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QUANTUM STOCHASTIC FLOWS WITH INFINITE
DEGREES OF FREEDOM AND COUNTABLE
STATE MARKOV PROCESSES

By A. MOHARI and KALYAN B. SINHA
Indian Statistical Institute

SUMMARY. Quantum stochastic flows are constructed for infinite degrees of freedom.
The theory is then used to show that a classical countable state Markov process can be looked
upon as one such commutative stochastic flow.

1. INTRODUCTION

The concept of quantum stochastic process was introduced by Accardi,
Frigerio and Lewis (1982) and a construction of a quantum stochastic flow!
satisfying a quantum stochastic differential equation was carried out by
Evans and Hudson (1988) and Evans (1889). However this construction
was achieved under two restrictive hypotheses—firstly that of finite degree
of freedom for the noise space and secondly that of boundedness of the struc-
ture maps on the algebra of observables of the system. Here we build a
theory of quantum diffusions removing both these restrictions i.e. with a
countably infinite degree of freedom for the noise and replacing the bounded-
ness of the structure maps with suitable strong summability hypotheses on
them. In the last section we apply this theory to the case of countably infinite
state Markov chain and show that they can be understocd as commutative
quantum (classical) stochastic flows over the commutative algebra of
functions on the state space. This extends the previous studies by Meyer
(1989) and Parthasarathy and Sinha (1990).

2. NOTATIONS AND PRELIMINARIES
All the Hilbert spaces that appear here are assumed to be complex and
separable with scalar product < ... > linear in second variable. For any
Hilbert space A we denote by I'(A) and &3(A) respectively the boson Fock

AMS classification : 60H99, 46150, 81D99.
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1 Though the phrase “quantum diffusion” has often been used in the past, it seems that
“quantum stochastic flow” is more appropriate in analogy with the terminology used in the
theory of ordinary differential equations,
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space over A and the C*—algebra of all bounded linear operators in AL
Let A, and K be two fixed Hilbert spaces and we write

H = L2 (7?_,_) ® ‘W,
K= N, ® T(NA). . (21)

For any fe N we denote by e(f) the exponential or coherent vector in I'(A)
associated with f and by & the set of all vectors of the form u @ e(f), u € A,
fe A Also we adopt the convention of writing ue(f) in place of u @ e(f).

Note that & is total in A.

We fix an orthonormal basis {e;}i2; of K and set Ef =|¢; > < ¢;|(3,5 > 1).
The basic quantum stochastic processes of the theory are :

r A(X[O,t] ®E;) ’ i,j > 1

. a’(X[O,t] ® 6{) ) 'l’ > 1, .9 = 0
A =< .. (22)
My, ®e) , i=0,52>1
L tI , 7 =j = 0.
The quantum Ito’s formula gives :
dAIdNs = §dAE, 0,5, k1> 0 . (2.3)
where =0 ifi=00rl=0 . (24)

= 8! otherwise.

For further details on these definitions and quantum Ito’s formula the reader
is referred to Evans (1989) and Hudson and Parthasarathy (1984).

Definition 2.1 : L = {Lj(s)},; >0 is said to be an adapted square inte-
grable family of processes (w.r.t. A}) if they are adapted and satisfy for each
j=20,t>0:

M8

Of ILi(s) we(f)E divgls) < oo, o (25)

=0

where ¢
vi(t) = (f) A+H[IfNP)ds, fe MC LA(FR,) @ K ~ LR, K)

being looked upon as f = {f(s)|f(s) e K}, A a dense subset of A.
¢
We need to consider quantum stochastic integrals of the type =X [

4,520 0
L;i(s)dA%(s) and the next theorem sums up the result on their existence and

their properties. We denote by fi(s) = <e; f(s) > and fi(s) = fi(s) for
j=1 and fo(s) = fy(s) = 1. We also choose A = {fe K|fi(.) =0 for all
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except finitely many j’s} and for a given fe¢ A, set N(f) = max {5 f/ (.) # 0}.
Set & (M) = {ue(f)|we N, fe M}

Theorem 2.2 : Suppose L = {Li(s)} is an adapted square integrable
2
operator family defined on &. Then X(t)= [ X L‘( )AAi(s) exists in the

0 4520
strong sense on & (M) and defines a regular adapted process satisfying for u,veHN,,
.f » g€ H

t

< ue(f), X(t)ve(g) > 0]‘ o Z fu8)gl(s) < ue(f), Li(s)ue(g) >, ... (2.6)
NSy ¢t
IXOuef? < 2 exp O40) Z | 3 1fe iyl . @)

