PRODUCT OF TRANSITION S8EMI-GROUPS AND THE HYPOTHESIS (L)
By R. BUBRAMANIAN
Indion Statistical Instituts
SUMMARY. An improved vorsion of the thoorom of Cairoli on the permancoss of bypothesia
(L) is give,
1. INTRODUCTION 4ND KOTATION
e aasume familiarity of Cairol: (1967)ospecially of Theoroms 6 and 7 therein.
Let E bo a locally pact second spaco and &g the
o-algebra of its Borel subsots. A sub-Markov transition semi-group (to bo reforred
to as aemi-group, in the sequol) (Pr)i»y on (£, Bg) is said to bo woakly continuous, if
one has lim P,f(z) = f(z) for overy conti function f with ¢ support on K.
=0

In what follows, we take all somi-groups to be weakly continuous.

Definition :  (Py) is said to satisfy the hypothesis (L) of Meyee if thore oxista
a finite moasure 0 on (£, 8,) such that the O-negligible sets are procisoly the potantial
null sots. Sach a measuro is said to be a fundnmental measuro for (P;). To simplify
notation we wifl write just ‘(P;) satisfies (L),

Let (Qki>q be anather semi-group on (P, 8p) where F, again, is a locally com
pact socond countable space and 8p the o-algebra of its Borel subsets.

Definition : A semi-group (R,)i>o on (EXF, Gpyp) is said to bo the product
of (P;) and (@) if

Rilz. ), 1) = PY® QD)

for every zeKE. yeF and Te8g, (whore P,’: {) = Py (z, .)etc.)
In symbols,
(Re) = (P @ Q).

Cairoli showed that if both the semi-groups satisfy (L) and at least one of
them is & strong Feller semi-group then the product semi-group slso satisfies (L) and
the product of the fund 1 of the dinates is & fund \|
for the product.

We improve upon this theorem by giving a weaker sufficient condition.
2. MAIN THEOREMS
Lot (Pii>ar (@idi>o be semi-groups on (E, £3) and (P, 8r) respectively.
(R) =(P.®Q).

Let (Up), (Vy) and (W) be the resolvents assoclated with (Py), (Qs) and (R;)
respactively.

Let
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Tt is eaay to cheok that (Py) eatisfiea (L) and (Q,) satisfiea (L) does not, in general,
imply that (R,) satisfies (L) (counter-example : product of two semi-groups of uniform
translation). Regarding the implication in the other direction the following is true.
Theorem 2.1: (R) satisfies (L) implies that (Py) and (Q,) satisfy (L).

Proof : Recall that any family of finite measures on a menanrable space,
if absolutely continuous with respect to a finite measure, admits & countable equivalent
subfamily; and hence admits a finite measuro equivalent to that family. (See, for
instance, Theorem 2, page 354 of Lehmann (1959)).

So, enough to show that
{Uplz, .), zeE and p fixed}
and {Vo(y,.), yeF and p fixed)
are families absolutely continuous with respect to finite measures on (£, 8g) and (F, 8p)
respectively.
Let 4 be a fundamental measure for (R).
Let O(A) = fAXF) ¥ AeBg
and WB) = {E x B) ¥ BeSp
We shall show that 0 and v would do the job. Let §(4) = 0. This implics that
(A X F) = 0 and consequently that
Wolaxr(z, y) = 0% xand y for fixed p.
From the equation connecting Up & Vy and 1¥,;, namely,
U@V, =(Up® I+ ® V)W,
(see, for instance page 32 of Cairoli (1967))
we get
. Up® Voplayr (z,4) = 0% 2 and y
e Uplz, AV Ay, F) = 0%z and y
Now, weak continuity of (@) ensures that Vi (y, F) > 0 % y. So, Upfz, ) =04 z.
i.6., {Uglz,.), ¢E and p fixed} is dominated by 0.
A similar reasoning would show that
(V3ly. .), yeF and p fixed} is dominated by v.
Hence the theorem.

In what follows we nbbreviate 'lower i-conti ' by la.o.

Lomma 2.2: For every universally measurable subsel A of ExF and every
yamipﬁ.ud Lellhemappmgz—» Wylslz, y) be La.c. in z. Then for every fized p and
non-neg ly le funclion f on E the mapping z— Uyf(z) is Lac. in x.

