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Mid- semestral Examination Som—
Advanced Design of Experi ments
M.Stat- 2™ Year : 2011-12

Full Marks: 70 Time: ‘R hys. Date: (- CF- a0l
Answer all questions.

Q1. Define A-, D- and E- optimality criteria, along with their statistical interpretations for the non
singular inferential problem m:n=Lt ( 4+6+5=15)

Q2. State and prove sufficient conditions for a design to be A-, D- and E- optimal for estimating a full set
of orthonormal contrasts of treatment effects. Hence show that for givenv, b, and k, a BI8D,
whenever exists is A-, D- and E- optimal for the above inferential problem.  ( 9+9= 18)

Q3. Consider the following 4x4 row-column design d with treatment symbols A, B, C, D . Check the
estimability of a full set of independent elementary treatment contrasts, providing one unbiased
estimator, whenever exists ,for each such contrast.

ABCD
d: BC DA
CDAB
DAB D (12)

Q4. Construct a GDD with parameters v= 12, b=9, k=4, r=3. Characterize the category of this GDD,

with proper justification. { 8+2=10)

Q5. Define an OA( N, k, s, t) and construct OA{ 16,5,4,2). ' - {3412=15)
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Note:

e Please write your name and roll number on top of your answer paper.

e There are five problems each carrying 8 points with a total of 40 points. Solve as many as you
can. Show all your works and write explanations when needed. Maximum you can score is 30
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e This is an open note examination. You are allowed to use your own hand written notes (such
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no printed materials or photo copies are allowed, in particular you are not allowed to use books,
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1. Let (2, F) be a measurable space and p be a signed measure on it. Show that there exist
a probability measure P on ({2, F) and an integrable random variable X such that for any

AeF,
p(A)=E[X14].

(8]

2. Let (Q,F,P) be a probability space and G and H be two sub-g-algebras. Let X : Q = R
be a random variable with finite second moment. Suppose X is independent of G but

E [X I ’H] is G-measurable. Then show that E [X | ’H] = E[X] as. (8]

3. Let (Q, F,P) be a probability space and X : = R be an integrable random variable.
[4+4=28]

(a) For G C F a sub-o-algebra show that

(>}
E[Xig] =/ P(x >t|g) it
0
a.s with respect to [P] provided X is a.s. non-negative.

(b) Let X C G C F be an increasing sequence of sub-o-algebras. Assume X is square
integrable then show that

B v (5] 5 v (x )]

[P.T.O.]



4. Consider the probability space ([O, 1]2,3[0‘112, )\2) where ), is the Lebesgue measure (area
measure) on [0,1)°. Let M : [0, 1> - [0,1] be the function M (z,y) = max(z,y). Find a
regular conditional probability (RCP) given the random variable M. [8]

5. Let T be an uncountable index set and F := Q7B be the product o-field on RT (here B
denotes the Borel o-field on R). Show that if B € F, then there exists a countable set

To C T and a set By € ®:cr, B such that w € B if and only if (w(t), t € Tp) € Bo. [8]

Wish you all the best



Date: 2.9.2011
Time: 2 hours

INDIAN STATISTICAL INSTITUTE

Statistical Methods in Genetics — I

M-Stat (2™ Year) 2011-2012
Mid-Semester Examination

This paper sarries 40 marks.

1. Consider the following genotype data at a triallelic locus on 500
randomly chosen individuals in a population:

Genotype Frequency
AA 182
AB 170
AC 66
BB 48
BC 34
Test whether the locus is in Hardy-Wefnberg Equilibrium. [8]

2. Consider a recessive disorder controlled by an autosomal biallelic locus.
If an individual is affected, determine, in each of the following pairs of
relationship with the individual, who is more likely to be affected:

(a) father and sib
(b) grandfather and uncle [5+5]

3. Consider data on genotypes at a biallelic locus for a random set of
individuals in an inbred population. Obtain the m..e.s of the allele
frequencies and the inbreeding coefficient. Show that the variances of the
m.l.e.s of the allele frequencies increase with increase in the inbreeding
coefficient. [10]

4. Conder a X-linked biallelic locus with alleles (4,a). Suppose the selection
coefficients corresponding to the allele 4 is s and that for the allele a is ¢
where s#. The fitness coefficients of the genotypes follow a
multiplicative model (i.e., it is s* for 44, st for Aa, etc.). Examine
whether the allele frequencies reach non-trivial equilibrium values
separately for males and females. [12]
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. Let X,Y be Hausdorft spaces. If f,g: X — Y are continuous functions, show that
{z: f(z) = g(z)} is a closed subset of X. 8]

' . Let A C X where X is a topological space.If A’ is the set of limit points of X, show

that A’ is closed [8]

. Show that a one to one continuous function from a compact Hausdorff space X onto
a Hausdorff space YV is a homeomorphism. Show this is not neccessarily true if X is
not compact. (10]

. Let X be a completely regular space , K C X compact and A C X closed. Show that
there is a continuous function f from X into [0,1] such that f(z) =0if € K and 1

if z € A. [14]
. Let B be the family of subsets of the form {[a,b) : a < b} of the reals.

(a)Show that B is a base for some topology on the reals. (2]

(b)What are the compact sets in this topology? [14]

(¢c)What are the connected sets in this topology? [14]
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a. Explain how a generator of exponential random variables can be used to simulate
from the gamma distribution with probability density function

Ga(a, f)= £
I'a
when « is known to be a positive integer.

e x>0,

b. Consider the following two-parameter Bayesian model from which » observations
VisV,s... Y, are available:

Yi -~ N(/.l, T_l )9
4~ N(,D,
r ~ Ga(2D),

where Ga(a,b) is as in part (a) of this question, and N(a,b)denotes a normal
distribution with mean aand variance b. It is assumed that y,,y,,...y,are conditionally
independent given xand 7, and x and 7 are themselves independent.

i. Show that the full conditionals of xzand 7 given y,,y,,...y, are respectively
the normal and gamma distributions with parameters to be determined by you.

ii. Given generators of the standard normal and exponential random variables, set
up the Gibbs sampler for simufating from the posterior distribution of (u,7)

given y,,y,,...y,, when n is assumed to be an even integer.

[5+(5+5)=15]

(Please Turn Over)
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2. Consider the problem of obtaining Monte Carlo estimates of
6= Ee"z dx.

a. What is the raw simulation estimate ofé, based on 2 independent realizations U, and
U, of the random variable U distributed uniformly over (0,1)? What is the variance of
this estimate?

b. If, in place ofU,, you use 1-U,in the estimate you have proposed in part (a) of this

problem, what will be the variance of the resulting estimate? Show that it is smaller
than the variance of the raw estimate. What is this approach to variance reduction in
Monte Carlo simulation referred to as? %
c. Use any other variance reduction technique to the Monte Carlo estimation of 6, and;
establish that variance is indeed reduced as a result.
d. Is it possible to combine the variance reduction techniques in (b) and (c) to arrive af
another estimate with an even smaller variance? Justify your answer.

[(2+3)+(3+1+1 )+2+3=15'&

3. Sixteen mice were randomly assigned to a treatment group or a control group, and those in
the former group received an experimental treatment that was intended to prolong survival,
The survival time in days of mice in both groups following the treatment is given below:

Group Size Data
94 197 16 38
Treatment 7 99 141 23
. 52 104 146 10 50
Control 9 |31 40 27 46

Test whether the treatment is successful in prolonging survival, by computing thd
achieved significance level of a permutation test based on 5 permutation replications
an appropriate test statistic. Specify all relevant details clearly.

[1
4. Suppose that the observed data vector of frequencies y =(y,,¥,,¥;. Vs Vs) Wit

5
Z y, =n, where n s fixed, is assumed to arise from a multinomial distribution with five cell
i=l

and corresponding cell probabilities —;—,%6,%(1—0),%(1—0) and %G,Where fis to b

estimated on the basis of y.If the observation y, is missing, then show how the EM algorith

can be used to obtain the maximum likelihood estimate of@, clearly specifyihg th
expectation and maximization steps, and final iterates for the estimate. ‘

1
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Answer all questions.

Show that if R on X is rational, then we have the following:

(a) P is both irreflexive and transitive.

(b) I is reflexive, transitive and symmetric.

(¢) If PyRz, then xPz. Similarly, if zRyPz, then zPz.

(4+6+4=14) '

Consider a rational preference relation R on X. Show that if u(z) =
u(y) implies that zly and u(z) > u(y) implies that 2Py, then u(.)
is a utility function representing R. (6)

Suppose that X is finite and R is a rational preference defined on X.
Consider the function u* : X — R such that V « € X, u*(z) =|X| -
{z € X | zPx}|. Is the function uw*(.) a valid utility representation
of the preference relation R on X7 Justify your answer. (10)

Show that a choice structure (B, C(.)) for which a rationalizing pref-
erence relation exists, satisfies the path-invariance property: For ev-
ery pair By, By € B such that By U By € B and C(B;)UC(B3) € B,
we have C(B; U By) = C(C(B1)UC(B2)). (18)
Define the weak axiom of revealed preference for the market econ-
omy. Show that if the Walrasian demand function z(p, w) is homoge-
neous of degree zero and satisfies Walras’ law, then the weak axiom
of revealed preference holds if and only if it holds for all compensated
price changes. (2416=18)
Show that if the Walrasian demand function z(p, w) is generated by
a rational preference relation, then it must satisfy the weak axiom
of revealed preference. (10)
If u(.) is a continuous utility function representing £ on X, then
show that R must be continuous. (9)
Let R be a preference relation defined on X and let u(.) be a utility
function representing it. Define convexity of R and quasi-concavity
of u(.). Show that R is convex if and only if the utility function u(.)
representing it is quasi-concave. (1+2+12=15)
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1. What is a conjugate prior? Give an example to show that a conjugate
prior can be interpreted as additional data.
[5]

2. Describe how the posterior distribution can be used for estimation of a
real parameter. How do you measure the accuracy of an estimate?
[6]

3. Consider i.i.d. observations X, ..., X, ~ f(z|0) = exp{c(8) + 0t(z) } h(x)
(one parameter exponential family). It is given that the usual regularity con-
ditions hold and ¢(6) is sufficiently smooth. A statistically natural parameter
is 4 = Fpt(X). Show that y is a one-one function of §. Find MLE of . Show
that for a conjugate prior w(8) = cexp{mc(f) + 6s}, the posterior mean of u
is a weighted average of prior estimate and classical estimate (MLE). (assume
m{a) = m(b) =0.)

[13)

4. (a) Define a highest posterior density (HPD) credible region for an un-
known parameter.

(b) Consider i.i.d. observations with a common distribution involving an
unknown real parameter §. Assuming that the usual regularity conditions
hold, find a large sample approximation to a 100(1 — ) % HPD credible

interval for 6.
[3+5=8]



5. Let Xi,..., Xy, be iid. N(f,0?) variables.

(a) Consider a standard noninformative prior for (4,02) and find the
posterior distribution of 8. Also find the 100(1 — a)% HPD credible set for
0.

(b) Assume that o2 is known and consider a conjugate prior for 4. Find
the posterior distribution of § and the posterior predictive distribution of a

future observation X,,4;.
[(5+3)+(4+7)=19]

6. (a) Let X;,..., X, beiid. with a common density f(x|8) where € R.
State the result on asymptotic normality of posterior distribution of suitably
normalized and centered 6 under suitable conditions on the density f(-|6)
and the prior distribution. Prove only the part for the tail of the posterior
distribution (without the normalizer).

(c) Use a stronger version of the result on ‘asymptotic normality of pos-
terior (to be stated by you) to prove that /n(6, — 8,) — 0 with probability
one, where 0, and 6, denote respectively the posterior mean and MLE.

[17+7=24]

7. Show that the result on asymptotic normality of the posterior distribu-
tion of \/n(6 — 6,), proved in the class, implies consistency of the posterior
distribution of 8 at 6, [10]

8. Suppose X has density e"@9[(z > ) and the prior density of 8 is
7(8) = [7(1+ 6%)]7". Consider a loss function L(6,a) = I(|§ — a| > §) and
find the Bayes estimate of 4.

(11]
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1.

3.

Two taxi drivers, A and B, are waiting at the bus stand for two regular passengers, C
and D, who will arrive by different buses. The amount which a taxi driver can earn
by driving passenger C to his home is Rs 100, while the corresponding amount for
passenger D is Rs 200. The bus carrying passenger C is scheduled to arrive at 6:00
PM, but it may be delayed by X minutes following an exponential distribution with
mean 30. The bus carrying passenger D is scheduled to arrive at 6:15 PM, but it may
be delayed by Y minutes following an exponential distribution with mean 15. The two
taxi drivers will have to serve the two passengers, and there is no other passenger or
taxi driver. Driver B gives driver A the choice of serving the passenger who arrives
first, or waiting for the passenger arriving second, but insists that driver A makes his
choice before 6:00 PM.

(a) Describe the decision problem of driver A as a game clearly identifying the nature’s
choices.

(b) Write down the loss matrix for driver A.

(c) Calculate the probabilities of the events corresponding to nature’s choices.

(d) What is the Bayes solution to the decision problem of driver A?
[242+3+3=10]

. Ten IID observation from a Poisson()) distribution are 3, 4, 3, 1, 5, 5, 2, 3, 3, 2.

Assuming an Ezp(0.2) prior distribution for A, find the Bayes estimator of A under
squared error loss. Express this estimator as an weighted average of the sample mean
and the prior mean. [5+1=6]

(a) If claim amounts follow a N(500,400) distribution and there is a retention limit
of M = 550, find the mean amount paid by the re-insurer on all claims.

(b) An insurer has the following two options for reinsurance arrangement: (1) a quota
share arrangement with 75% retained proportion, and (2) an XOL arrangement
with retention limit Rs 25,000/-. Assuming that the claim amounts follow a
lognormal distribution with parameters u = 8.5 and o® = 0.64, find the mean of
the amount to be paid by the insurer on a claim (a) without reinsurance, (b) with
option 1, and (c) with option 2.

P.T.O.



[Note: For a lognormal distribution with parameters p and o2, given by the
density f(z),

U
[ e f@)de = o) - 2],
where [} = lﬁg—fiﬁ — ko and y = ES%:E — ko, and @ is the standard normal cdf.]
B+ (2+3+3)=13
4. Consider an XOL reinsurance arrangement with retention limit M (fixed) and annual
inflation factor k on the claim amount.

(a) Will the mean insurer’s pay-off be inflated by the factor k. Justify your answer.

(b) If the original claim amount follows a Pareto distribution, derive the distribution
of the claim amount after inflation (and before re-insurance).

(c) Assuming Pareto claim distribution, derive the mean insurer’s pay-off before and
after inflation.

[3+3+(7T+1)=14]

5. The annual aggregate claim amount from a risk has a compound Poisson distribu-
tion with Poisson parameter 10. Individual claim amounts are uniformly distributed
on (0,2000). The insurer of this risk has effected an excess of loss reinsurance with
retention level 1600. Calculate the mean and variance of both the insurer’s and the
reinsurer’s aggregate claim amounts under this reinsurance arrangement. Derive the
same measures for the aggregate claim before reinsurance and check for their additive
property with comments. [3+5+2=10]
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1. Derive the joint asymptotic distribution of log odds ratios in a 2 x 3 contin-
gency table. Consequently find 95% confidence interval for log odds ratio for the
following table.

Myocardial Infraction

Yes No
Placebo 28 656
Aspirin 18 658

[10+4]

2. Give the geometric interpretation of 8 = 8, where 0 is the odds ratio in a 2 x 2
table. (10]

3. Carry out Fisher's exact test for independence against both one-sided and two-
sided alternatives for the 2 x 2 table. Also carry out unconditional tests of
independence.