If L' = {Li (s)} is another adapted square-integrable operator family and
X'(¢) = j' 2 Lt (s)dA] (s), then

014,20

<X'(t)ue(f), X(t)ve (9)> = I Uz fil®)gls){ < X'(s)ue(f), L; (svelg) >

i,j=0

+ < L (s)ue(f), X(s)relg) >
+ T < Liks)uelf), L (s)oelg) > }-
The proof is similar to that of Theorem 4.3 in Hudson and Parthasarathy

(1984) and Theorem 2.1 in Parthasarathy and Sinha (1988). The second
part is the quantum Ito formula.

Now suppose Lie B(A), ¢, j > 0 and that for each j > 0, there exist
constants C; > 0 such that
I Lul? <O ul|?for all ue A ... (2.8)
i20
Note that
S 1@ DY P < 3 ¥ I forall ¥ ¢ 4. . (29)

Then we have

Theorem 2.3 :  Let Li(i, j > 0) satisfy (2.8). Then there exisis a unique
regular adapted process X = {X(t), 0 < t < T'} satisfying :

ZL’dA’(t)} X(t), X(0) = Xye B(A). ... (2.10)

4,520

dX(t) = {
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Proof : First we set up the iterative scheme :

Xo(t) = Xo

(t)—xo+1 S LXK, (oA, n> 1, .. (211)

014j=0

and show that
10— X auetfle < L g e e, .. @12)

where
N(f)
Bi(T) =2 exp [y(T)] X C. .. (2.13)

Note that X, is well defined by (2.8) and Theorem 2.2 and it is also easy
to verify (2.12) for » = 1. Suppose that (2.12) is verified for 1 < n < k.
Then it follows that

[ Xr@yue(F)l < Const. | Xl [lu] lle(f)l
80 that X, is well defined by (2.9) and we have by (2.7)

1 X 11 (8) — Xr(®)] we (f)ll < 2 exp [vy (7]
N ¢
X % |

0

I 2 I Ko we (D dyle), e @14)

=20

which by (2.8), (2.9) and the induction hypothesis is

N 4
< 2exp (] [ 2 G ] f IR0~ Xaale)] ve (I iy (3

1.t
< PR s 0F dog 9] IX PP

leading to (2.12). From (2.12) it easily follows that X (f)ue(f)=s—lim X, (¢) ue (f)
n—yew

exists for all u e A, f e g and defines a regular adapted process. That X (f)
satisfies (2.10) follows easily from the above estimates.

Finally assume that there are two solutions X and X' satisfying
X(0) = X(0) = X,. Then by (2.7) and (2.9) we have

LX (6)— X" (&) Jue(f)|? < Const. IH[X(S) X' (8) ue(f)|[dvs(s)

By iterating n times and observing that by virtue of (2.12), || X(tyue(f)|,
| X’ (tyue(f)|| both are uniformly bounded in 0 < ¢ < 7, and letting n — 0
we conclude that X = X',
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Suppose Ly(i > 1), Si (i, j > 1), H e 8(A,) with H self-adjoint satisfying :
2 || Leul* < COllu|? for all ue A, ... (2.1p)

iz1 ’

E‘EI s 5 =Io§1 S 5E = %
Observe that the series involved in the second part of (2.15) converges in
strong operator topology and that if we designate S = {8} in 4, ® & in
the matrix representation with respect to the canonical basis in %, then this
implies the unitarity of S in A, @ . Now we make the following identi-
fication :

[N
Lar
[

[ Si—di

-
S.

L

=Y
VAN AN \\

<

I

o

L=< —% LS

k=1

e
)
[
.
<.

|
(=

(2.16)

WH—2 S LI if i—j=o.

L 2 k21

That £ Lg Ly converges strongly is not difficult to see from (2.15) and the
convergence of = Ly 8% follows from (2.15) and Lemma 2.4. We also observe

that the above L{’s satisfy the following identities :
LALE+ 2 I LE=LHL+ Z LI =0 ... (217)
k=1 k=1

The necessary convergences in (2.17) follow from (2.15) and Lemma 2.4.