Proof : Let p be fixed. Let g be a p ive function for the
(Ps). Define a funotion A on EXF by setting Mz, y) = g{z), z¢E, yeF.
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Thon, one has,
e Ribz, y) = % [ Pz, du) | Mu, v)Quy. dv) = e Pyg(z)Qdy, F) < g(z)

= hiz, y).
Also, lim e~ Rih(z, y) = ( lim e Pylx))( lim Qy. F))
ola the tda
=9(z) = Mz, y)
(sinco (Q,) is weakly continuous lim Qul(y) = 1 ¥ y).
o

Therefore, h is p-excessive for (R,). Honee it is tho inereasing limit of p-potentials
of (R). Frow the hypothesis of lomma one can easily conclude that the mapping
z— Wok{z, y) is Ls.o. in z for every fixed y where & i3 & non-negative univorsally mes-
surablo functi Therefore, the mapping z—A(z, y), being the limit of an increasing
sequonce of L.s.c. functions, is itsell 1n.c.  That is, z—¢g(x) is Ls.c. in z.

In particolar, z— Upf(z) ia Lo.c. in z. Hence the lemmn.
Theorem 2.3 : For every universally measurable aubset A of Ex F and every

p and y fized, let the mapping x— Wol\(z, y) be Ls.c. in z. Then (P)) and (Q)) satisfy
(L) implies that {Ry) satisfies (L).

In such a case, denoling the fundamenial measures of (Py) and (Q;) by 6 and v
respectively, we have that 0 @ v s a fundamental measure for (R,).

Proof :  From Lomma 2.2, for every fixed p and non-negative universally
moasurable function f, on E, the mapping z-»Upf(x) is 1s.c. in z.

So, Theorem 6 of Cairoli (1987) holds.

Note that, though in that theorom, Cairoli nssumes, besides tho existence of

the fundamental raeasures for () and (@), strong Feller nature for (Up), only the
1.s.c. property of z— Upf(z) is used in the proof.

Again, though tho nssumption of strong Fellor nature for (P;) i3 made in
Theorem 7 of Cairoli (1067) what is usod is only the ls.c. property of z— Wy l,(z, y)
and Theorom 6 of Cairoli (1967).

Hence, under our hypothesis Theorom 7 of Cairoli {1987) also holds.

Therefore wo have tho conclusion of Theorem 7 of Cairoli (1067) namely that
(R,) satiafies (L) and 0 ® v is o fundamental measure for (Ry).

(Remark :  We hinvo not used the same symbols, for fundamental measures as
in Cairoli (1967). Also, clearly tho theorem is truo if for every fixed z and p, the
mapping y— Wyls(z, y) is La.o.).

3. AN EXaMTLE

Hore wo show that our sufficient condition is weaker than that of either
(Py) or (@) being atrong Fellor semi-groups.

Evidontly, the astrong Foller property of either (P;) or (@) would imply ls.c.
of WyI,(.,.) in one of the variablea. Hence our condition is apparontly weaker.
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That it is strictly go follows from the example given below :

Let E be the real lino and (P}t 5o the i-group of uniform lation with
unit speod. Lot F be any countablo sot which has o non-discrete locally compact
Bauadorff second countable topology; for instance wo couid take F to be the one point
compactification of the discreto act of natural numbors. On (F, 8F) dofine

Qiz,.) =€, ¥ zcF and i > 0.

(Py) is not & strong Fellor scmi-group is known. ~ Since F is not a discrete space,
there oxists a soquonce {2,} of pointa in F converging to n point 2% in F and satisfying
the condition that z, # 2° for any n. Honce, (Q;) is not a strong Feller somi-group;
for instance, tho mapping z— Q,IM,(.;) is not continuous.

(P,) satisfies (L) is known. Since no non-mpty aubset of F is of potential
zero and F is countablo (@) also satisfies (L) and any fundamental measure for (Qy)
assigns positive masa to singlotons in F.

Lot Ri=P®Q

For any non-negative measurable function f on (EXF, Sgxp)

Rif(x.y) = fz+4 y).
Using the samo symbols for resolvents as in 2,
Wafte, ) = | e+, y)it
o
= Upfyl=),
where f,(.) stands for the function on E defined by
Jfz) =fix, y) ¥ x¢E.
Therefore, the mapping x— Wyf(x, y) is continuous.
Let A be a fundamental measure for (P;) and x that for (Q;). For any AeSgyr
A®uA) = 0
implics that [ MAv)u(dy) = 0.
That is, MA¥) = 0 % y, since a({y}) > 0 for all yeF. Henco Upl (z) = 0%z and
for every y in F.
8o, Wpla(z, ) = 0 forall (z, y)eEx F. Thus, wo get that for any fixed p, the family
{W3(z, v), ), (z,y)eExF) is dominated by tho finito measure A ® p. Hence (R)
satisfies (L).
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