[6+5]
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. Consider the stop loss type insurance contract for the loss random variable x with p.d.f. £

_ {0 x<d
ly(x) = {x—d x=d

with expected claim = j: {(x —d)f(x)dx = B. Show that given any B, d exists and is unique.
[3+3=6]

. With the usual notation, for an annually increasing whole life insurance payable at the end of
year of death, show that

(14), = ["’qx + vprx+1] + vp, (14) 44
with usual initial values. [6]

. With the usual notation, for a whole life insurance payable at the moment of death, establish
the following differential equation
d __ —
Zx—Ax = —u(x)+ A [6+ u(x)]
and provide a solution with usual initial values. 3+4=7]

. With the usual notation, for a n-year deferred whole life annuity due, establish the variance
formula

Var = E vzn npx(ax-fn - zaz+n) + nzlax - (nla’x)z

(6]
. Write short notes on the following.
i) Force of mortality
ii) Central rate of mortality
iii)  Curtate expectation of life
[3+3+4 = 10]

PTo



6. In a certain population, the force of mortality equals 0.02 at all ages.

7.«-

i) Find out the probability that a life aged exactly 8 will die before age 10. ‘
ii) Find out the probability that a life aged exactly 5 will die between ages 8 and |
ili)  Find out complete expectation of the life of a new born baby. '
iv)  Find out the curtate expectation of life of a new born baby.

[2x4
i) Show algebraically that e, = px (1 + ex+1).
ii) What does the UDD assumption implicitly assume about ji, over the year of age?
iii) Prove that 1 q x+s = {(t-8) Gx}/(1-5.qx)
iv) Show that under the UDD assumption over each year of age
Lhn=(1-t)ly -ty forx=0,1,2, ...... and for 0 <t <1.

[2+1+2+2=

< END >
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xE denotes the characteristic function of a set E.
B(X) denotes the set of all bounded linear operators on X.
KerT denotes the kernel of a linear operator T.

X* denotes the space of all bounded linear functionals on X.

(o 0]
. For 1 < p < o0, consider E,, = {f € LP[0,00) : / f(x)dx = 0}. Prove that E, is closed
0

in LP[0, 00) if and only if p = 1. 5]
1 1
. Let A, = [2—n,2T_—l> for n € N. For ¢ = (21,x9,---) € [ define an operator U, :

o0
LPl0,1] — LP0,1] by U.(f) = anx/;nf. Prove that U, € B(L?[0,1]). Define a map
n=1

J i loo = B(LP[0,1]) by j(z) = U,. Prove that j is an isometry. Hence or otherwise prove
that for 1 < p < oo, the space B(LP[0, 1}) is not separable. 8]

. Let X and Y be two normed linear spaces and T : X — Y be a linear continuous and
surjective operator. Prove that the operator T : X/KerT — Y given by T(z + K erT y=Tz
for z € X is a well-defined bijective linear and continuous operator and ||T|| = [|T'|. 5]

. Let X be a Banach space with Schauder basis {Z }nen. Let {an(z)}nen be the coeflicients

oo
of z in this basis i.e. z = Z an(z)xyn. Show that each a, is a bounded linear functional on

n=1

X. {7l



[Hint: Consider the space Y consisting of all sequences a = (a1, a2, -- ) for which the series

00 . n

Z an, converges in X. Define the norm of such a sequence as |la|| = sup Z a;z;||. Show
n=1 neN g=1
that Y is a Banach space with this norm. Consider the operator T : Y — X given by
oo
T(a) = Zanazn. ]
n=1

. Let X be a Banach space and f, € X* for n € N. Prove that the following are equivalent :

i, sup | full < 0.
neN

i If Z |zn]l < oo then sgg < 00. [5]

neEN

> filzx)
k=1

[Hint : Define {3(X) = {x = (Zn)nen where each z, € X : Z lznll < oo}. Use the fact

neN
that (you need not prove it) [;(X) forms a Banach space with the norm ||z|| = Z lzn]| for
. n=1
T = (Tn)nen € 1H(X).]
. Show that a Banach space X is reflexive if and only if its dual space X* is reflexive. [5]

. Let (an)nen be a sequence of scalars. Define f, € I, by fn(z1, 22, - ) = a1z1+02+ - -+anzy
for £ = (Zn)nen € [°°. Prove that the sequence (fn)nen is weak® convergent if and only if
(an)nGN € ll- [5]

Good luck!
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. In the context of term insurance payable at the end of year of death, with usual notation,

prove the following recursion relation
Ax:{)'—x}] = vqy T vprx+1:-:)'-f,x*‘1,"}]
with usual initial values. Here A,,.,.. ..} denotes the value of a y year endowment

insurance contract starting at age x. (8]

How would you evaluate a 3-year deferred 10-year annually decreasing term life
insurance? — Explain with usual notation. (8]

What is the difference between annuity-due and annuity-immediate?
Establish a relationship between annually payable and monthly payable annuities.
[3+8=11]

What is apportionable premium?
In the context of fully discrete annual benefit premiums, how would you adjust for
apportionable premium? Clearly state the assumptions you are making. [3+8=11]

Define joint life status and last survivor status.
What is the covariance between these two status? [3+8=11]

What is the usefulness of a Copula? Taking any example of a common Copula, show
how the correlation between the different life times is established. [4+6=10]

In the context of actuarial present values of contingent insurances, show that
ALy = Ay = Axy — Ay
Here A_.ic_. denotes the value of contingent insurance contract where (x) dies before (y).

A, is similarly defined. [8]

(a) Calculate the complete and the curtate expectation of life for an animal subject to a
constant force of mortality of 0.05 per annum.



10.

(b) The following table is part of a mortality table used by a life company to calculate
survival probabilities for a special type of life insurance policy, where ljy is expected
number of lives who survive to age x with [x] denoting the age of selection.

X I lixpt lpg+2 I3 |
51 1,537 1,517 1,502 1,492 1,483
52 1,532 1,512 1,497 1,487 1,477
53 1,525 1,505 1,490 1,480 1,470
54 1,517 1,499 1,484 1,474 1,462
55 1,512 1,492 1,477 1,467 1,453

@G) Calculate the probability that a policyholder who was accepted for insurance
exactly two years ago and is now aged exactly 55 will die at age exactly 57.

(i1) Calculate the corresponding probability for an individual of the same age who

has been a policyholder for many years.

(iii) Comment on your answers (i) and (ii).

[5+3+2+2=12]

A husband and his wife, aged 64 and 60 years respectively, take out a policy under which

the benefits are

a) A lump sum of Rs.50,000 payable at the end of the year of the first death provided
this occurs within 10 years,

b) An annuity payable annually in advance with the first payment being made 10 years
from the date of issue. The annuity will be of Rs.10,000 per annum so long as both
husband and wife are stiil alive or Rs.6,000 while one of them is alive.

Level premiums are payable annually in advance for at most 10 years and will cease on

the first death if this occurs earlier. Calculate the amount of the annual premium on the

following basis.

Interest: 4% per annum; Mortality: a (55) Males Ultimate; a (55) Females Ultimate.

(8]

The premium for a five year combined sickness and death benefit policy is to be

calculated using a multiple state model with three states H (healthy), S (sick) and D

(dead). At the end of each of the five years, the policy provides a payment of Rs.3,000 if

the life is sick at that time, and a premium of Rs.6,000 if the life is dead. No benefits are

paid to healthy lives. A level premium is payable at the start of each policy year provided

the life is in good health at the time the payment is due. A policy holder starts in state H.

The transition probabilities (which operate independently in each year) are as follows:
P (D at time t+1 | H at time t) = 0.01
P (S at time t+1 | H at time t) = 0.05

P (D at time t+1 | S at time t) = 0.05

P (H at time t+1 | S at time t) = 0.80"
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® Calculate the probabilities that the life in each of the states at the end of policy
yeart,t=12,....,5.
(ii))  Calculate the net premium for a policy issued to a healthy life, assuming an
interest rate of 4% per annum.
[6+4 = 10]
In a study published by a medical research team which recorded the ages at death of
cricketers whose dates of birth and death were known, it was found that the average age
at death of left-handed players was six years less than for right-handed players. A
statistician refuted the conclusion by pointing out that the effects of selection had been
ignored. Which of the following forms of selection would be most likely to explain the
misleading impression given by the data? Explain.
(a) Class selection, (b) Self selection, (c) Time selection and (d) Spurious selection.

[3]

<END >
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Answer as many of the following questions as you can. The maximum you can score is 100.

1. (a)

(b)

(c)

(b)

Write down the algorithm for generating a non-homogeneous Poisson process with
intensity function

, 0<t<b,
’\(t)—{ 1+5(t-5), 5<t<10.’

e

during the first 10 time units.

Give the specific algorithm for generating, by the rejection method, a realization
of a random variable having the the probability density function

f(z) =200(1 —z)3, 0<z <1,

using the uniform distribution over the interval (0,1) as envelope. What is the
expected number of iterations required to get a single realization from f(z) by
this method?

Describe succinctly the adaptive rejection sampling scheme for simulating from a
log-concave probability density function.

[6-+(5+3)+6=20]

Let X and Y be random variables jointly distributed in the bivariate normal form

with parameters
Bx 1 p
= and X = ,

where px, py and p are unknown. 10 independent observations (zi,y;), @ =
1,2,...,10 were taken on (X,Y), but scrutiny revealed that that zg,z7,ys, Yo
and y;o were corrupted and had to be discarded. Formulate an iterative procedure
by the Expectation-Maximization (EM) algorithm for estimating ux, py and p,
giving all relevant details.
For the setup described in part (a) above, suppose now that only y1o was found
to be dubious after scrutiny, and was discarded. Treating px, py and p as inde-
pendent random variables and assuming that ux ~ N(5,1), uy ~ N(0,4) and
p ~ Beta(2,2), explain how Prob(X +Y > 5) can be estimated through multiple
imputation by data augmentation, §nentioning clearly all the steps involved.
[10+10=20]
(Please turn over)



3. (a) Fori = 1,2,...,112, let X; be a random variable representing the number of
coal-mining disasters per year in the year 1850 +i. The X;'s are assumed to be
independently distributed as

(z) = Poisson(A\1), i=1,2,...,80,
pilt) = Poisson(Xz), i=6+1,...,112.

Assume \;|ov ~ Gamma(3,a), i = 1,2, where a ~ Gamma(10,10), and also
assume that @ has a discrete uniform distribution over {1,2,...,112}.
i. Derive the conditional distributions required to implement the Gibbs sampler
for simulating from the joint distribution of A;, A and 8.

ii. Write down the explicit algorithm for implementing the Gibbs sampler for
this problem.

iii. Describe briefly any method for assessing the convergence of the sampler.
[9+6+5=20]

4. (a) Let {1,2,6} be a random sample from a distribution with mean 4.

i. Determine the exact probability distribution of the usual estimate of 6, that
is, the sample mean, obtained from all possible (3%) bootstrap samples.

ii. Obtain a simple one-sided bootstrap confidence interval for 8 having confi-
dence coefficient as close to 0.95 as possible.

(b) Describe a typical projection pursuit regression model, and explain how such a
model can be fit to data.

(c) Explain the general principle behind the Supersmoother.
[(6+2)+(2+4)+6=20]
5. (a) In the context of optimization clustering, what are sihouette plots? Explain how
they can be used for finding the optimal number of clusters in a data set.

(b) Consider a set of n = 2k + 1 observations on a random variable X, in which
k observations are equal to —2, another k are equal to 0, and the remaining
observation is equal to a(> 0).

i. Show that the two-cluster partitioning which minimizes the sum-of-squared-
errors criterion groups the k observations equal to 0 with the single observa-
tion equal to a if a% < 2(k + 1).

ii. What is the optimal clustering when a? > 2(k + 1)? Justify your answer.
[10+(5+45)=20]

6. Describe how a regression tree can be grown by the CART approach, and discuss how
an excessively large tree can be pruned by minimizing the cost-complexity criterion.

OR

Describe the multilayer perceptron (MLP) model for regression, and explain how its
parameters can be estimated by backpropagation. [10]
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Answer any five questions.

Q1. a). Define Universal Optimality criterion. State and prove a set of sufficient conditions for a design
d” to be universally optimal.
b) Define a Balanced Block design d” and show that d’ is universally optimal in the class of
appropriate block designs for given b, vand k. (3+2+6) +(3+6)=20

Q2. a) Letd be a Latin Square design with 5 treatments. Delete the last row of this design and
identify the resultant row column design d’. Obtain the corresponding C- matrix for the
estimation of treatment effects.
b) Consider the following row column design dy with 4 rows, 4 columns and 8 treatments.
Identify one set of maximum number of estimable independent elementary treatment
contrasts, indicating an unbiased estimator of each of the contrasts suggested by you.

1256
34738
do: 8613
7524
( 1+5) + 14=20
Q3) a) Construct an Orthogonal Array OA( 27,13, 3,2). s this OA saturated? Give reasons.
b) Define a fractional factorial design of resolution d. Can you identify the above OAasa
fractional factorial design of appropriate resolution?(Clearly state the result you are using
for your claim). (13+2)+(3+2)=20

Q4)a) Define a Second Order Rotatable response surface design (SORD).
b) Derive the necessary and sufficient conditions of the moment matrix of a SORD.
, 3+17=20
Q5) Consider a k- degree polynomial regression model. State de la Garza (DLG) phenomenon in this
context. Using DLG, in the set up of a quadratic regression model, starting with a n-point design,
derive a D-optimal design in the class of symmetric designs for the estimation of regression
coefficients. 3+17=20

Q6)a) Define a strongly balanced uniform repeated measurements design (SBURMD). Construct one
such design with 3 treatments in 6 periods and 9 units.
b) State and prove the optimality property of a SBURMD , in an appropriate class of RMD .
¢) Construct a Hadamard matrix of order 12, (2+4)+8+6 =20
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This paper carries 80 marks.The maximum you can score is 70.

. Let (X,$) be a second countable topological space and B an open base. Show that
there is a countable subcollection of B which is a base. (15]

. Let D be dense and U open in a topological space. Show that closure(U N D) =

closureU (10]
. Let X,Y be Hausdorff spaces, Y compact and A C X x Y closed. Show that the
projection of A to X is a closed set. [15]
. Show that a connected manifold is path connected. [10]

. On the space of reals R, define z ~ y if x — y is rational.

(a) Show that ~ is an equivalence relation. (1]
(b) If [z] = {y : ¢ ~ y}, show that [z] is dense in R for any z. [7]
(c) Show that the quotient topology on R/ ~ equals {¢,R/ ~} (7]

. Let J be the set of irrational numbers with usual topology. Show that the Stone Cech
compactification of J has infinitely many connected components. [15]
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Attempt all questions. Show your work explicitly. Total Marks: 100 Time: 3 hrs.

1. (18 + 7) (a) Derive the characterization of the most general family of bivariate
distributions whose conditionals are specified as possibly different members of an exponential
family. State explicitly any result you may need to assume.

(b) Derive the bivariate Cauchy conditionals distribution. State explicitly all results you
may need to use.

2. (8+10+7) (a) Characterize the standard bivariate normal distribution No(0,0; 1, 1; p)
as the Maximum Entropy distribution for a suitably chosen Entropy measure.

(b) Derive the Entropy of the distribution and its Maximum Likelihood estimator under
the setup in (a).

(¢) Show how you will conduct the Likelihood Ratio test for a given value of the Entropy,
say E*, under the setup in (a).

3. (17 + 8) (a) Derive the Likelihood Ratio test for the homogeneity of overall variability
of k(> 2) independent multivariate normal populations of possibly different dimensions.

(b) Suggest a generalization of Hartley’s F,,,, test for the univariate case to the multi-
variate situation described in (a) and show how you will implement this test in practice.