Lemma 2.4 :  Suppose {Ag} and {By}, k > 1 are two families of bounded
operators in A, such that % Ay Ay and T Bj; By converge in strong operator

k=1 k=1

topology. Then E Aj By also converges in strong topology.
k=1

Proof : Let u, ve AN, Then kZ [ 4oz < OF ||v|? a.nde || Brul? < CE|lvj2.
21 21
Thus for n > m

n 2 n 2
<02 4B < (5wl 1Bw)
k=m m

n n
< Z | dwl? = [[Beul® < CHiIP = || Bru?
k=21 n=m k=m

or n
|<v Z AByu >|

~l

n n H
|.= 4iBu = sup < Oy 2 [Beul) >0
k=m v k=m

as m, n—> o0 and hence the result.
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Theorem 2.5 :  Let {Li}, 1, j > 1 be as in (2.16) with (2.15) satisfied. Then
the quantum stochastic differential equation :

32

v =( = L dse)ue), v0) =1 .. (2.18)

has a unique unitary operator valued process as a solution.

Proof : From (2.15) and (2.16) it follows that L} satisfies (2.8). Thus
by Theorem 2.3 existence of a unique solution follows. The unitarity is an
easy consequence of Ito’s formula (2.17) and the proof is identical to that
of Theorem 7.1 in Hudson and Parthasarathy (1984).

3. QUANTUM STOOHASTIC FLOW
Let A4 be a unitals-subalgebra of &(A,).

Definition 3.1 :  As in Accardi et al. (1982) and Evans (1989), we define
a quantum stochastic flow on ¥ as a family {j;, £ > 0} of identity—preserving

+-homomorphisms from _4 into &(A) satisfying for X ¢ A ;
(1) 4lX)=X
(2) Jj& (X) is an adapted process

(8) there exist structure maps pi: A— A; 4, j > 0 such that j(X)
satisfy a quantum stochastic differential equation :

i, =

dGdX) = B jului(X)IAK). e (31)

As in Evans (1989) it is easy to verify formally using Ito’s formula that
if such a {j;} exists then the structure maps have the following properties :
for =, ye A,

(1) 4§ is linear on A

2 #)=0 .. (3.2)

(3) p(X)* = uf (X*)

(@) #(XY) = 4 )Y+ X4 (V)4 3 pKps (V).

Our aim is to construct a flow given the structure maps u} satisfying
(8.2). Clearly we need some summability condition to make sense of the

structure equation (4) in (3.2). We give one such condition which, for finite
number of degrees of freedom ¢ and j, reduces to that of Evans (1989).
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Assumption 3.2 : In addition to (3.2), we suppose that for each j > 0
there exist constants o; > 0, a countable index set J; and a family
{D} el €3(A,) such that for all w e A, X ¢ A

X< I | XDjul?,
where ' .. (3.3)
Z || Dl < o>
'I:ejj
Remark 3.4 : Note that with assumption 3.2, the structure equation
(3.2) now makes rigorous sense by Lemma 2.4 since the sum on the right hand

side of (4) in (3.2) is of the form % ui(X)uk(Y) = Z uHX*)*ui(Y).
k=1 k=1
The construction of j; in such a case is essentially along the lines of-the
proof of Theorem 2.3. Before stating the theorem we need some notations.
Notations : We fix fe M. Then for ue K, X ¢ A we set
KX, w)=| Xu|]?,

. . - 2
KO(X, u) = [ 2¢7]" ) XDin D'n-1 . pi2 D u! . .. (34
7, w) [ ] i gy, O éN(f)“ in Uiy V0 0 (3.4)
0<kLn
and
b {0)]
K(T) = [ 2e"f<T)] % ok .. (3.5)
=0 v
By virtue of (3.3) we note that
[28"“”] KW (X), w) < K90 (X, w), . (3.6)
L0SiS N
and
E™ (X, u) < [EAT)]" [ X|2 ffuel?. e (3.7)
Algo we set n K}k) ( X, n) & Vf(T)k
S (X, u) = % 3
and k=0 ()P g (I

_ lim SO [EAT)E o v(T)E
X, 0) = lim SP (X, 0) < | 2 E L B S X R (39)

Theorem 3.5 : Let the structure maps pi : A—> A satisfy (3.2) and (3.3).
Then there exists a constructive quantum flow {j;, t > 0} on A sftisfying (3.1).
Furthermore the map (t, X)—> j{(X) is jointly continuous in strong topology with
respect to the strong topology in A C B(NH,). Also j; satisfies the estimate

g X)ue(HIF < Sp(X, u)lle(f)>. e (3.9)
A 1-7
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We begin with a series of lemmas concerning structure maps satisfying
(3.2) and Assumption 3.2.

