pixel lie on  the  in te rio r  co n to u r. F o r  exam ple, con­
sider F igure  9(a). H ere  a b k is p a r t o f the GE 
which is a lread y  generated . N ow  generating  the 
next G E : k c d , . . . ,  th e  first m ove from  k to c 
m akes the key pixel (k) lie on  an  in te rio r  contour.

In  such cases, the d a ta  p o in t c is shifted as shown 
in F igure  9(b). T his preserves connectedness of the 
pixel c w ith b o th  the G E ’s an d  also  ensures single 
pixel w id th  o f th e  co n to u r.

C. Undesirable loop

Som etim es in  the vicinity  of key pixels an unde­
sirable lo o p  (c o n to u r  w ith  a single p ixel hole) may 
ap p e ar due to  the ap p ro x im ated  g enera tion  proce­
dure. F o r  exam ple consider F igure  10. H ere GEs 
a  k , k 2 k 3 a re  a lread y  generated . T h e  next move 
from  k 3 to  b c reates an  undesirab le lo o p  having sin­
gle pixel hole.

T o  overcom e th is s itua tion , the pixel b  is shifted 
along  w ith  an  in se rtio n  o f a new  pixel e (as shown

a a k j k 3
p c b p c b a k 2

e d e k

(a) (b) (a)

c e

k i

(b)

f ig u re  S. D eletion of pixels: (a) in absence of key pixel, (b) in 

presence of key pixel.
F igure 10. U ndesirable loop: (a) before cleaning, (b) after clea11' 

ing.



in F igure  10(b)). Since th e  shifting of b a lone loses 
the connectiv ity  p ro p e r ty  betw een k 3 an d  the subse­
quent pixels, it necessita tes an  insertion  o f a new 
pixel w hose lo ca tio n  is governed by the concept of 
minimum connected  p a th .

8. Results and discussion

F igures 11(a), 12(a) an d  13 show  the d ig ital co n ­
tou rs o f th ree different figures, nam ely , butterfly , 
chrom osom e an d  num eral-eigh t, w hich w ere con-
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Figure 11. (a) Butterfly input, (b) R egenerated version, (c) Regenerated version before cleaning.
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Figure 12. (a) C hrom osom e input, (b) Regenerated version.

sidered as inpu t to  the p roposed  coding schemes. 
The key pixels and  the po in ts o f inflexion as d e­
tected on  the inpu t pa tte rn s are m arked  by ‘3’ an d  
‘X’ respectively.

In  F igure 13, the in p u t im age co n to u r is rep re­
sented by the pixels m arked  ‘5’ an d  ‘0’ along w ith 
‘3’ d eno ting  its key pixels. The o u tp u t co rresp o n d ­
ing to  the butterfly  and ch rom osom e im ages are 
show n in F igures 11(b) and  12(b) respectively. The 
o u tp u t version corresponding  to  the n u m era l-8 
co n to u r is m arked  by ‘5’ an d  *•’ in  F igure 13 super­
im posing  on its input. This superim posed d iag ram  
facilitates one to  exam ine the visual proxim ity  be­
tw een the inpu t an d  o u tp u t versions. I t is to  be n o t­
ed in th is connection  th a t the positions of key pixels 
in b o th  inpu t and  o u tp u t rem ain  unaltered .

F o r  coding the in p u t p a tte rn s , the  n u m b ers  of 
G E ’s in the bu tterfly , ch rom osom e an d  n u m era l^  
were found to  be 27, 19 an d  16 respectively. O u t of 
these figures the  num bers of arcs were 9, 16 a n d  16- 
T he co n to u r o f the  n u m era l-8, as expected, h a s  the 
m in im um  n u m b er o f G E ’s a n d  has no  s tra ig h t line- 

As a typical illu stra tio n , the effectiveness o f  the 
cleaning o p era tio n s  (Section  7) perform ed on  the 
generated  p o in ts  is d em o n stra te d  on ly  for the but' 
terfly im age. F ig u re  11(c) show s such an  interme' 
d ia te  sta te  beforing  p ro d u c in g  its final decoded  on1' 
pu t. H ere, 0 d en o tes  a  pixel deleted  a n d  ^ 
co rresponds to  the p osition  w here a  pixel is inserted 
to  keep connectiv ity .

In  o rd er to  s tudy  the efficiency o f the coding 
schem es, the b it requ irem en ts fo r d ifferent inpu t in1'
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Figure 13. N um eral-8 input and its regenerated o u tp u t together.

ages an d  the ir relative com pression  ra tio s are com ­
pared w ith  those in the C R L C  a n d  D L S C  m ethods. 
It is show n in T ab le  2 th a t in the p roposed  tech­
nique, th e  b it requ irem en ts are significantly less. It 
is obvious th a t the num era l-8 im age consisting  of 
few large arcs only  prov ided  h igher com pression 
ratio. T he bu tte rfly  im age on  the  o th e r  hand , has 
the largest n u m b er o f G E ’s an d  th u s provides 
lowest com pression  ratio .