4. (12 + 13) (a) Based on the notion of curvature of the power hypersurface, derive the
general form of an exact optimal test for testing a simple multiparameter hypothesis against
its two-sided alternative. ‘

(b) Let, f(z) = pNa(z;0,0;1,1;p) + (1 — p)Na(2;0,0;1,1;0). Derive an optimal test for
No Mixture against the mixture distribution f(z) when p (0 < p < .5) is known. Suggest an

optimal test for the case when p is unknown with 0 <p < .5.
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4.

5.

Calculator and RMM table can be used.

. The profit per client-hour made by a privately owned health centre depends on the variable

cost involved. Variable cost, over which the owner of the health centre has no control, takes
one of the three levels §; = high, §, = medium and 63 = low. The owner has to decide at
what level to set the number of client-hours that can be either d; = 16,000, d; = 13,400 or
d3 = 10,000. The profit (in Rs.) per client-hour is as follows:

b 62 63
d, 8 95 110
d, 105 115 130
d; 125 135 150

Determine the minimax solution. Given the probability distribution p(6;) = 0.1, p(62) =
0.6, p(63) = 0.3, determine the solution based on the Bayes criterion. [3+5=8]

. Consider n independent and identically distributed observations on claims following a N (1, 100)

distribution. Assuming that u is equally likely to be either 50 or 60, find the Bayes estimator
of 1 under squared error loss. Find this Bayes estimator of i, when it is only given that the
mean of the sample exceeds 57. : [4+4=8

. Claim amounts from a portfolio have the distribution with pdf

flz) = 2cxe ", >0, ¢c> 0.

An XOL reinsurance arrangement is in force with retention limit M = 3. A sample of
reinsurer’s payment amounts gives the following values: n =10, > y; = 8.7 and SyZ=923.
Find maximum likelihood estimate of c. (8]

(a) Explain the concept of benefits and perils in the context of general insurance by means
of examples.
(b) Describe a credibility estimate, specifying its characteristics.
The Bayesian approach using quadratic loss always produces an estimate which can be
readily expressed in the form of a credibility estimate. Prove or disprove the statement.
[(2+2)+(3+5)=12]

(a) Describe a compound Poisson distribution in the context of aggregate claims. Derive
expressions for its mean and variance in terms of those of number of claims and claim
size distributions.

(b) Consider a proportional reinsurance arrangement wherein the direct writer retains a
proportion k. Find the mgf of Y, the net individual claim amount paid by the direct
writer, in terms of that of X. Hence find expressions for the mgf’s of the aggregate claim
amounts paid by the direct writer and the reinsurer separately, if the number of claims
has a Poisson()) distribution.

[(2+1+42)+(2+2+1)=10]



6.

10.

(a) Describe the difference between collective risk model and individual risk model.

(b) A portfolio of policies consists of one-year term assurances on 100 lives aged exactly 30
and 200 lives aged exactly 40. The probability of a claim during the year on any one of
the lives is 0.0004 for the 30 year olds and 0.001 for the 40 year olds. If the sum assured
on a life aged z is uniformly distributed between 1000(z — 10) and 1000(z + 10), calculate
mean and variance of the aggregate claims from this portfolio during the year. Which of
the two risk medels, mentioned in part (a), has been used here?

[3+(2+4+1)=10]

The aggregate claim process for a particular risk is a compound Poisson process with Poisson
parameter A = 20 per year. Individual claim amounts are Rs 100 w.p. 1/4, Rs 200 w.p. 1/2
and Rs 250 w.p. 1/4. The initial surplus is Rs 1000. Using a normal approximation, calculate
the smallest premium loading factor such that the probability of ruin at year 3 is at most
0.05. [10]

(a) Describe a typical No Claim Discount (NCD) system specifying its objective(s).

(b) An NCD system with three discount categories (0%, 25% and 50%), the rules are as
follows: (¢) following a claim-free year, the discount increases by one level, or remains at
category 3, (i) following a year in which exactly one claim has been made, the discount
decreases by one level, or remains at category 1, (4i¢) following a year in which more
than one claim has been made, the discount returns to category 1.

The number of claims made in each year under each policy is assumed to follow a Poisson
distribution with mean X. Write down the transition matrix of the probabilities p;; that a
policyholder in category ¢ in one year will move to category j in the following year. Obtain
the proportions of policyholders in different categories under equilibrium. Calculate the
average premium amount in equilibrium assuming the basic premium to be c.

[3+(5+4+2)=14]

The table below shows the cumulative claims (in Rs ‘000s) incurred on a particular class of
insurance policies, divided by accident year and development year.

Accident | Development Year
Year 0 1 2 3
1997 | 502 ) 556 | 589 | 600
1998 | 487 | 565 | 593
1999 | 608 | 640
2000 | 551

State the assumptions underlying the basic chain-ladder method. Using the method, estimate
the outstanding claims reserve as on 31 December 2000. [2+6=8

(a) Discuss Generalized Linear Models (GLM) in contrast with Linear Models specifying the
assumptions clearly. What is canonical link function?
(b) Identify the process 2X; = 7X,_; ~9X,-2+5X;_3— X;-s+€; ~e;—o as an ARIMA model.

(c) Using the Acceptance-Rejection method, generate a discrete random variable from p(1) =
1/3 and p(2) = 2/3 with an unbiased coin only.

((3+1)+4+4=17
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Statistical Methods in Genetics — I
M-Stat 2" Year)
Final Examination 1°' Semester 2011-12

This paper carries 60 marks. Answer all questions.

1 (a) Define each of the following:

Snyder’s Ratio; heterozygote advantage; haplotype phase; segregation
ratio; LOD score.

(b) Suppose the test for Hardy-Weinberg Equilibrium is separately carried
out in two different samples. If neither of the samples provides any
significant evidence of departure from HWE, explain whether the test based
on the pooled sample can yield a significant result. [5+5]

2 (a) Consider a biallelic X-linked locus with alleles (4,@). If the initial
frequencies of the allele 4 among males and females are p; and p,,

respectively, in how many generations will the frequency of 4 be p* among
males?

(b) Consider data on 4-B-O blood groups for a random sample of indivi.duals

chosen from an inbred population. Describe an EM algorithm to obtalq the

m.Le. of the frequencies of the alleles 4, B, O and the inbreeding coefficient.
[4 + 6]

3 (a) Consider a dominant disorder controlled by an autosomal biallelic
locus. If the prevalence of the disease in the population is 0.19, what is the
probability that the marriage between a uncle and his niece will produce an
affected offspring?

(b) What is the estimated i.b.d. score for a pair of sibs, both heterozygous at
an autosomal biallelic locus and having a parent who is also heterozygous at
that locus?



(c) Consider two autosomal biallelic loci with alleles (4,a) and (B,b),
respectively. If the frequencies of the haplotypes AB, aB and ab are 0.4, 0.3
and 0.1, respectively, determine the coefficient of linkage disequilibrium
between the two loci. [4+5+3]

4 (a) Explain why linkage disequilibrium exists over much smaller distances
on the genome compared to linkage.

(b) Consider the following data from an affected sib-pair study (both sibs are
affected and affection status of parents are unknown) on Coronary Artery
Disease (CAD). MTHFR (methylenetetrahydrofolate reductase) on
Chromosome 1 is believed to be a candidate gene for CAD. Twelve sib-pairs
comprising all affected siblings (along with their parents) were genotyped at
a triallelic marker locus D1S1012 near this candidate gene. Do these data

provide evidence of linkage between DIS1012 and a locus controlling
CAD?

Sibship Parental genotypes Genotypes of affected sibs
1 AA,AB AA,AB
AB,BC AB,BC
3 AB,CC ACBC
4 BB,BC | BB,BB
5 AB,AB + AB,AB
6 AC* AAAA
7 AB, BB AB BB
8 AA,AB AA,AB
9 kX ACAC
10 CC,CC CC,CC
11 AB,AC AC,BC
12 AC,AC AAAC

* denotes missing genotype [3+15]

5. Presentation of assigned problems [10]
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A T* : adjoint of T
M+ ;. orthogonal complement of M
R(A) : Range of A
‘B(H) : set of bounded linear operators on H
B(X,Y) : set of bounded linear operators from X to Y’
Y* : set of bounded linear functionals on Y
o(T) : spectrum of T’

1. Let E be the space of all sequences of complex numbers x = (21,2, %3, --) such that

oo o0
Z [xa;] < 0o and Z [zak4+1|2 < oc. Then it can be proved that
j=1 k=0 ,

oo %) 1/2
lzll = |za] + (Z |162k+1|2>

j=1 k=0

I

R

‘aeﬁnes a norm on E. Show that E is a Banach space with this norm and that there is no

inner product on E such that (z,z) = ||z|)? for all x € E. [4]

2. Let (un); and (v,)32, be orthonormal bases of a Hilbert space H and let (A,)S2; be a
bounded sequence of complex numbers. For z € H, define

T(xz) = Z An{T, Un)Un.
n=1

(i) Prove that T is a bounded linear operator on H. Find ||T|. 2]
(ii) Determine 7* and show that 7" is unitary if and only if |Ap| =1 for all 1 <n < co. [3]

3. Let H; and M, be two Hilbert spaces and let T : Hy — ‘H2 be a bounded linear operator.
Let M; and M, be subsets of H1 and Hj respectively such that T(My) C My. Prove that

T*(Ms) € M. (2]



10.

11.

12.

Let Y = {z = (x1, 9,73, ) € 12121 = 0,22 + 23 = 0,23 + 74 = 0} and let P :1* — (% be
the orthogonal projection onto Y*. Determine P. [3]

. Let X be a Banach space and let z1,z2, 23, -- be a sequence of points in X. Assume that

for each f € X* the sequence f(z1), f(z2), f(x3), - is bounded. Prove that the sequence
Zi,%2,T3, -+ is bounded. 4]

Let {e,}22.; be an orthonormal basis for a Hilbert space H. Define the operator T' by the
formula

(z, en+l
n+ Erse

n

Ms

n=1

for z € H. Show that T is a compact operator and find T™. [4]

Let H be a Hilbert space and P;, P, be orthogonal projections on 4. Show that the following
conditions are equivalent:

(i) R(P1) C R(P2)

(ii) P<P

(iii) AP, = PP =

(iv) | Prz|| < || Pez| Vo € H. (8]

Let A be any operator on a Hilbert space . Let A = W/|A| be the polar decompostion of
A, where W is a partial isometry and |A| = (4*4)'/2. Show that:

(i) W*A = |A].

(ii) W is an isometry if and only if A is injective. *

(iii) W and |A| commute if and only if A commutes with A*A. 6]

. Let A € B(H) be such that AT = TA for every compact operator T" on H, where H is a

Hilbert space. Prove that A = A\I for some X € C. [4]

Let X and Y be Banach spaces and let T € B(X,Y). For f € Y*, define T*f € X* by
T*f(z) = f(Tz) for x € X.

(i) Prove that if T is surjective then T* is injective. 2]
(ii) Prove that T is surjective if and only if T is injective and T—1 € B(R(T), X). (5]

Let T1,72,73, -+ and 81,52, S3,- - be bounded linear operators on a Banach space X such
that SpTm = TnSm for all n,m € N. Assume that {T,,}52, and {S,}2, are both strongly
operator convergent with limits T and S respectively. Prove that TS = ST. (9]

Let K be an arbitrary, non-empty compact set in C. Give an example of a bounded linear
operator T such that ¢(T) = K. 18]



INDIAN STATISTICAL INSTITUTE
First Semester Examination: 2011-2012
M.Stat. 2nd Year. 1st Semester
Analysis of Discrete Data

Date: November 28, 2011 Maximum Marks: 65 Duration: 3 hours

GROUP A
(Answer all the questions.)

1. Discuss kappa and generalized kappa as measures of agreement. Find their values (setting
appropriate weights for generalized kappa) for the following data of diagnoses, and interpret
the results.

Pathologist B
Pathologist A{ 1 2 3 4
1 2 2 2 0
2 5 7 14 0
3 0 2 36 0
4 27 12 69 17

[3+4+2 = 9]

2. Define Theil’s entropy measure of association for nominal responses. Show that it reduces
to the form '
X X mij log(mij /i)
> T log T
where m;; is the cell probability of the (¢, j)th cell and m;y = 37, mij, 745 = 32, mij.
[2+4 = 6]

GROUP B
(This group carries 53 points. Answer as much as you can.
However, the maximum you can score in this group is 50.)

1. A binomial GLM assumes that n;Y; ~ Bin(n;, m;), where m; = ® (Zj ﬂja:ij) with an

arbitrary continuous cdf ® as its inverse link function. Show that the likelihood equations
for estimating §’s are given by

2_7(7,(1—_—1;),&4’ (Zﬁr’”ﬂ) =0,

P.T.O.



where ¢ is the derivative of ®, the pdf associated with it. [You cannot assume any form of the
likelihood equations for a GLM.] Also, find an expression for the estimate of the asymptotic
covariance matrix of ﬁ, the maximum likelihood estimate of 8. [You may assume a relevant
result from GLM.] [8+4 = 12]

2. (a) Construct the log-likelihood function for the model logit[r(z)] = o + Bz with inde-
pendent binomial outcomes of g successes in ng trials at z = 0 and y, successes in n trials
. at ¢ = 1, where 7(x) denotes the probability of success. Derive the likelihood equations,
and show that 3, the maximum likelihood estimate of 3, is the sample log odds ratio.
[4+3 = 7]

(b) Consider an I x 2 contingency table. Let y; be the number of outcomes in the first
column (successes), out of n; trials. We consider a logit model given by logit(m;) = o + G,
with m; denoting probability of success in i-th row.

(1) Given {m; > 0}, show how to find {£;}, in terms of {m; > 0}, satisfying 8y = 0.

(2]
(2) Prove that 81 = 2 = - -- = (1 is the independence model. Find the corresponding
likelihood equation, and show that & = logit[(}"; v:)/ (3 ns)). [1+3+2 = 6]

3. Consider a logit model with N settings of the explanatory variables.

(a) The deviance residual is defined by v/d; x sign(y; — ni#;), i = 1,..., N, where d; is
the contribution for observation i. Show that !

d~=2(-1 Yi )] M)
i Yilog ni; + (1 — ;) log i — ng [o]

(b) Write down expressions for Pearson residuals and standardized Pearson residuals,
explaining all your notations. [2+2 = 4]

4. (a) Consider a loglinear model for a three-way table. Justify, with adequate justification,
the following statement. “Any model not having the three-factor interaction term has a
homogeneous association for each pair of variables.” (6]

(b) For the loglinear model for an I x J table, log p;; = A+ AX, where u;; is the expected
frequency of the (7, j)-th cell, X is the general effect, and /\f‘ is the effect corresponding to
the i-th row. Show that fi;; = n;y /J and residual df = I(J - 1). . [4+3 = 7]

koK kskokok Best Of LUC]C., %ok Kok ok k
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Group-A
Answer all questions

1. Consider the linear regression model y=Xg+¢ where y=(y,,....... ,¥,)  is the vector of

observations on the “dependent “variable, X = (x is of full rank , x, being the values of

i I
the nonstochastic regressor variables, =(f,,......,5,) " is the vector of regression coefficients

and the components of & are independent , each following N (0,c”). Consider the

1
noninformative prior n(B, o Joc —,BeR”, o?>0.
o

(a) Show that the marginal posterior distribution of £ is a multivariate t distribution.
(b) Find a 100(1-« ) % HPD credible set for S.

[7+10=17]

2. (a) What are the difficulties with improper noninformative priors in Bayes testing?
Describe intrinsic Bayes factor (IBF) and fractional Bayes factor (FBF) as  solutions to this
problem with improper priors.

(b) What is an intrinsic prior in the context of non-subjective Bayes testing? Consider the
nested case and find the intrinsic prior determining equations corresponding to AIBF. Show
that the solution suggested by Berger and Pericchi satisfies the intrinsic prior determining
equations.