Lemma 3.6 : For X e A, there exist regular adapted processes j%(X)
satisfying :
JPX) =

i) = X+I Z A X)AN, - (3.10)

nf/

such that for we Ny, fe M, 0L t L T,

IL5“PE) =D& ) ue(HII < " e, e (3.11)

and
15D Xyue(f)lI? < SPX, w)le(f)II> . (3.12)

Proof : The proof runs along clines identical to that of Theorem 2.3 and
so we avoid giving/details. The inequality (3.11) is obtained by the method
of induction starting with » = 1 for which it is immediate. The inequality
(3.12) follows from (3.11) and an application of Cauchy inequality :

13Dy PIE < (| 2 1590518 el ”+||Xue<f>u)2

3 BRI o e

k=0

< 8P X, w)lle(HIP.

<[

Lemma 3.7: For each X ¢ A, ji (X)ue(f) = s-lim j® (X)ue(f) exists and
N—p o
defines a regular adapted process on N, @ 8(A). Furthermore,

(i) ll¢ (X) we(F)I* <S¢ (X, w) [le(f)]?
alf, T) X1 [lwli® [le()II% .. (3.13)
where
KTy @ yy(T)n
f,T) [no (f l)i nz-:—-o ?n|)*],

and

(i) (LX) —i (X)) ue(f)] < % [K‘f"’ (X, ) vy (1"
n+1 i

] e . (319

(iil) j¢ satisfies (1), (2) and (3) of (3.1) ;
(iv) (¢, X)—> gt (X) ue(f) is strongly continuous with respect to the strong
operator topology of A C B(Hy).
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(V) Jjs is s-preserving as a form on N, @ &(A) i.e. < velg), j(X*)ue(f) >
=< ji (X) ve(g), ue(f) > N u, ve K, and f, ge M.

Proof : The existence of strong limit of j"(X) ue(f) follows from the
summability of the square root of the right hand side of (3.11) by virtue of
(3.7) while the estimate (3.13) is an easy consequence of (3.8) and (3.12).
Similarly the inequality (3.14) follows from (3.11).

That j; (X) is linear in X and satisfies (1) and (2) of (3.1) is immediate
from the construction of j;. To show that j; (X) satisfies (3) of (3.1) we note
that by (3.10) and (2.7)

12

t
|[H-x—§ = st 0 0] wetr)
< 2 LX) —jiw (X)] wel )P
! )
4770 jvé.) 038 N —552D (a5 (XN e o

which converges to zero as n— o by (3.14).

From (3.11) and (3.4) we have that for X, Ye &

=Tyl < L (£ 250)

% z [2 exp (Vf( ))] P "(X_ Y)D;n D;l u”2
=0 Val 0y, 0K k< N " '
Ik n

which proves the strong continuity of the map X— js (X)ue(f) with respect
to the strong topology in _¢ C & (AN,) by virtue of the second part of (3.3)
and an application of dominated convergence theorem. The continuity of
the map t— j; (X)ue(f) follows from the differential equation (3.1) satisfied
by j: (X) and from (3.8), (3.13). These two observations together yield (iv).

Clearly j™ (X*)=jm (X*) for n=0. Assume that j*D (X*)
= j*=1 (X)* for some n in the weak sense i.e. < we(g), j"= (X*)ue(f) >
= < j"D (X)ve(g), ue(f) > for u, ve Ay, f, ge M. Then by (3 10), (2.6),

(3.2) < velg), j (X*)ue(f) > = < Xvelg), ue(f)> + < velg), I Z>0 =

((X*)dAjue(f)> = <Xve(g), ue(f) >+I ds 2 gu(s)fi(s) < ji—Npi (X)) ve (g),
ue (f) > = < jM™(X)ve(g), ue(f) > and passmg to the limit we have (v).
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Lemma 3.8 : j; is multiplicative on A& as a form on M@ & A i.e.,
for X, Ye A; u,veMy; [, ge M <uelf), js (XY)velg) > = < jiX*)ue(f),
Je(Yve(g) >.

Proof :  The proof is by induction and is different from that in Evans
(1989) For this we set for fixed f, ge M ; u, ve Ay ; X, Y e A.

RO (X, u) = 8 (X, u)
R® (X, u)= S RO (4(X), u).