As the cod ing  schem es are ap p ro x im ate  the re­
generated im age deviates from  its o rig inal version. 
To observe the d ev ia tio n  of regenerated  im age q u a l­
ity th ro u g h  an  objective m easure we have calculat-

Table 2
Bit requirem ent

Figure C R LC

Bit requirem ent

D LSC  P roposed 
m ethod

<5«i %
(rel.
C R LC )

^rel %
(rel.
D L SC )

Butterfly 799 531 435 183.67 122.06

C hrom osom e 1175 603 452 259.95 133.40

N um eral-8 2085 1169 474 439.87 246.62



T able 3
E rro r in regeneration

Figure % E rro r in area  C om pactness

Proposed O riginal G enerated
m ethod figure figure

Butterfly 8.63 0.024635 0.025393
C hrom osom e 6.8 0.016061 0.016672
N um eral-8 2.92 0.014728 0.014589

ed th e  e rro r  in a rea  an d  the shape com pactness. F o r  
the ca lcu la tion  of the area  an d  the perim eter o f the 
co n to u r  we have used the techn ique p roposed  by 
K u lp a  [12]. Since the key pixels are always on  the 
co n to u r  an d  th e  generated  arcs are betw een them  
an d  restric ted  by the respective Bezier characteristic  
triang les, the m ax im um  erro r for an  arc is the area  
of its p a ir  o f Bezier characteristic  triangles. Also, for 
the above co n s tra in t the shape com pactness can  
p rov ide  a  good  m easure of the d is to rtion  in tro ­
duced  in to  the  decoded images. T ab le  3 shows b o th  
the percen tage e rro r  an d  the com pactness o f figures. 
I t is th u s  seen th a t the decoded im age in each case 
is a faithful rep ro d u ctio n  of its in p u t version. H ere 
to o , the b u tte rfly /num era l-8 co n to u r having the 
la rgest/sm allest num ber of G E ’s incurred  h ighest/ 
low est % e rro r  in the ir regeneration .

F inally , it is to  be m en tioned  here th a t since the 
regenera tion  p rocedure  uses the qu ad ra tic  Bezier 
ap p ro x im atio n  technique, the decoded im age dis­
p lay  is very fast.
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Appendix A

Proposition 1. In the discrete plane all the pixels on 
an arc between two key pixels remain always on or 
inside a right triangle with the line joining the key 
pixels as the hypotenuse. The other two sides o f  the 
right triangle are the horizontal and the vertical lines 
through the key pixels.

Proof. W hen the key pixel is on  the ho rizo n ta l line 
a t x =  c it follows from  the defin ition  o f key pixel, 
th a t

either f(c)  > f ( x )  
o r f ( c ) < f { x )

in bo th  the in tervals [kl -  d^k^]  an d  [k2, k 2 +  <y 
w h e re /(x )  is co n s tan t in  [&i,/c2] an d  <51 ,5 2 e  {0, 1 }. 
Thus

(1) Pixels a t k 1 an d  k 2 are  either co rner connected 
o r direct connected  o r its com bination  to  the neigh­
bouring pixels ou tside the in terval [kx, k 2].

(2) W hen k l =  k 2 =  c, the key pixel will have at 
least one co rner connection  to  its neighbouring 
pixels.



A

Figure A l. An arc with its associated right triangle.

Sim ilar a rgum ents ho ld  w hen the key pixel lies on 
a  vertical line.

Let ANB  be the arc  w ith A an d  B being tw o suc­
cessive key pixels as show n in F igure  A l. N ow  a 
p ix e l on  the arc can  go ou tside the  line A C  o r BC  
i f  and only if ( 1 ) there exists a  sequence o f collinear 
p ix e ls  such th a t its end pixels are  e ither co rner con­
n e c te d  o r d irect connected  o r its com bination , o r
( 2 ) there exists a pixel w hich has a t least one co rner 
c o n n e c tio n  w ith its ne ighbouring  pixel.

B oth these cond itions lead to  the  existence of 
a n o th e r  key pixel ou tside  the line A C  o r  BC.  This 
i s  a con trad ic tion .

A p p e n d ix  B

-4 Igorithm for  extraction o f  key pixels

{?,■},"= i are  the co n to u r po in ts  in the b inary

4 3 2

5 •  1

6  7 6

Figure B l. D irectional codes with respect to 9 .

im age an d  { (xi, y i)}"=1 are  the ir position  co -o rd i­
nates. Since, for a closed co n to u r, the re  is a  possi­
bility o f m issing the first key pixel we need to  exam ­
ine a few m ore po in ts after the  s ta rtin g  p o in t is 
reached so as to  enable one to  get the  sam e back.

Step 1. Set / <- 1, coun t <- 1.
F ind  the in itial d irec tion  code betw een and  

Pi + 1 accord ing  to  F igure B l . Let it be d 1.
Step 2. Increm ent i <- i +  1; if i =  n go to  S tep 7; 

otherw ise find the d irec tiona l code betw een Pt and  
F i+ Let it be d2.

Step 3. If dx =  d2 go to  S tep 2; o therw ise if d t div
2 =  0 an d  d2 div 2 =  0 o r if | d t — d2 1 =  3 o r 5 then 
re tu rn

Step 4. Increm ent i < - i  +  1; if i =  n go to  S tep 7; 
o therw ise find the d irection  code betw een P, and  
P i+ 1 . Let it be d3.

Step 5. If  d3 =  d2 then  c o u n t«- coun t +  1 and  go 
to  S tep 4; o therw ise if | d r — d3 \ =  0 o r 1 then  set 
coun t <- 1, d t < - d 3 an d  go to  S tep 2 else do  Step 
6.

Step 6. If  co u n t div 2 =  0 th en  re tu rn  (x ; colim/2,
yi -  cou„t/2)o th erw ise re tu rn (x j _ count 2 ^ 1  — count div 2) ’

Step  7. S top.
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