[(3+9) + 14=26]

3. Consider the model where we have pindependent random samples from pnormal
populations:

X.,j=1,2,....,nareiid.N(8,,6%),i=1,2,..., p.

Assume that @,are i.i.d. N(17,77,) and o’ is known. Our problem is to make inference about
6,,....., 8, . Describe the hierarchical Bayes approach and the parametric empirical Bayes (PEB)

approach in this context. Derive James-Stein estimate as a PEB estimate.

(1245 = 17]



GROUP -B
Answer as many questions as you can.
Maximum you can score is 40.

4. Let Xfollow N(8,1) where @ is known to be nonnegative. Find the Bayes estimate of & (in its
simplest form) for squared error loss using the standard noninformative prior.

(5]
5. Suppose we are studying the distribution of the number of defectives X in the daily production
of a product. Consider the model (X|Y,9) ~ Bin(Y,8) where Y, a day’s production, follows

Poisson ( A4 ). The difficulty is that Y is not observable and inference has to be made on the basis bf X
only.

Consider a Beta (a, ) prior for 8, and show how Gibbs sampling can be used to sample from the
posterior distribution of 4. Find all the required conditional distributions.

[15)

6. Let X,,....., X, bei.id. with acommon density f(x|0)=e®*?, x>@. Consider the problem of
comparing the models M, : 8 =0and M, : 8 > 0 with the prior z(8) =10on 68 > 0. Find the fractiona
Bayes factor (FBF) with a fraction b and show that FBF 21 for any O<b<1 and all possible data.

[745 =12]

7. let X,,.....,X, be iid. N(8,1) variables. Consider the problem of comparing the models
M, :8=0and M, :6 € IR with the prior z(8) =1for & under M,. It is well known that the intr/i(r:’1§’ic

prior corresponding to the AIBF based on training samples of size 1 is an N(0, 2) prior. Find tlfe
intrinsic prior corresponding to the AIBF based on training samples of size 2 (You may use the result
of Berger and Pericchi for the nested case). Which of these two intrinsic priors would you
recommend for calculating a nonsubjective Bayes factor? Give reasons for your answer.

[12=2 = 14

3 3k ok 3 ok ok % ok %
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1. (a) Define posterior predictive distribution of a future observation.

(b) Let Xy, ...... , Xn be i.i.d. observations each following a Bernoulli( @ ) distribution, 0<6<1. Consider

the uniform prior distribution for 0 and find the posterior predictive distribution of a future
observation X,.1.

(c) Let Xy ......, Xpbe i.i.d. N(i, 6 ) where both p and % are unknown.
(i) Suggest a suitable Bayes test for Hg: u=0 versus Hj: pu=0.

1 . .
(i) Consider the noninformative prior n(p, 6° ) o —5 - Find the marginal posterior
o

distributions of 6 and p. Also find the 100(1-a)% credible set for .

[2+9+(5+6+6+4)=32]

2, Let Xy, -..... ; Xmand Yy ... , Yo be independent random samples, respectively from N(u, 01 ) and
N(p, 022 ) where both 0,7 and 0,2 are known. Consider a uniform prior for the common mean .
Find the posterior distribution of p and the Bayes estimate of p for the squared error loss.

(7]

3. (a) Consider the problem of model selection with two competing models. Define Bayes factor and
show how it is related to the posterior probabilities of the models.

(b) What are the difficulties with improper noninformative priors in Bayesian testing? Describe
intrinsic Bayes factor and fractional Bayes factor as solutions to this problem with inproper priors.

(c) What is an intrinsic prior in the context of nonsubjective Bayes testing? Suppose we have
observations X ...... , Xn. Undér model M, X; are i.i.d. N(0, 1) and under model My, X; are i.i.d.

N(6,1), B€R. Consider the noninformative prior g; (6) =1 for 8 under M Find the intrinsic prior for
8 and show that the ratio of the AIBF and the BF with this instrinsic prior tends to one as n tends to
infinity. '

[5+(4+9)+(3+11)=32]



4. (a) Describe the Metropolis-Hastings algorithm and the Gibbs sampling method for Bayesian
computation.

(b) Consider the hierarchical Bayesian model where we have k independent random samp
(Yiyseoeonn Y ). 1212, ..k, from k normal populations :

I,I] - N(ei; 012 ); i=1, ...... ’ kl J = 1' ceeer i
g;arei.i.d. N(Hn,(’zrz)

cs,‘2 are i.i.d. Inverse-Gamma (a1, b1),

0y, ...... , 6 and (012, ...... , ok2 ) are independent and the second stage prior on y, and o,,za
Hr~N(Ho, 002 ) and o,,z ~Inverse-Gamma (ay, by).

Assume that a;, a;, by, by, o, and002 are specified constants. Describe how you can f

estimates of 0, ......, Oy using Gibbs sampler. Derive the required full conditional distribution
[8+21=

% % o ok ok %k %k %k %k
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M+ : orthogonal complement of M
dim M : dimension of M
codim M : codimension of M = dimension of X/M
B(H) : set of bounded linear operators on H
B(X,Y) : set of bounded linear operators from X to ¥’
Y* : set of bounded linear functionals on Y

1. Let M be a closed subspace of a Banach space X. Show that codim M = dim M+ in
the sense that either both sides are infinite or they are finite and equal. (10]

2. Prove that every infinite dimensional Banach space X contains a vector subspace that
is algebraically isomorphic to (. [10}

3. Let T € B(H), where H is a Hilbert space. Show that the following statements are
equivalent : .
(i) T is compact.
(ii) There is a sequence of finite rank operators {7},}22, such that [|T" — T,| — 0.
(iii) T* is compact. [15]

4. Let X and Y be Banach spaces. If A C B(X,Y) is such that for every z € X and
g € Y*, we have sup |g(Azx)] < oo then prove that sup || A|| < 0. (10}
AcA AcA

5. Show that an operator A € B(#) is diagonalizable if and only if there is an orthonor-
mal basis of H consisting of eigenvectors for A, where H is a Hilbert space. (10}

6. Let K : L2]0,1] — L?[0, 1] be given by the formula

Kf(t) :/0 tsf(s)ds

for f € L?[0,1]. Show that the range of K is one-dimensional. Deduce from this that
K has only one non-zero eigenvalue and find it. (10]

1



7. Let ¢ = {x = (&1, 22,23, -~ ) € [ : lim z; exists and is finite}. We say that = € [
j—oo

stabilizes if there exists N such that for all j > N we have z; = zn. Let M = {z €
c : z stabilizes}. Show that c is the closure of M. (15]

8. Let H be a complex Hilbert space. Let P be an orthogonal projection on H and let
S be a unitary operator on H. Prove that the operator @ = S —1PS is an orthogonal
projection. [10]

9. Let X and Y be normed spaces and T : X — Y be a linear operator. The graph of T’
is the set G(T) = {(z,y) € X xY :y =Tz}. We will treat X x Y as a normed space

with the norm ||(z,v)|| = |lz|| + llyll. Let 71,75 : X — Y be two linear operators.
Show that if G(T}) is closed in X x Y and T is bounded, then G(T7 + T3) is closed
in X xY. [10]
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Note:

® Please write your roll number on top of your answer paper.
e Show all your works and write explanations when needed.
o Answer all questions.

¢ This is an open note examination. You are allowed to use your own hand written notes (such as class
notes, your homework solutions, list of theorems, formulas etc). Please note that no printed materials
or photo copies are allowed, in particular you are not allowed to use books, photocopied class notes
etc.

1. State whether the following statements are true or false and provide detailed reasons
supporting your answers.

(a) (10 points) Let v < u be two probability measures on (€, F) and let {An},5, be
a sequence of events such that y (4,) — 0 as n — oo, then v (4,) — 0 as n — oo.

(b) (10 points) Let p be a o-finite measure on (R, Br) which is absolutely continuous
with respect to the Lebesgue measure, then u (K) < oo for any compact subset K
of R.

2. (20 points) Let (Q2, F,P) be a probability space and X and Y be two i.i.d. Normal (0, 1)
random variables defined on it. Let G C F be a sub-o-algebra such that E [X | g] is

o (Y')-measurable. Show that E [X l g] is almost surely constant and find the constant.

3. Let {X,}n>1 be a sequence of i.i.d. continuous random variables. We call X a record
value for the sequence if Xz > X, for 1 <[ < k. Let I} be the indicator function for
the event that X, is a record value. Let R, is the number of record values in the first
n observations X,, X,,... X,,:

P;T' O-



(a) (10 points) Show that

> I — k1
Z —— <
ko1 08

almost surely.
(b) (10 points) Using (a), show that

logn

almost surely.

4. (25 points) Let {X,} be a mean zero L? martingale. Show that for z > 0,

E(X2)

P(maXX">$)‘<‘m}:—)

1<k<n

5. Let X;,Xs,... be independent random variables with P(X, = 1) = P(X, = —-1) =
1/2n and P(X, =0)=1—1/nfor alln > 1. Define ¥; = X; and for all n > 2,

Y — Xn ifY,1 =0,

" nYn-1|Xn| Y, 1 #0.
Show that {Y,} is a martingale with respect to its natural filtration.
4 points) Show that Y, — 0 in probability.

Show that Y, does not converge almost everywhere.

[ e

(
(5 points
(

3 points) Explain why the martingale convergence theorem fails in this case.

Wish you all the best
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1. Let X C R? be the set {(, y) : z is rational and y is irrational} ,

Is X completely metrizable ? Justify your answer. [15].

2. Let X be a compact metric space and f : X — X an isometry. Show that f is onto.

[15]
3. Let X be a non compact metric space. Show that the Stone Cech compactification of
X is not metrizable. [15]
4. Show that the product of countably many manifolds need not be a manifold. 715]

5. Let {A, : ael} be a locally finite family of closed sets. Let f be a real valued function
on X such that f is continuous on each A,. Show that f is continuous on X.  {15]

6. Let X = {(z,y) : z2+y? = 1}. Define ~ on X by (z,y) ~ (—z, —y) and (z,y) ~ (z,y).
Show that X/ ~ is homeomorphic to X. (15]

7. Let X,Y be topological spaces and f : X — Y a continuous function. Let G =
{(z, f(z)) : zeX}. Show that G is homeomorphic to X. [10]
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1. (a) Coeliac disease is a condition that impairs the ability of the gut to absorb
nutrients. A useful measure of nutritional status is the bicep’s skinfold thickness,
which has standard deviation 2.3 mm in this population. A new nutritional
programme is proposed and is to be compared with the present programme. If
two groups of equal size are compared at the 5% significance level, how large
should each group be if there is to be 90% power to detect a change in mean

skinfold of 0.5 mm? How many would I need if the power were 80%? (2]
(b) Suppose I can recruit 300 patients, what difference can I detect with 80%
power? (2]
(c) Suppose I decide that a change of 1 mm in mean skinfold is of interest after
all. How many patients do I need for a power of 80%? 2]
(d) What would be the effect on this value if 2.3 mm underestimates ¢ by 20%
and if it overestimates o by 20%? 2]

(e) Assuming that 2.3 mm is a satisfactory estimate of o, what sample sizes
would we need to achieve 80% power to detect a mean difference of 1 mm if we
opted to allocate patients to the new and the control treatments in the ratio 2:17

| 2

2. Describe Efron’s biased coin design for allocation with two treatments, say A
and B. Find the expectation of the proportion of allocation by A. [3+3]

3. If there are only three groups in a group sequential study, give one form of type I
error spending function which will spend the total type I error in a 1:7:19 fashion
in the three groups (assuming equal time interval for each group). 4]

4. Suppose three treatments A, B and C are being compared in a clinical trial. The
first patient is treated randomly by choosing any treatment with same probability.
For any subsequent patient i, if the response of the (i — 1)th patient is a success,
we treat the ith patient by the same treatment as the (i — 1)th patient. If the
response of the (i — 1)th patient is a failure, we treat the ith patient by any of
the remaining two treatments by tossing a fair coin. If the success probabilities
of the three treatments are 0.7, 0.4 and 0.3 respectively, find the probabilities
that the 10th patient is treated by A and the 10th patient results in a success.

[10]
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1. State the Bayes decision rule for three-class classification problem and show that
it minimizes the probability of misclassification. [2+10=12]

2. Let there be two classes C, and C, with prior probabilities , and P, and the
corresponding prob. density functions p, and p, where
p,(x)=kexp(-kx) x>0and k=12.
(1) Find the Bayes decision rule for classification and its probability of
misclassification.

(i1) Find the probability of misclassification of the following decision rule.
Put x in class 1 if x < log3.Otherwise, put it in class2. [10+5=15]

3. (i) State the minimum within cluster distance criterion.
(ii) Describe the k-means algorithm for clustering.
(iii) Give an example of a data set and two initial sets of seed points so that the

two final results of the k-means algorithm on the data are different.
[5+5+5=15]

4. Describe the Perceptron method for two class classification problem. [10]
5. (i) State the k-nearest neighbor method of estimating a probability density

function. (ii) Derive the k-nearest neighbor decision rule from the density
estimation procedure. [3+5=8]
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1. A company assesses the credit-worthiness of various companies every quarter, the
ratings A, B, C and D being in the order of decreasing merit. From past experience, it
is known that credit rating of a company evolves as a time-homogeneous Markov
chain with transition matrix P given below:

l—a-a?’ a a 0
pe a 1-2a-a’ a a’
a’ a 1-2a-a’ «
0 0 0 1
a. Draw the transition graph of the chain.
b. Determine the range of values of « for which P is a valid transition matrix.
c. s the chain irreducible and aperiodic? Justify your answer.
d. Deduce a stationary distribution for the chain. Is it unique? Justify your
answer.
e. If a=0.1, calculate the probability that a company’s rating in the third quarter is

D, given that the company’s rating in the first quarter was B.
[1+1+2+3+3=10]

2. The total number of claims received by an insurance company can be described by a
Poisson process with parameterA.

a. Stating clearly the assumptions you make, derive a differential-difference
equation for p,(¢), the probability that the company receives j claims by time

.
b. Define the first holding time T, for the process, and deduce its distribution.

[5+5=10]

3. The levels of discount in a no-claims discount scheme for car insurance are 10%,
20%, and 40%. If a driver does not make a claim in any given year, in the following
year he moves up one level, or stays at the same level if he is at the highest level.
On the other hand, if he makes a claim in a given year, he moves down one level or,
if he already at the lowest level, he stays there. A reckless driver has a probability of

0.3 of making a claim in any year.
(PLEASE TURN OVER)



Suggest an appropriate stochastic model for the scheme for this type of
driver, and specify the model completely.

Deduce the long-term properties of this model.

If the full premium is Rs. 10000 and the driver is currently at the 0% level,
determine the average premium he will have to pay in the long run.

[4+4+2=10]

4. A particular machine is in constant use. Regardless of how long it has been since the
last repair, it tends to break down once a day, and on an average, it takes the
repairman 6 hours to fix it. Model the machine’s status as a time-homogeneous -
Markov process with two states: being repaired (denoted by 0) and working
(denoted by 1).

a.

Write down the Kolmogorov forward differential equation for P, (f), the

probability that the machine is being repaired at time z, given that it is being
repaired at time 0.

Hence show that
1 4
QAn=§+ge5.
Determine P-(¢).
[2+3+5=10]

5. The following diagram represents a three-state time-inhomogeneous Markov jump
process with transition rates indicated against respective transitions:

o

State H
Healthy @

State D
Dead

U

Write down the transition matrix for this model.
Interpret the transition rates in terms of transition probabilities for the model.

From first principles, deduce an expression for the probability P—(s,t) that,
starting from state H at time s, an individual remains in state H till time ¢.

[1+4+5=10]
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Please write your roll number on top of your answer paper.