1, 0SS N(f)
First note that by (3.4)—(3.8), the above sum is well-defined and furthermore

N n
BP (X, u) L ocf(T)( ;Eo oc%) 1 XI[2 [feeli2, ... (3.18)
where oy(7') is as in (3.13).
Set for n > 0,
B® (X, )< jP (X*Wue(f), j (Doelg)>—<ue(f), j (X ve(g)> ... (3.16)

with j@ defined in (3.10). Then we claim that

v(T) D2 yp o (E)E { G-t

|[BP (X, Y)| < Z k! x/(n——‘lrl)' .9k

X, u,f;Y,0, 90

i
O (0, g5 X%, . (8.17)
where

v(T)= max {ys(T), vy (T},

vr,g(t) = f [+ llg(9)I*)Tids, G j (X, f); Y, 0, 9)

VAT _Siiy 17 (ke t 35,) (vh Gl 2 2
= [2e | S 2 (XN R (T, o)le(HI? le@)]?,

(3.18)
and the second summation in (3.17) is over ¢,’s and j,’s subject to the

condition 4, =7, =1, 1 < %+jr <2 for 2L r L k.

For n =0, it is clear that B) (X, Y) = 0 and hence satisfies (3.17).
For n, we have by an application of Ito’s formula, (3.3), Remark 3.4
and Lemma 37 (iv) that

[
B &x.n=[ =z f¢(8)9’(8) {B{ 1 (X, p(Y)-+B{D (ui(X), Y)
0s SN((I)

+ = B (ui(X), pk(Y))}ds+BM X, Y)

k=1
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where
B = f ds 2 fz (8)g9(s) { < [FMX*—jn-X*)Jue(f), =1 (ui(Y))we(g) >

+ <G ((X)yuef), [H~HY) =50 (V)ve(g) > }. ... (3.19)

By (3.11), (3.12) and application of Cauchy-Schwartz inequality it is easy to
see that

| B (X, V)| < {[EP (X% w)BP (Y, »)BHEPAY, 0) B (X, u)E}

(f;’lf 99 eyl . (3:20)

Thus for n = 1,

B (X, Y)= RV (X, Y) and easily can be seen to satisfy the estimate
(8.17) with » = 1 by virtue of (3.20). It is easy to verify for any fixed i, ... i;
Jr-gk 3 1 <k < n the followimg

t . X
[ds = If @6 GLE @ X), @ f3 Y000 < GLUEY

0 i< N(f)
0gis N(v)
(X, u, f; Y, 0, g)vgglt), ... (3.21)
[ds Z [fE(s)] [ge) [ GIL Tk uX) u, f5 ¥, 0 gt S GFKG
0 0< i< N(f) !
02iS¥D
(Xy U, ,-l‘$ Y’ v, g)llf'g(t), oo (322)
and
t P eeed .
Jds = 1f0)]lge)] = ity (), . £, 1Y), 0, g}
0 SS i S (0) e
SRR 778 |
< G for X, u, f 59,0, s (). .. (3.23)

Next assume (3.17) for (r—1). Using triangle inequality in (3.19) and
the estimates (3.20)—(3.237, the estimate (3.17) for B® (X, Y) can be verified
and then (3.17) is established for all » by induction.
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By (3.5), (3.7), (3.15) and (3.18), we have

< XU XY [l ol e(IR le@)IZ} oeg(T) (Sax2)™r (26" DY K)o+,

N | NE 15
< - Ja(T) ( %}g)oc’z) *ir [ 151 a?} Bt [Ky(T)]n-*

N@ 0 N 5 2k %
<{...}ag(T)(max{j§1aj, 5 1}) Ky(T)]n—.

Thus by (3.17)

—k bk
|B® (X, ¥)| < Constant & — "0
k=1 k! (n—k+1)!

where
- N
a = A/WDESHT), b = 39(T) max { > a2, Ky(T), Ky(T), 1}.
j=1
. ® an—kbk 1
Since X ; < —= (a+b)»— 0, we conclude that B{™ (X, Y)- 0

-1k V(n—k+1) Vn!

as n— oo and we have the desired result by appealing to Lemma 3.7.

Proof of Theorem 3.5 : Asin Evans (1989) we first claim that the weak
multiplicatively of j; as shown in Lemma 3.8 and (3.14) implies boundedness of
Je(X) in A for every X ¢ A4 and in fact contractivity of j; map. This result
allows us to conclude (i) strong convergence of j{(X) in H a3 n— o (ii) strong
continuity of (¢, X)— jy(X) (iii) [jy(X)]" = jy(X*) for X e A from Lemma 3.7
and that (iv) j; is a homomorphism of 4 into B(A).-

The next theorem shows that if we have a classical system of observables

ie., if 4 is a commutative »-subalgebra of 3(A,), then the corresponding
quantum flow is also commutative.