There are four problems each carrying 10 points with a total of 40 points. Solve as many as you
can. Show all your works and write explanations when needed. Maximum you can score is 40
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You are NOT allowed to use class notes, books, homework solutions, list of theorems, formulas
etc. If you are caught using any, you will obtain a zero grade in the course.

Let S and T be complete separable metric spaces and pn, => g in P(S). Let ¢ : S — T be a Borel
measurable map and D be the set of points s € S where ¢ is not continuous. Show that D is a Borel

set in S. If u(D) =0, then show that p, 0 ¢! = po ¢t in P(T). [4+6=10]
. X is a Polish space and P, = P in P(X). If F is a uniformly bounded and equicontinuous family of
real valued functions defined on X, then show that [ fdP, — [ fdP uniformly in f € F. [10]
. Show that the Prokhorov’s metric stated in class metrizes weak convergence of probability measures
on Polish spaces. (You do not have to prove that it is indeed a metric.) [10]
. Let {B:}o<t<1 be a standard Browian motion starting at zero and define B, := By_; — B; for all
t € [0,1]. Show that {B;}o<t<1 is also a standard Browlan motion starting at zero. [10]

Wish you all the best
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. Explain briefly the following.

Latency.
Tertiary prevention.
Germ theory.
Deficiency in the postulates of Robert Koch.
Differences among risk factor, promoter, detection factor and prognostic factor.
Stable population.
Directionality.
Advantages and limitations of quasi experiments.
(1+142+1.5+4+1.5+2+2 = 15)

Stating the basic assumptions clearly write down simple epidemic model. Find out

the solution of the deterministic model and hence define epidemic curve. Show

that the solution thus obtained is not same that of its stochastic counterpart.
(3+7+3+7 = 20)

(a) I am stating the following assumptions for you:
i) Prey population follow the logistic growth law;
ii) predation follow the simple law of mass action principle;
iii) predator death rate is density dependent.

Taking into consideration the above assumptions, write down the predator prey
model. Find out the condition(s) for which both the species will coexist. Interpret
your result in ecological sense.

(b)Write down the assumption(s) by which you can reduce the above predator-
prey model into a simple SI (Susceptible-Infected) model. Do you think the

assumption which you made to obtain SI model is a realistic one?
- (3+6+2+2+2 = 15)
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1. Explain the following terms with examples [2+ 12+ 1%=75]

a) Equivalent Martingale Measure
b) Futures contract on a Stock
¢) Measure of Relative Risk Aversion

2. Demonstrate or contradict that the following processes are Martingales:
a) y; = € + a€,_q where e,~ N(0,1).
b) ¥ = ay;_1 + € where e,.~ N(0, ).
¢) (y# — t) where y,~ N(0, g%t). [2+2+3=7]

3. Find the probability distribution of the random variable fot W2dw,. [4]

4, Suppose 3= is a preference relation on the set of all lotteries P satisfying:
)Vpqr € Panda € 01],p>q =ap+(1—-a)r >aqg+(1-a)r.
() Vpqr € Pifp> q >rthendab € (0,1)such that
ap+ (1 —-a)yr >g>bp+ (1 -Db)r.

Thenshowthatp > q >randp >r = I uniquea’ € [0, 1] such that
g~a’p+(Q—-a’)r. [4]
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1.

(This test is open notes. Total mark is 54.)

(a) Derive the hazard rate for log-normal life distribution.

(b) A study that began in 1990 included only disease-free subjects. A subject, who
was disease-free and 18 years old in 1990, was included in the study and found
to have contracted the disease 12 years later. As time is measured in years, write
down the likelihood contribution from this subject with f(-) denoting the density
for disease onset time.

(c) In a censoring scheme, any surviving subject at a prefixed time t; is censored
with probability 0.5 and all the surviving subjects at a prefixed time ¢ (> ¢;) are
censored. Prove that it is a special case of random censoring.

(d) Consider type Il censored data from exponential () life distribution. Prove that
the maximum likelihood estimate of expected life time is unbiased.

(e) In the modification of Gehan’s test, suggested by Efron, find the u;; score for the
case ry; < Ty, 8y; =0, 52_7' = 0.

[34+3+3+3+3=15

Let X ~ Weibull(),p) and T = [X], the largest integer less than or equal to X. Find
the p.m.f. and discrete hazard of T and investigate the IFR/DFR property of its
distribution. [24+2+2=6]

Consider right censored life time data from the model which has constant hazard a
up to a given time t; and then an increased hazard o + § after time ¢, with ¢ > 0.
Describe the score test for Hy : § = 0 against the one-sided alternative. Give details.

(12]

Consider right censored life time data on failure time of a parallel system with two
independent components each having life distribution given by the survival function S.
Based on n such data, find nonparametric maximum likelihood estimate of S(t) and
an estimate of its variance. [3+4=T7]

Consider the illness-death model, where an elderly subject can move from the ‘walking’
state (W) to the ‘terminally bed-riddén’ state (B), with no possibility of recovery, and
from either of these states to the ‘dead’ state (D). A group of n subjects are observed
till death, and the data are of the type (B;, D;), i = 1,...,n, where D; is the time till
death of the ith subject, B; is O if the ith subject is never terminally bed-ridden, and
is otherwise equal to the time till this subject becomes terminally bed-ridden.

P.T.O.



(a) Specify the Nelson-Aalen estimator of the cumulative hazard rate of time till
death for the subjects, based on Dy,. .., D, alone.

(b) Specify a consistent estimator of the variance of this estimator.

(c) Specify the Nelson-Aalen estimators of the cumulative intensities of transition
directly from W to D (without being ‘terminally bed-ridden’) and from B to D.

(d) Describe a test of the hypothesis of equality of the intensities of transition directly
from W to D (without being ‘terminally bed-ridden’) and from B to D, in terms
of the given data.

[3+3-+(2+2)+4=14]
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Answer all questions

1. Let T be a measure preserving invertible transformation of the probability space (X, B,m).
Say that T has a countable Lebesgue spectrum if there exists fo, f1, fo,- - € L?(X, B,m) such
that fo is the constant function 1 and the family {fo,ULf; : k=0,F1,%2,---,7=1,2,3,---}
is an orthonormal basis of L2(X, B, m).

(a) Let P be the spectral measure corresponding to Ur. Show that if T has a countable
Lebesgue spectrum then for any f € L*(X,B,m),< f,1 >= 0,< f,f >= 1, the measure
< P(.)f, f > is the Lebesgue measure on T. [4]

(b) If T has countable Lebesgue spectrum, show that T is mixing. [4]

2. Let G be a compact, connected metric abelian group. Let T'z = aAz be an affine transformation
of G (i.e. a € G and A is a continuous homomorphism of G onto itself.) Suppose that for
zo € X, the orbit {T"z¢,n > 0} is dense in G. Show that if for some character v of G, and
positive integer k, yo A¥ = v, then yo A =~. [5]

‘

3. Let T be a measurable transformation of the measurable space (X, B) and M the space of all
probability measures 4 on B such that y is T—invariant. M is a convex subset of the space

of probability measures on B.

Show that

(a) if p,v € Mp,v << u, then the Radon-Nikodym derivative Z—; is a T—-invariant function

a.e. 2]
(b) if, in addition to the hypothesis in (a), 4 is given to be ergodic, then v = p. 2]
(c) p € M is ergodic if and only if u is an extreme point of M. [3]

4. Let T be the transformation on [0,1) defined by Tz =< : >, if z # 0 and T0 = 0, called
the continued fraction map and x the measure given by u(a,b) = fol 145 dz, called the Gauss
measure.

(a) Show that T preserves . (5]
(b) Assume the facts (i) and (ii):

(i) For z € (0,1) irrational, z = M—‘_: is the (simple) continued fraction representation of z
ag e

where a; = [L}, a5 =[], a3 = [75]s- .-
1



(ii) T is ergodic for p.
Now Show that for a.e.z, the asymptotic proportion of 1's among the a,, az, as, .. . is a constant.

(5]
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Attempt all questions:

1. (a) Initially an experiment is set up with one toxic (Dinophysis sp.) and two non-toxic
phytoplankton ( Chaetocerous gracilis and Biddulphia regia) species. All the three phytoplankton
growth profiles are monitored with regular recorded biomass counts of 10 samples on each of the 8
experimental days. The phytoplankton are collected from the deltaic region of river Subarnarekha,
(87°31'E and 21037’N) and the isolation is done in the laboratory. Species culture are maintained
at optimal conditions in the laboratory although the species might have a negligible amount of
genetic variation. As per the literature in general, the ratio of the final average abundance of the
toxic species to the first non-toxic species is 2K; where as the similar ratio for the toxic species to
the second non-toxic species is 3Ko, where K, K5 > 1. How can he verify these claims based on a
statistical test under two different conditions? Can you suggest any alternative test procedure for
the same hypothesis ?

(b) Construct an appropriate multivariate testing procedure based on an appropriate sampling
scheme to judge whether the excessive T-20 and ODI matches lead an impact upon the performance
of Indian cricket team.

12+ 6 +8 =26 ]

2. What is principal component analysis ? Give the geometrical interpretation and shortcomings
of such technique. Let, a random vector has the covariance matrix Y with non-distinct eigen values
and corr(X;, Xi) = p, i # k. Suggest a suitable testing procedure (excluding LR test) in testing
Hy : p = po against Hy : p # pp. Can you suggest any result to identify whether X; and X are
equally important to it’s st principal component ?

44+64+4+4=18

3. (a) Define Relative Growth Rate (RGR). Assuming Gaussion set up among size variables for
the above experiment (as stated in question number (1)) with proper Koopman’s structure in the
covariance matrix suggest two estimators of RGR based on a sample of size n. Find asymptotic
mean and variance for any one of the two estimators. Suggest a suitable test procedure for testing
the equality of expected RGR for three species at final time point.

(b) Responses of swell diameters (ranging from 0 - 8 mm) are recorded on a skin prick test
data of 100 atopic patients to judge the patients typical allergenic responses to 21 allergens. Not
all allergens are sensitive to all the patients. Suggest a suitable procedure to construct a distance
matrix based on a dissimilarity measure of all pair of allergens. Also describe a suitable method in



identifying similar allergens using the above distance matrix so that the information can be used
in immunotherapy treatment in reducing the dose of vaccination.

24+34+7+44+44+5=25
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Note : Answer Part I and Part I in separate Answerscripts.

Part - |
Answer all questions. Maximum you can score is 15.

A. Let Xj ....... , X, beiid U(0, 1) variables. Let k > 0 be a real number, and n = 2. Find
k
E (X L+ X, ]
X(n)
where Xn) = max (X, ...... , Xn). Simplify as far as possible.
(7]

B. Let f be a measurable function from (X, .+/) into (Y, 7). Let

o(f)={f'(B): Be 7).

Let g be a real-valued measurable function on (X, .+"). Show that g is o(f) -
measurable iff there is a real-valued measurable function ¢ on (Y, .7) such that g =
¢ (); in case g is also non-negative, ¢ can be chosen to be non-negative, while for a

bounded g, ¢ can be chosen to be bounded.
_ [5+2=17]

C. Define clearly a sufficient o - field. Show that if .7is sufficient for M and

71 = 57 [M], then 17, is also sufficient for M.
[1+6=7]



PART 11

This part carries 30 points with five problems carrying 6 points each. Show
all working and write clearly. All the best!

1) State the de Finetti’s theorem.

2) Let z1,...,z, be i.i.d. with a Student’s ¢ distribution ¢(c, p, a?), a be-
ing a known constant and p, ¢ being unknown parameters. Set the prior
7(@, 0%) o< 072 on the parameters.

a) Show that the ¢ distribution can be expressed as a scale mixture of Nor-
mals. '

b) Use this fact to develop a Gibbs sampling algorithm to sample from the
posterior of the parameters.

3) A total of (. +-n) light bulbs are tested in two independent experiments.
In the first experiment involving n bulbs, the exact life times v1, ..., yn of
all the bulbs are recorded. In the second involving m bulbs, the only infor-
mation available is whether these bulbs are still burning at some fixed time
t > 0. Assume that the distribution of lifetime is exponential with mean
1/6 and use m(#) o< 1. Find the posterior mode using the E-M algorithm.

4) Consider k independent responses yi,...,yx and k predictors z1,..., Tk
in R. Let y; ~ Bin(n;, pi) with p; = H(Bo+ B1z:), H being the logit function
and 8 = (Bo, B1) are unknown parameters.

a) What is a sufficient statistic for 57

b) Using a bivariate Normal prior on 8, derive an approximate Normal pos-
terior for 8. Justify your construction.

c) Construct a M-H algorithm to sample from the exact posterior of 3.

5) Consider k independent responses yi, . . ., yx in R and k predictors zy, ..., T
in RP. Let y; ~ Bin(n;, p;) with p; = H(f'z;), H being the standard normal
cdf. while § € R? are unknown parameters. Set a multivariate Normal prior
Np(u, %) on B.

a) By introducing suitable latent variables, develop a Gibbs sampler to sam-
ple from the posterior of S.

b) Employ Rao-Blackwellization to improve your estimator.
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¢ Please write your roll number on top of your answer paper.

¢ There are five problems in this exam. Problem 1 is worth 5 points and will count towards your
Assignments score. Problems 2 - 5 (worth 50 points in total) will count towards your Semestral
Exam score.

¢ Show all your works and write explanations when needed.

¢ You are NOT allowed to use class notes, books, homework solutions, list of theorems, formulas
etc. If you are caught using any, you will get a zero grade in the course.

L. (5 points) Let (X, d) be a Polish space and {Y,},>1 and {Z,},,>1 be two sequences of X-valued random
variables defined on the same sample space. Suppose {Y,,},,>1 is a tight family and d(Y,,, Z,) = 0 in
probability as n — oo. Show that {Z,},> is also a tight family.

2. (10 points) Suppose (X,d) is a Polish space. Recall that a function f : X — R is called upper
semicontinuous at a point zp € X if for each ¢ > 0, there exists § > 0 such that d(zq,y) <  implies
fly) < f{zg) + €. Let P(X) be the class of probability measures on X and “=” denotes the weak
convergence in P(X). Suppose P, = P in P(X) and f: X — R is a bounded function, which is upper
semicontinuous at every z € X. Show that

lim sup / fdP, <. / fdP.

n—roc

3. Let B be the Borel o-field on C[0,00) and Z : C{0,00) — R be a bounded and B-measurable function.
(a) (7 points) Show that for all z € R and for all 5 > 0,
EI(ZI‘F:-) = EI(Z!]:S)'

(b) (3 points) Fix z € R and sy > 0. Using (a) or otherwise, show that for all A € F;, there exists
B € F,, such that
P,,(AAB) = 0.

Here the notations are as introduced in the class.

4. Let {Bi}o<t<1 be a Wiener process defined on a sample space (2, F, P). For each sample point w € €,
define a number

- £
Viw) = /O B, (w)ds.

(a) (5 points) Show that V is well-defined and it is a random variable.
(b) (10 points) Calculate the characteristic function of V. (P.T.O]



5. (15 points) Consider the probability space (C[0,1],C, W), where C is the Borel o-field on C[0,1] and
W is the Wiener measure. Define a random variable £ on this space as

£w)=w(l), weCo,1]

Find a regular conditional probability given the random variable £. Justify your answer.



Date:

1.

a)

b)

c)

d)

INDIAN STATISTICAL INSTITUTE
Second Semestral Examination: (2011 - 2012)
M.Stat. (BSDA)
Course : Statistical Methods in Public Health
23,04 2042, Maximum Marks : 100 Duration: 3 Hrs

(Answer Part A and Part B in two separate answer booklets.)

PART - A

(Answer all questions. Maximum allowable score is 60)

Indicate whether each of the following computed indices is an incidence density, a
cumulative incidence, a point prevalence, a period prevalence or an odds for the disease of
interest.

The number of adult men in Mumbai identified with psychiatric problems during 1970,
divided by the total number of adult men in Mumbai in 1990.

The number of sudden infant deaths in Sundarban in 1995, divided by the number of live
births in Sundarban in 1995.

The number of children born with congenital heart defects in Kanpur in 1992, divided by
the number of live births in Kanpur in 1992.

The number of persons who resided in Chennai on Jan. 1, 1990 and who developed colon
cancer during 1990, divided by the total number of disease-free persons who were
Chennai residents on January 1, 1990. '

The number of 60-64 year old Kolkata residents who had a stroke in 2000, divided by the
total number of 60-64 year old Kolkata residents on July 1, 2000.

The number of legally deaf males in Delhi in 1995, divided by the number of males who
were not legally deaf in Delhi in 1995. .
[1x6 = 6]



2. (a) Justify the following statements:
(i) If the observations are based on a longitudinal study, the cross-sectional least squares

estimates of the regression parameters will be biased.
(ii)The linear regression analysis of longitudinal data tends to yield more efficient regression

parameter estimates than the regression analysis of cross-sectional data.

(b) Develop the exponential correlation model for longitudinal data analysis.

3. (a) Which distribution function is useful for nearest neighbourhood analysis?
(b) Justify its use, stating clearly the principles and the assumptions behind.

(c) What do you mean by “transformation of map”?
(d) Why is such transformation necessary before doing the nearest neighbourhood analysis?

(4+5+4 = 13)

(1+8+3+2 = 14)

4. (a) The figures with question marks have been found doubtful. Do you agree with that? If so,
change the figures appropriately. (The symbols have their usual significance.)

j No. of Actuarial Method Density
Deaths Method
Noj PTi | (DxtDy); Wi MD; Ry R
1 12 11.5 0 1 0.000 0.000 0.000
2 11 9.5 1 37 0.105 0.100 0.100?
3 8 5.5 1? 4 0.172? | 0.1527 0.182?
4 3 3.5? 0 0? 0.000 0.000 0.000
5 3 2.0? 0 2 0.000 0.000 0.000
Total - 31.5 2 10 0.058? - -

(b) Calculate Ry,s) by Density Method.

[7+259]



5. (@) Under steady state, show that P =~ ID ( T ) for a rare disease, where prevalence of the
disease, the incidence density and the mean duration of the disease are represented by P, ID
and T respectively.

(b) Consider a heterogeneous population, stratified into several groups. Prove that the
variance of the estimated number of deaths in the population will be larger if the
stratification of the population is ignored.

(4+4 = 8)

6. Define relative risk. With Poisson variable assumption for individual risk, develop a test
procedure relative risk.

(2+8 = 10)
PART -B

(Answer all questions. Maximum allowable score is 40)

1. a) State the basic assumptions of pure birth and death process. Hence formulate the basic
stochastic differential equation of the process.
b) Comment on the behavior of the system by evaluating mean and variance of the
process. (3+7==10)

2. a) Write down the basic model of General epidemic and hence find out the basic
reproductive number. ‘
b) Show that for this model the disease dies out for the lack of infectives and not the lack
of susceptibles. (4 +6=10)

3. State and prove Bendixon Negative Criterion to show there are no periodic orbits of any
2-D autonomous differential equation. lilustrate the above criterion in a Simple Epidemic
Model. (10)

4. a) Define basic Reproduction Number.

b) Write down a simple Malaria Model. Hence find out the basic reproduction number by
using next generation matrix method. (2+8=10}

-END-
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This test 1s open notes. Books cannot be used and notes cannot be exchanged. Refer to your
notes properly, but do not reproduce derivations from there. Answer as many as you can.
Total mark is 105.

1. State if the following statements are true or false giving suitable reasons.

(a) The vector \ = (0.25,0.25,0.25,0.25) represents the discrete hazards for a discrete
lifetime variable with four mass points.

(b) The estimate (MLE) of the hazard rate based on random right censored data
(measured in weeks) from an exponential distribution is 0.04. The estimate re-
mains the same if the same data are measured in days.

(c) The integrated hazard A(Z,z) for the accelerated faliure time model A(t,z) =
Xo(te*P)e? is given by A(t, z) = Ag(te®).
(d) A series system is constructed with two independent components having identical

life distribution the survival function of which is estimated by S(¢) with standard
error s(¢). The standard error of the estimated system survival function is 2s(t).

(e) For the semiparametric model A (¢, 2(t)) = Ao(¢)e*®? with time dependent covari-
ate z(t), the partial likelihood for right censored data does not depend on the
exact times of failure.

(f) Consider the multiple decrement model, with covariate z, given by Q(¢1, - -, tm; 2)
= [Q(tq1, - - ,tm)]ex”(zﬂ ) where Q(t1,",ty) denotes the unknown and arbitrary
‘baseline multiple decrement function’. The corresponding cause specific hazard
rates are of proportional hazards form. [3 x 6=1§]

2. Prove that the mean residual life of a unit surviving upto time t; is

1
—— [ F(w)du,
Flto) Jo (w)du

where F'(-) denotes the survival function of the unit. Then obtain the same for a

product that has a constant hazard o up to time ¢; (known positive constant), after
which the hazard changes to f3. ' [5+5=10]

L3

3. Consider type 1I censored data from Weibull(), p = 2) life distribution. Find an exact
95% confidence interval for X. Suggest a graphical test for the validity of the model.

[5+3=8

4. Suppose the life times of a product, being manufactured in two factories (A and B)
and also in day and night shifts (D and N), have exponential life distribution with
parameters ), for i = A, B and j = D, N. Based on right censored life time data in
each factory and each shift, it is of interest to investigate if there is any factory effect.



We wish to use the score test for this purpose. Write down a reparametrization and
hence the null hypothesis. Then, obtain the score test based on this model.

[3-+2+10=15]

. Consider the K-sample problem with the model M : \i(t) = a;\i(t), for i =2,---, K,
where \;(t) denotes the hazard for the ith population, i = 1,---, K, and A1 (t) is totally
unknown and arbitrary. Suggest a graphical test for the model M. Develop a test for
homogeneity giving full details. If Ai(t) is a known function involving a constant
parameter 8, indicate how to test for homogeneity. [24+5+2=9]

. Consider n uncensored data from accelerated failure time model given by the error
distribution f(e) = Je™!¥l (double exponential density). Assume that the locally most
powerful rank test for the covariate effect is of the form }°i', ¢;z(), where 2 is the
covariate value corresponding to the ith ordered observation. Prove that, using the
approximation E[g(u)] =~ g(E[u]), ¢ = sgn[2i — (n + 1)}, fori = 1,-- -, n, where sgn
denotes the sign function. [10]

. Consider the competing risks model given by the cause-specific hazards
)\J(t’ Z) = )‘O(t)ew-’r‘.‘ﬂj) .] = 1) s, m,

with 71 = 0 and )\o(¢) being unknown and arbitrary. Obtain an appropriate partial
likelihood to estimate the parameters v;’s and B;’s. Find P[J = j;z] for a fixed
covariate z, where J denotes the cause of death, and hence prove that the life time T’
and cause of death J are independent. [6+3+3=12]

. Suppose that you want to decide whether the hazard rates in two populations are
proportional to one another. You have randomly right censored samples from the first
population. The lifetimes in the second population are known to have the exponential
distribution with mean 100.

(a) Using the Nelson-Aalen estimator of the cumulative hazard function of the first
population, suggest a plot that can be used to determine graphically whether the
hazards are proportional.

(b) Indicate, with reasons, the expected shape of the plot when the true hazard rate
of the first population is monotonically increasing.

(c) Using the Nelson-Aalen estimator of the cumulative hazard function of the first
population, suggest an analytical test for this problem, mentioning explicitly the
test statistic, an estimator of its variance, its asymptotic distribution, and the
requisite decision rule. [3+3+8=14]

. [
. Consider a software having N hidden bugs. The times to detect these bugs are assumed
to be independent and exponentially distributed with failure rates Ay, -+, Ay. As soon
as a bug is detected, it is immediately corrected. Write this as a multiple failure
time model with competing risks by specifying the different cause-specific hazard rates.
What is the probability that the first failure is due to jth bug? What is the conditional
probability that there is no further failure up to time ¢+ s given the first failure at time
s due to jth bug? Note that the ‘failure’ here means detection of a bug. [4+2+3=9]
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Problem 5 is compulsory. Attempt any three from Problems 1 - 4. Show all your work.

L [(10)+(5+10)] (a) Obtain the characteristic function of the symmetric wrapped stable family
of distributions, SWS (u, p, a).
(b) Identify the wrapped Cauchy (WC) distribution as a member of SWS (, p, a). Show that
tep.d.f. of the WC distribution can be written in the form of a single term involving the
treular random variable 6, as compared to the infinite sum representation for the SWS density.

L[5+15+5] Let, f(0) =K. [ 1 +2 p cos(0 — p) + 2p2 cos 2(8 — p) ], where K is the normalizing
wnstant, 6 € [0, 27).

(a) Obtain K. (b) Derive an optimal invariant test for Isotropy vs. the underlying density as
16). (c) Show that this test is also an optimality robust test against a wide class, to be identified by
Jou, of distributions.

J. [6+10+9] Let n i.i.d. observations be available from the circular normal distribution CN (y, ).
(a) Obtain the MLEs of (p, ) and verify whether these coincide with the corresponding

MMEs. (b) Obtain an unconditional asymptotically optimal test for Hy: p= 0 vs H;: p> 0, when

tisunknown. (c) Let k =1. Obtain a test for the change-point problem that the underlying

fistribution has a changed mean direction p; from the original mean direction o at some unknown

wint between 1 to n.

4112 + 13] (a) Describe two methods of constructing distributions on the torus, giving one
%ample of each. State explicitly the theorems and results you need (proofs are not needed).

(b) Consider the three parameter Bivariate circular normals conditionals (BCNC) distribution.
Obtain consistent estimators of the parameters, without explicitly deriving the normalizing
“nstant.

S (Take Home Problem) [10+5 +6+4] (a) Derive explicitly an asymptotically optimal test that a
given set of i.i.d. observations come from a circular normal distribution vs. these come from
an asymmetric circular normal (ACN)distribution, including all the coefficients arising in the
test statistic. (b) Obtain an equivalent test statistic that &voids explicit derivation of the
coefficients in (a). (c) Illustrate your tests by two real-life examples — one supplied to you and
another of your own choice. (d) Conduct Goodness-of-Fit tests on the data sets to validate the
choice of ACN as a model for the data sets.
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Note : Answer any two questions. Marks allotted to a question are indicated
in brackets [ ] at the end.

What are direct assays? How do you estimate relative potency from such assays?
State and prove the Fieller’s theorem for fiducial limits and use it to obtain the
fiducial limits for the relative potency estimate from direct assays. Discuss the
experimental designs that you would recommend for such assays with
justifications.

[2+2+8+5+3=20]

Suppose a 2k-point symmetrical parallel line assay is to be conducted in n
randomized complete blocks. Develop the expressions for the relative potency
estimate and its fiducial limits as well for such an assay. Also develop the analysis of
variance for the validity tests for this design, indicating clearly the various
expressions for the sum of squares involved.

[(5+7)+8=20]
Describe a change-over trial, and give a construction of a balanced change-over
design for v treatments in v periods. Develop for such designs the appropriate
analysis of variance, indicating clearly how the various sums of squares are to be

computed.
[(2+6)+12=20]
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1. Which of the following two type I error spending functions is stricter for early
stopping and why?

(6) of(t) = o,
(i) a3(t) = ot®2

[4]

2. In the Zelen’s play-the-winner rule, if the two treatments under consideration
have success probabilities 0.7 and 0.4 respectively, find the unconditional prob-
ability that the 10-th patient will result in a success. Modify this probability
if it is known that the 4-th patient is treated by the first treatment. How the
probability changes if, in addition, it is known that the first patient was treated
by the second treatment? [4-+3+2=9)

3. Construct an example to illustrate how the imbalance with respect to prognostic
factors induces allocation bias. How can Pocock’s minimization rule be imple-
mented to get rid of this difficulty? [4+3=T]
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1. Discuss the following statements:

a) Speculation in futures markets is pure gambling. It is not in the public interest
to allow speculators to trade on a futures exchange.

b) If the minimum variance hedge ratio is calculated as 1.0, the hedge must be
perfect.

¢) The duration measure of a bond tells us about the sensitivity of the bond price
to interest rates.

d) If most of the call options on a stock are in the money, it is likely that the

stock price has risen rapidly in the last few months.
¢) Early exercise of an American Put is a trade-off between the time value of
money and the insurance value of a put. [5X5=25]

2. Suppose that F, and F, are two futures contracts on the same commodity with
times to maturity, t; and t,, t, > t;. Prove that F, < Fler(tz' t1), [8]

3‘. Consider an exchange traded call option to buy 100 shares with a strike price of
Rs. 400 and maturity in two months. Explain the effect on the contract of the

following:
(i) a 10% cash dividend, (ii) a 20% stock dividend. [5+5=10]

.
y



4. Suppose that ¢y, ¢, and c; are the prices of European call options on the same
underlying asset with strike prices K;, K, and K3, respectively; K3 > K, > K;
and K3 — K, = K, — K; . All options have the same maturity. Show that ¢, <
0.5 (¢; + c3). ‘ [10]

5. Show that to match the volatility of a stock, o, with the variance of the one step

Binomial tree model; we need to have the up step, u = 92 and the down step,
d= e~ 9VBE, [10]

6. Consider options on a non dividend paying stock when the stock price is Rs.

300, the strike price is Rs. 290, the risk free interest rate is 5%, volatility is 25%
per annum and the time to maturity is three months. Find the price of European call
& put and American call. [5§+4+3=12]

7. (a) In the mean-variance portfolio choice problem, define the efficient portfolio
frontier and the minimum variance portfolio.

(b) In the standard Capital Asset Pricing Model, borrowing and lending rates are
equal. What is the consequence if borrowing rate is strictly larger than the lending
rate? [10 + 10 =20]

8. Consider the nonlinear stochastic differential equation
dX, = rX, (K — X) dt + BX,dW,; X, = x > 0

exp {((rK-282)t+BW}
Verify that X; = — ( 2 1) d ; t 2 0 is the unique (strong)
—+T S, exp {(rK—EBZ)s-kBWS}ds

solution. [10]
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1. (a) Describe Fisher's notion of asymptotic efficiency of estimators and
comment on this in the light of Hodges’ example. Write a short note on the
Hajek-Le Cam theory of efficient estimation.

(b) Let {P},6 € R}, n > 1, be a sequence of statistical experiments such
that for a fixed # € R and for all u € R,

dP6n+u n 1
log ——E?é{l/: = ul, - —2—u2I + 0p(1)
where [ is a finite positive number and A, is a sequence of random variables
converging in distribution to some random variable A (under §). Show that
for all u € R, {F},,, =} is contiguous to {F§'} if and only if A follows

N(0,1).
[14+12=26]

2. (a) Define a regular sequence of estimators. State the Hajek-Inagaki con-
volution theorem and prove it only for the special case when the asymptotic
distribution of the (normalized) estimator is normal.

(b) Use the convolution theorem to find, under LAN condition, a (non-
trivial) lower bound to the limiting risk of a regular estimator for a subconvex

loss.
[14+12=26]



3. Let X3, Xs,..., X, be ii.d. with a common distribution function F'. Con-
sider the U-statistic U, based on Xi, ..., X, and a kernel h(z1,...,Zn), m <
n, for estimation of T(F) = Eph(Xy,...,Xm). Let V,, = T(F,,) be the cor-
responding V-statistic. Show, under suitable conditions on the moments of
h(X;,,...,Xi,) where i1, ...,im € {1,2,...,n}, that /n(U, ~ Vo) 0.

12

4. Let X3, Xs,...,X, be a random sample from a population with distribu-
tion function F € F where F is the class of all distribution functions on R.
Consider a real valued functional T'() on F.

(a) Define the k-th order Gateaux differential of T(+) at F' in the direction
of some fixed G € F.

(b) Find the k-th order Gateaux differential of the functional T'(-) con-
sidered in Question 3 and hence express the first order Gateaux differential
of T(-) at F in the direction of the sample distribution function F; as an
average of i.i.d. random variables.

Show, under suitable assumptions, that /n(T(F,) — T(F)) is asymp-
totically normal. Use the asymptotic equivalence of a U-statistic and its
projection and that of a U-statistic and a V-statistic to prove this result.

(c) Suppose T(:) is Frechet differentiable at F* with respect to some norm.
Describe how one can prove asymptotic normality of /n(T(F,) — T(F?)) in
this case using suitable results on Fj,.

2+12+6=20]
5. Let X),Xs,...,X, be a random sample from an N(6,1) population.
Consider the problem of testing Hy: 0 =0 vs H; : § = §/y/n, § > 0 (fixed).
Find the limiting power of the corresponding sign test.
[14]
6. Answer either (a) or (b)
(a) Let Xi,..., X, be iid. N(0,0%). Let T,, = X/s where X = (X; +

-+ 4+ X,)/n and ns? = 3(X; — X)?. Find the Bahadur slope of T}, when the
testing problem is

H0:9=OVSH1:920.
State and prove the result(s) you are using.
[7+(1+4)=12]



(b)
(i) Let X1, Xy,... be i.i.d. Bin(1,6). Find

lim n~ log P(X, + -+ + X, > nay)

where lima, =a, § <a < 1.

(ii) Let X;, X5,... be i.i.d. random variables following U(0,1). Let D, =
sup{|Fn(t) — ¢ : 0 <t < 1} where F, is the sample distribution function
based on X;,...,X,. Find

lim n~'log P(D, >a), 0 <a< 1.
n—cQ

You may assume that the limit is a continuous function of a.
(54+7=12]



INDIAN STATISTICAL INSTITUTE
M. Stat. Il Year, 2011-12
Semestral Examination
Pattern Recognition and Image Processing
Date: @2« 05 |Z Maximum Marks: 100 Duration: 195 minutes

Note: This paper carries 106 marks. Answer as much as you can.

1. Draw the solution tree for branch and bound feature selection algorithm if 3 features

are to be selected from 7 features. {61
' 2 0 -1
2. Let X_t = (Xy,X5,X3) be arandom vector with dispersion matrix | 0 8 0 |. Find
-1 0 2
the first two principal components of X . [10]

3. Let there be 2 classes. Let 4; ={(0,0,0),(0,0,1)} and A4y = {(1,-1,0),(=2,1,-1)} . Let the
elements in 4, be from the i-th class for all i. Let the initial hyperplane under
consideration be x+ y + z + 1 = 0 and the learning rate be 0.05. Find the separating

hyperplane between A; and A4, with the help of perceptron aigorithm. [12]
4. Describe any two feature selection algorithms. (8]
5. Describe the Canny edge detection algorithm:. [12}

6. Describe the algorithm for detecting line segments in a binary image using Hough
transform. [12]

7. Suppose there are 7 labeled observations and a multilayer perceptron (MLP) having 3
nodes in the input layer, 3 nodes in the hidden layer, and 2 nodes in the output layer. Let
the node transfer function be the sigmoid function, and the way of learning be the batch
mode learning.

(a) Draw the network for the said MLP.

(b) Write the expression for error at the output nodes..

© Write the expression for weight updategising back propagation method for the
connections joining the hidden layer with the dutput layer for the above error expression.

[2+3+7]

(P.T.O)



8. A white object is represented in a binary image as shown below with "x’ denoting a
white pixel.

(a) Describe the 8-connected boundary of the object shown in the image by its chain
code.

(b) Describe a thinning method for an object, represented by a binary image.

©Provide the final output of applying the thinning algorithm on the figure below.

[3+6+8]

X

X|X|X

X|xX|x|x
X[ x|x
X |X|x

9. (a) Define VC dimension of a set of functions.
(b) Define ™" support vectors” for a two class classification problem. [4+3]

10. Apply histogram equalization on the following frequency distribution of gray values
and provide the final histogram.
Gray value | Frequency of occurrence

NN IWIN
— (DTN ND Q[ | N | =—
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Date: 03.05.2012 Maximum Marks: 60 Duration: 3 hrs.

Note: Answer Group A and Group B in separate answerscripts.
Group A
Note: Answer questions 1 and 2 and either 3 or 4.

(1) (a) Suppose there arc two securities whose returns are specified as
follows:
rl = (4,4,4,0)
2 =(0,0,0,2)

The price of sccurity 1 is 2.3 and the price of security 2 is 0.2.
Also, one can borrow or lend any amount at a risk free interest
rate of 20%. Arc the asset prices arbitrage free? (5)

(b) Suppose there are two sccurities whose returns are specified as
follows: ’

rl=(1,2)

r? = (2,1)
It is known that the price of security 1is 2 and that of security
2 is 3. Find the state prices p1, pg. (5)

(2) Consider an Arrow-Debreu economy with two goods, two periods
and two states. Realization of endowments and consumption take
place in the second period. In the first period, contingent markets
open. Let pys represent the Arrow-Debreu price of commodity !
in state s. Suppose these prices are given by pi; = 1, pa1 = 2,
p12 = 2, paa = 3. Consider a pmrticular agent with an endowment
vector (w11, w1, wie,we) = (1,2,2,1) and a consumption vector
(211,291, T12, T92) = (1.5,1.5,1.5, 1.5).

{(a) Show that the consumption vector is feasible.

(b) Suppose there are two securities which pay (1, 2) and (2,1) units
of good 1 in the two states. Find the portfolio which supports
the consumption vector. [Fractional purchase of securities is
allowed.] (5+5=10)



(3) Define arbitrage free security prices. Suppose security prices are ar-
bitrage free and there are three securities with return vectors rlr2 s
and prices g',q%,¢3. Show that if r! = ar?+8r® then ¢ = ag®+ 8¢
(3+7=10)

(4) Define upper semi continuity and lower semi continuity. Stating your
assumptions prove that the budget correspondence is both upper

semi continuous and lower semi continuous. (1+1+4+-4=10)

Group B
Note: Answer all the questions.

(1) Show that in any sub-game perfect Nash equilibrium of the screening
game with unknown worker types, the low ability worker accepts
(6,0) and the high ability worker accepts (HH,t(l)), where (1), the
task level assigned to the high type, satisfies 85 — c(t(V),8r) = 0, —
¢(0,0r). Here the marginal (average) productivity of a worker is
§€{0L,0n} with 0 <6 < 8y < oo, the probability that a worker
is of high type is v € (0,1) and the opportunity cost of accepting
employment to each type of worker is zero. (20)

(2) Set up the problem of regulating a monopolist and derive the mech-
anism (or contract) when the constant marginal cost and fixed cost
of the monopolist are common knovyledge. (10)



Applied Muli:variate Analysis
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Full Marks - 100
Time - 3 hours 30 mins.
{a) Let g(z) be a given integrable function on the real line. Show tha:
“he mtegral [ g(@)dz is minimised with respect to R for R = {z:
gl < G}

{b) Suppose we have a single population divided into two mutually

exclusive and exhaustive subgroups ) and . Suppose furher th
& proportion 7; of individuals belong to group P and « ~ fi{a, if »is
s member of P, The range of = is partitioned into two disjoint sets £
ard Ro. and we consider the rule where z is assigned to Py if & € 5,
and 1¢ P otherwise.

i Derive the total probability of misclassification under this rule in

terms of wy. Fy. f1 and fo.

- i
(13 UE

I8

¢ vne result proved in (a) above, derive the optinnum clas
cation rule that minimises the total probability of misclassification,
ct Suppose we have mp =1 = 1/2 cmd two bivariate normal groups
!
2]
14

*

with common covariance matrix 3 = and respective means

i
i
L J
vectors

Find au expression for the probability of misclassifying an individual
using this rule when ¢(1]2) = ¢(2]1) = 1, where c(i

7} 18 the associated

cost for misclassifying an individual in group j to group 1.

7oA\
Ho=1 7 } . t6 which group would you assign this individuai?
4 s

1o predict the average yield of plant, the data on three conunonly
knowe precicrors such as phosphorus concentration, soil pH level and
soil nioistire content are recorded. Two additional predictors. such

as Su.fgh‘\ll‘ concentration and soil microbial load are also availabie for



the same experiment. Suppose we wish to compare the relative fit of
two models that assume the same covariance structure { Autoregressive
order 1 {AR(1)), but have different vectors of fixed effects. The first
model involves a vector 35 with both commonly known and additional
predictors, denoting as full model while the reduced model involves a
vector 4, with commonly known predictors alone. Assuming a general
linear model set up Y = X3 + e, where the vector of residual errors e
follows multivariate normal with mean zero and covariance matrix V,
construct a likelihood ratio test. Show that the test statistic has the

forn,
, L i e
LR = m[(y =4} 17 Cr + PCo + Lily ~ )
A
~(y=47)'[P*Cr + PCs + Ly — 47)]
where 77 = ‘Y_f@, o = X,ﬁr are the predicted means and 3¢, 3,

are the estimated regression coefficicnts vectors under the full and
reduced models respectively and p is a suitable estimate of p. Cy =
.

dieg(G.1...1,0) and Cs is a tridiagonal matrix with 0 on the diagonal
and anid 1 on the first superdiagonal and on the first subdiagonal.

Also suggest a large sample distribution and critical region of the test

SUATISTIC.

446+ 2 =12

3. Let us define X(t)= size, R(t) = :%’—i—%ﬁ: relative growth rate
(RGR) at time point t. We assume (R(1),.... R(g))' ~ Ny(6. ). where
and E(R(t)) = 6(t) = f(4,t). a suitable rate profile, ¢ = 1(1)¢. Sup-
pose that we are interested in testing the hypothesis of Gompertz

growth curve model(GGCM). i.e., to test
Hy: 00t = ae™ ag. Hy: not Hy.

Using the approximate expression for expectation and variance of the
logarithm of ratio of RGR for two censecutive time points, describe two
testing procedures and critical regions in testing the null hypothesis
of GGCM. Also suggest required modifications of test statistics when
the exrors are non-normal.

15 + 5 = 20]



{a) Consider a matrix function
fO) = logl®| + tr[% 14

2 is the variance-covariance matrix of a multivariate normal
distributionn.  If A > 0 then subject to ¥ > 0, (%) is minimized

uniquely at 3 = A.

{b) Detinte canonical correlation briefly. Let Xi,...X,, denote a rai-
dom sample from a Ny(g, E) distribution. Develop a test procedure
for retaining the first &{k < p} pairs of canonical variables.

(e} Let X = {X1, X9, X3,X4 be a random variable with covariance
matrix  given by

i r v or }
( .
- oy i T Ty -
o= ) [ where ) < r < 1.
pror o Lo i
o oor 1 i
¢)

Py

ind eigenvalues of ¥ hence find the first principal component. Y.

[4+(2+5)+6 = 17

. Suppose the observable random vector X with p components has mean

vector ;¢ and covariance matrix £. Describe the factor model with fac-

ki

tors £y, Fo. ... Fy s unobservable random variables and p additional
sources of variation €1, 6s,....¢€,, called the errors. Briefly mention

the steps of Maximum Likelihood Estimation procedure for estimat-
ctor wodel parameters. Show that for facter model the loading

mg t
matsix may not be uuique.

446+ 3 =13

{a) Suggest a generalized distance for discrete variables which is analo-
gous to the Mahalanobis generalized distance, How this concept can be
extended to more than two populations in the form of a heterogeneity

distance.

{bj In a s0il experiment we have recorded the data for soil pH, soil
phosphorus concentration, absence or presence of soil microbes and

soil colours (blackish or greyish) for the swo qualities of soil.

(i} Suppose that we have available a set of 1| samples known to have
come from the first soil pbpuiatﬁm and a set of ng saniples come from
the second soil population. Set up a discriminating rule between the
two soils on the basis of a vector x of 2 binary variables and a vector
y of 2 continuous variables observed for each sample.



N

{e) Distinguish single linkage and complete linkage methods in the

context cluster analysis problem.

6+ 4+ 3 =13
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Note: Answer all questions.
All the measures considered are probability measures
unless otherwise stated.

1. a) Prove Poincaré’s recurrence theorem.
b) Let (X,B,m,T) be a measure-preserving dynamical system. Show
that T is ergodic if and only if m(US2, 77" A) = 1 for all A € B with
m(A) > 0.
c) Let'T be measure-preserving ergodic and invertible on (X, B, m).
Let A € Band m(A) > 0. Prove that [, Radm =1 where

Ra(z)=imnf{n>1:7T"(z) € A}.
o [8+7+8]

2. Let K ={z € C : |z] = 1} with Borel o-field and Lebesgue measure.
Let T: K — K be defined as Tz = az-where a is not a root of unity.
Show that
a) T is ergodic
b) T xTon K x K is not ergodic. [5+5]

3. a) Let T: (X, B,m) — (X,B,m) be measure-preserving and ergodic.
Suppose that f and g are eigenfunctions of T corresponding to the
eigenvalue A. Show that f = cg almost everywhere for some constant

res
<.

b) If T} and T, are invertible measure-preserving transformation on
(X,B,m) such that T'T, = T,Ty, T is ergodic, Ty is weak mixing.
Then show that 7 is weak mixing.

[6+6]



4. a) If T is an invertible ergodic measure-preserving transformation with
discrete spectrum then show that 7' and T~! are conjugate.

b) Let K = {z € C : || = 1} with Lebesgue measure. Let Tz = 22
Does T' have discrete spectrum? Justify your answer.

[6 + 6]

5. a) Let (K, B, A, T') be the dynamical system as given in 4.(b). Find the
value of h(T), the entropy of the system.

b) Let (X, B, m,T) be a measure-preserving dynamical system. Let A
be a countable measurable partition with finite entropy. Let I*(z) =
Sup,s; Ly Vo 4(x) where I,. denotes the conditional information
function. Show that forall A € A, m(z € A: I*(z) > y) converges to
zero at exponential rate ag vy — oo.

[5+10]
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1. Consider the following continuous-time Markov sickness-death model, having four
states, H (healthy), S (sick), T (terminally ill) and D (dead), the time unit used being 1
year. The numbers proximal to the arrows (representing transitions) denote the
respective transition intensities.

@L! 0

0.05

2
©

0.05 0.4

a. Deduce from first principles the probability of an individual remaining healthy
for at least 10 uninterrupted years, given that he/she is healthy now, and
hence calculate this probability.

b. Let d, denote the probability that a life currently in state j, je {H,S}, will

never suffer a terminal iliness. By considering the first transition from state H,
show that

Similarly, deduce that d =é+—2—d « »and hence evaluate d,, and d,.

c. Determine the expected duration (of a terminal illness, starting from the
moment of first transition into state 7’

[(B+1)+(2+2+1)+1=10]



2. A simple No Claims Discount (NCD) system has four levels of discount: 0%, 20%,
40% and 60%. At the end of each policy year, policyholders changes levels

according to the following rules:

i. Atthe end of a claim-free year, a policyholder moves up one level, or
remains at the maximum discount level.
ii. At the end of a year in which exactly one claim was made, a

policyholder drops back one level, or remains at 0%.

iii. At the end of a year in which more than one claim was made, a
policyholder drops back to 0% discount level.

For a particular policyholder in any given year, the probability of having a claim-free

year is 0.7 and the probability of making exactly one claimis 0.2.

a. Write down the transition matrix for this time-homogeneous Markov chain.
b. If a policyholder starts at the 0% discount level, determine the probability that

he/she is at maximum discount level 4 years later.

c. If a large number of policyholders having the same claim probabilities take out
policies at the same time, what proportion would you expect to be in each

discount category after a long time?

[2+4+4=10]

3. Consider the following three-state time-inhomogeneous Markov jump process model
for sickness and death, where the quantities proximal to arrows represent the

corresponding transition intensities.

. T—
H: Healthy >

S: Sick

Let X, denote the state of the process at time r (>0).

a. If p-(s,r) denotes the probability of the process remaining in the same state
i, ie{H,S, D}, fromtime stotime ¢z, then show that

P (s, = exp(— j( pu)+ v(u))du].

b. Define the residual holding time R, “at time s. What is the probability density

function of R given X =H?

¢c. How can the model be modified to take into account the effect of the duration

of illness?

d. Under the modified model, what will be probability of a person being
continually sick during a time interval [s,7], given that he was sick for a period

of length w prior to time point s?

[3+2+2+3=10)



4. Consider the following model for marital status, having four states—married (M),
single (S), divorced/separated (V) and dead (D), where the quantities proximal to
arrows represent the corresponding transition intensities:

If , p denotes the probability that an individual who is single at age x, is in the

married state at age x+¢, then
a. giving appropriate arguments, deduce the relation

o ]
= P =P (BAv)Fae

b. using the boundary condition , p>" =0, solve this differential equation to

obtain-anexplicitexpressionfor p™.

[6+4=10]
5.

a. Deduce the expligit form of the expectation of K _,that is, the random variable

denoting the curtate future lifetime of a individuar afterage X terms of the survival
probabilities , p ,k=1,2,...,atagex.
b. A company pays very high wages but also has a very high “failure rate”, both from

sackings and through employees leaving. A “life table” for a typical new recruit (with
duration measured in years) is as follows:

Duration | No. of employees
1000

720

510

360

240

150

100

60

25 -
0 v

OO INO || A IWIN|—|O

75 new recruits joined the company on September 1, 2011. Compute the
expected number of complete years any of them will complete with the company

and his expected “lifetime” with the company.
[5+5=10]



6. A group of 6 lives was observed over a period of time as a part of a mortality
investigation. Each of the lives was under observation at all ages from age 55 untit
they died or were censored. The table below shows the sex, age at exit and reason
for exit from the investigation.

Life no. Sex Age at exit | Reason for exit
1 M 56 Death
2 F 62 Censored
3 F 83 Death
4 M 66 Death
5 M 67 Censored
6 M 67 Censored

a. Setupa Cox regression model, with sex as a covariate.
b. Write down the explicit partial likelihood equation under this model for the

data.

c. Obtain the maximum partial likelihood estimate of the model parameter.

[145+4=10]

7. A life insurance company carried out a mortality investigation by following a sample

Y

of independent pohcyholders aged between 50 and 55 years. Policyholders were
lowed from their 50" bhirthday fill th

ey died, withdrew from_the investigation while _

still alive or reached their 55" b|rthday (whichever of these events occurred first).
The data for 8 policyholders is given in the table below.

Last age at which life was
e Life| —  ohserved | Reason for exit
(years and months)
1 50 9 Died
2 51 3 Withdrew
3 51 6 Died
4 51 6 Died
5 51 6 Withdrew
8 54 3 Died
9 54 6 Died
10 55 0 Reached age 55

Calculate the Nelson-Aalen estimate of the survival function from the data, and
also an approximate 95% confidence interval for your estimate.

[6+4=10]

8. A pension scheme only allows retirement at exact age 65. An investigation of the
mortality of the retired members of the scheme was carried out over the period
January 1, 1998 to December 31, 2003. Fhe following data were obtained:

Member

Date of retirement

Date of death
(if occurring during the investigation period)

1 April 1995

30 April 2002

1 August 1997

1 February 1998

1 June 1999

31 August 2001

1 August 1999

31 December 2003

1 March 2001

N | (W[N] —

1 May 2001

30 November 2003




All months should be assumed to be of equal length.

Calculate the Kaplan-Meier estimate of the survival function Sgs(f) from these

data, stating clearly any additional assumptions that you make.
[10]

9.
a. A mortality investigation was conducted between January 1, 2005 and December 31,
2008. Data on four lives covered under the investigation is given below:

Life no. | Date of birth | Date of entry | Date of exit | Reason for exit
1 11.1.1969 24.3.1998 29.02.2006 Death

2 10.2.1975 10.9.2007 - -

3 13.4.1988 1.5.2008 -

4 23.11.55 10.8.2005 31.5.2007 Surrender

Calculate the number of days of exposure contributed to the central exposed to risk
by each life at each age, assuming that only the date of entry and not the date of exit
counts in the exposed to risk, and defining age to be the age last birthday.

b. In a mortality investigation, N lives between the ages of x and x +1 are observed.
Let E: denote the total waiting time (that is, the time spent under observation) for

these lives, and assume the force of mortality . to be constant between the ages of

x and x+1.
Assuming a Poisson model for mortality, derive the maximum likelihood estimate of

#,., and construct an approximate 95% confidence interval for x  when x=60,

given that 52 deaths were observed between the ages of 60 and 61, and the

corresponding total waiting time was 8460 years.
[6+4=10]

10. A study of the leading causes of death in elderly men in the 1970s showed the
proportions given in the table below. The table also gives the number of deaths due to
the different causes in the year 2005. Using

i. the chi-squared test,
ii. the cumulative deviations test, and
iii. the serial correlations test,
determine whether the pattern has changed from the 1970s to the year 2005. State
clearly the underlying assumptions, and comment on the conclusion arrived at, in each

case.

Cause of Death Proportion of Deaths in 1975 | Number of Deaths in 2005
Cancer 0.15 809
Heart disease 0.20 1567
Infectious diseases 0.35 345
Respiratory diseases 0.15 123
Other causes 0.15 546

[10]
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Answer Part [ and Part II in separate answer books
Part [ (Time Zé— hours)

Maximum Marks : 35  Answer both Group A and Group B
Group A
Answer all questions

(a) Let (Q, », M)beastatistical structure. Let 2, and ., betwo sub- o -fields of . such that

(1) 7, 18 ancillary;

(i) o ( » U »,)issufficient for M; and

(b)

b

(iiiy foreach PeM, » and ~,areP- independent.
Show that ~, is sufficient for M.

What is the relevance of this result to Basu’s theorem?

- . —_ [7+1=8]
Let X, ....., Xa be iid N1, % ) variables. Let X = (X, +..+ X, )/n, M = a median of X, .....,
Xo. ' ‘
Derive cov()? M )
[4]
Show that a minimal sufficicnt statistic need not be boundedly complete.
[5]

Group B
Answer any two questions.

Let (Q, ., M) be a statistical structure suah that 3 a measure u with the property that

ég exists VP e M.
du

.. | dr : : .
Show that (€2, ./, M) is boundedly complete if {;—:P € M}ls complete in Li(Q, ./, u), the
7]
converse being true if Ny = N, and u is o -finite.

Give an application of this result.
[3+3+1=T7]

Let X, ....., X be iid U(0,0), O < 6 <co. Show that Xn) = max (Xi, ....., Xu) is complete.
[2]



4.(a)

(b)

5.(a)

Define a discrete statistical structure.

Show that in a discrete statistical structure, there is a minimum sufficient o -field.

(You may assume that if B3 is sufficient, then L(T1( B)) = B (using the standard notations), alk
that for an inducible o -field B, B is sufficient iff “the factorization of the p.d.f” holds).

[+6-§

LetQ= [R”\io?, gA \x) = Ax and G={ ga : A is an n x northogonal matrix}.

Find a maximal invariant function under the group G.

Define a coherent structure.
Let (€2, », M) be a coherent structure. Show that if M is not connected, then there exist
splitting set.

[1+3

Define the invariant and almost-invariant o -fields. What is the relationship between th
Justify.

- Give an example where these two o -fields are unequal; justify. —

[(1+1)+3 =
Let X, ....., X, be independent, and assume that X; is Bin (1, p;) fori =1, ..., n.
1 e : e . T . :
Let Hj:p, S—z—\ﬂbe tested against H, :p, >%Vi. Find the UMP invariant test. Is it mr

stringent?; justify. Is it a maximum test?; justify.
[5+2+2 =4

ok ok ok ok



Part IL: Bayesian Inference
Maximum Marks: 40 Time: 2hours

This part carries 40 points with five problems carrying 8 points each. An-
swer all questions. Best of luck!

1) Let P, aﬁd P, be two independent probabilities on R with P; ~ DP(«;),
= 1,2. Let X be a random variable independent of (P}, P») following a
Be(a1(R), a2(R)) distribution. Derive the distribution of XP; + (1 — X)) Ps.

2) Conusider a regression setting with continuous predictors X; € RP and
discrete responses ¥; € {1,2,3},i = 1,...,n such that Pr(¥; = 1|X;) =
P(B'X;) and Pr(Y; = 2| X;) = d(c+ ' X;) — ®(B’'X;), where P is the stan-
dard Normal cdf. The parameters are 8 = (B1,...,8,) € R? and ¢ > Q.
Using a flat prior 7(3) = 1 on § and an independent truncated Normal prior
on c: ¢~ N(0,1)I(c > 0), develop a MCMC algorithm to sample from the

—posterior-of the parameters——m ——

3) Let P ~ DP(a) and o has the Cauchy density 5. Show that if

X ~ P, then E(X|P) has the same Cauchy distribution.

1) Let Xy,...,X, be a iid sample from T

f(z) = )

with parameter P having a DP(a) prior. Under o, p ~ N(0,1) and
2 ~ Ezp(1) independently. Devise a Gibbs sampling algorithm to sample
from the posterior of P.

5) Consider a six-sided die, with 6 the random variable corresponding to the
upper face of the die.

a. If 7 is the distribution of 8, give the maximum entropy prior associ-
ated with the information E(8) = 3.5.

b. Show that if A is the event “d is 0odd”, the updated distribution (.| A)
is (1/3,0,1/3,0,1/3,0).



Part IL: Bayesian Inference
Maximum Marks: 50 Time: lhr 30min
Answer all questions.

1) Let o be afinite measureon X = {1,2,..., K'}. Let X be a random vari-
able on X with distribution a/a(X). Let P be a random probability on X,
independent of X with distribution Dir(e). Let Y be arandom variable inde-
pendent of (X, P) and following a Be(1, a(X)) distribution. Then derive the
distribution of Ydx + (1 —Y)P. Here dx is the random probability that puts
all its masson X. (13]

2) Let P ~ DP(a). Assume [ z2da < co. Calculate the expected value and
variance of [ zdP. (13]

3) Let Xj,..., X, be a iid sample from

T —

—£)P(dp)

7@ = [ 24

with parameters P and o. The parameter P follows a DP(a) prior where a is
the standard Normal distribution. The parameter o is independent of P and
follows the prior 7(0’) = o~1. Devise a Gibbs sampling algorithm to sample

from the posterior of (P, o). [12]
4) For a multinomial with probabilities p1, . . . , px for k classes, calculate the
Jeffreys prior. You may use the result, det(A + zz') = det(A)(1 + =’ A~ ')
for any positive definite A. [12]
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1. Show thatif », is sufficicnt and », is countable generated, then o ( », U +,)is
sufficient. State and prove all the results you are using.
[25]
2. State and prove thc weak compactness theorem of Banach. Prove all your assertions.
[25]
3. State and prove [unt -- Stein’s theorem.
[25]
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{a) A popuiation is divided iato two groups and the prior probability
tiat an individual belongs o group ¢ is 73, { = 1.2, A measarement.
x = X.is taken on each individual. The probability distribation of
“iadividuals from group ¢ is p-variate normal with wearr gy and

covariance matrix Y;, 1= 1,2.
Assuming the cest of assigning a merber of group 1 to grouy & is vhe

sanis as the cost of assigning & member of group 2 to group 1. find an

appropriate decigion rule for assigning an individual with 1neasurement
£ to one of the two groups. Discuss the case when ¥;” s are equal?
Also discuss the distribution of discriminating function in the second

Cang.

{b} An experiment was carried out to investigate the amount of time
that beetles spend on different activities. Define X to be a bivariate
vector mensureinent, X bemg the .amount of time spent for eating
and Xo the amount of time spent at rest.

The experiment considered two separate aqually-common spocies fatus

- o _ 6N 2N
and gpathes and yielded sampwe means a7y == 5 | and oIy < {9 j
. R
AN /
for the jotus and apathus respectively, with peoled covariance matrix
EET
fﬁ' =
o2
L

Use this data 1o derive a linear function thai will discriminate Detweert

ies of bestle. §

[

s amy assumptions vou make.

6+4+4+6 =20

' ous consider two population€ 7y and e, having p-variate normal
. K
disir

wions with meau y; ana pp. respectively, a comnion variance-
covariance :uatiix Y. and an experirnental observation X that has to

ve clagsificd .

one of the two populations. We also assume that X ~



N{opy -+ Bug, ) with o+ = 1, where puy, o, ¥ are known. Construct
asingle test to determine whether the experimental unit is coming from
either of the two populations or from a new normal population with
expectation equal to a linear combination of the expectations of the
iy 1= 1.2.

it

. Let us assume that (X(1)..... X(q))’ ~ Ng(8,X), where X (t) = size

at time point ¢, and E(X(t)) = 6(¢) = f(¢.1), be a suitable growth
curve. t = 1{1)q. Suppose we are interested in testing the hypothesis
of exponential growth curve model{EPGM), ie.. to test

Hy : 6(1) = e+ 0ttt g0 B not Hy.

Using the approximate expression for expectation and variance of the
logarithm of ratio of size variables for two consecutive time points,
describe two testing procedures and critical regions in testing the null
hypothesis of EPGM. Also suggest required modifications of test statis-
tics when the time spacings are unequal and the errors are non-normal.

4+10+ 5+ 4 = 21]

{a) Let, X be an (n x p) data matrix in which each row corresponds
to a p-variate measurement on one of n individuals. Assuming the
p variaves are continuous variables, describe two possible measures
of dissimilarity of pairs of individuals. Comment on their relative

advantages and disadvantages.

{b) What properties must be satisfied for a dissimilarity function to
be a inetric dissimilarity function?

(o) Lev v = {a;.....zp;and y = (y1,....Yy), where ;. y; € {0.1} for
v= L....,p. The simple matching coefficient is

a-—+d

So=
ol

. Ll

p
where @« = 3P 1z =1,y = 1} and d =" 1{u; = 0.y = 0}

State for each of the following whether it is a metric dissimilarity
function, and explain your reasoning:

[N g AN 1
{1 iy = (l - Sﬂ (ll) dy = m

Any one of the above metrics can be used for standard linkage method
of cluster analysis” - Expalin, whether you agree or disagree with the
stateinent.



5.

B+4+6+ 3 =19

.
(a) What is the purpose of a Principal Components Analysis?

Let X be a p-variate random variable with covariance matrix ¥. Derive
the principal components Y of X and write down the covariance matrix
TofY.

Prove that >°%_; V(V)) = P 1A where A\; > Ay > ... > A, are the

eigenvalues of X.

or

Discuss canonical correlation in the context of judging the quality of

association between two variables. Also discuss its computation pro-
cedure. Show that canonical correlation remains invariant under any
non-singular transformation.

B+6+4=14

. Suppose that the observable random vector X with p components has

mean vector 4 and covariance matrix ¥. Describe the factor model
with factors Fy, Fa, ..., F, as unobservable random variables and p
additional sources of variation €1, €2, . . . , €p, called the errors. Suggest
a goodness-of-fit test for such model. Distinguish Principal Compo-
nent Analysis and Factor Analysis in the context of data reduction
technigue.

M4+ 6+ 3 =13
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