Theorem 3.9 : Assume the hypotheses of Theorem 3.5 and suppose fur-
thermore, A is commutative. Then for X, Ye A; s, t2>0

[js(X), j(Y)] = 0.

Proof : It is identical to that of Theorem 2.2 of Parthasarathy
and Sinha (1990) with » = max {N(f), N(9)}.
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4. APPLICATION TO MARKOV CHAINS

Consider a countably infinite state Markov chain. Asin Parthasarathy,
and Sinha (1990), let @ be a infinite group acting on a separable o-finite measure
space (X, &, ) so that u is quasi-invariant under G action, and define the
unitary representatiom S, of G in L*u) by

(Sgu) (X) = +/ ;Tﬂg (7 2)olgt 2), we Lw). (@)

where u, (B) = u(gE), Ee%*. Let m be a complex bounded measurable
function on G' X &L and let A& = L, (), the commutative -subalgebra of mul-
tiplication operatorsin & (L*u)). Tor a countably infinite set F C @ indexed
in any suitable fashion by 72 the set of natural numbers, we set = S;8 o and

Ly = Syma, .. (42)

where m; = my. € L, (@).

In K= L) ® T(Ly#2.) @ Lo(F)) = L) @ T (@ Li,)), we write

dAY = di, dA) = dA}, dA§ = dA;, dA; =dA; & ((1, j> 1), with respect
to the standard basis of I,.

The quantum stochastic differential equation :
1
aw =[ z {{Lz AL+ (Si— 1)dA— L}SidAy— LI dt} ] W . (43)

with initial value W(0O) = I has a unique unitary solution by Theorem 2.5
if we assume that X L7L; = X |m;|% converges strongly. If we now define
‘ i

Je (X) = WerX @ I w). e (4.4)

so that j(X;) satisfies

d, (X) = S5 S7UX, Lg]) dAF 45 S;* X S;—X)d Ay
AL}, X, dAi+5doaX)) dt, . (45)
where
1
LX) = HLXLi— + LLX— XLL), . (4.6)
i =

X e A. We observe that the series in (4.6) converges strongly by hypothesis
stated above and by Lemma 2.4 and in fact shows that L is a bounded map

on A with LX) < 21X % Li L.
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Next we apply Theorem 3.5 directly to (4.5) to get a quantum flow. For
this we need only to verify (3.2) and (3.3) for structure maps. For
X € B (L, () we note :

ﬂ(')(X) = S:l [X,Li]: /’l‘to(X) = /’L:)(X‘)* = [Li» X]Si

(X)) = (87X 8—X)3G, § > 1), pdX) = L(X). e (47)
Now, Z [|lu§(X)ul* < ||IL|| | Xu|2+3Z|| X L2, where we have written
' L=3ILL
Forj> 1, ‘

2 = Il < 2Xul+21X Syl
Finally as we have already remarked, by Lemma 2.4
1 1 ]
68Xl < 5 A 1 X+ | XL+ (3 XLl )
Thus (3.2) and (3.3) are easily verified.

Theorem 4.1 : Let X e A = &(Ly(pn)), and let pi be as given by (4.7).
Then there exists a family of contractive adapted processes {jy(X), ¢ > 0} satisfy-
ing (4.5). Furthermore, each j; ts a »-homomorphism of A and (¢, ) — ju(X)
18 strongly continuous with respect to the strong operator topology of A.

The proof of Theorem 4.1 follows from the verification of (3.2) and (3.3)
and an application of Theorem 3.5.

Let & be the state space of a countably infinite state continuous time

Markov chain and let ps(z, y) (x, y € L) be the stationary transition probabili-
ties such that

Uz, 1) = & 1o 9)leso o (48)

Then l(x,y) > 0if x Ay and X [(z,y) = 0. We now realize this Markov
ye L
chain as a flow. Put any group structure on & so that G = &, pu is the

counting measure and G acts on itself by left translation. Set
m(y) = v/Uly, zy) if @ # ¢
=0 otherwise e (49)

As in Parthasarathy and Sinha (1990), the structure maps can be computed

for ¢ € Ly(1),
(L(@)) (y) = my(y) [$(zy)—P(y)Tuly),

((P)u) (y) = [play)—d)]uly)
(1)) (y) = m(y) [Pzy)—P(¥)u),
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and D)) (y) = Z  |myy)|®[Play)—@)uly). ... (4.10)
x e L

The following theorem sums up the results in this case.

Theorem 4.2 :  Let the Markov chain be described as above with sup|l(x, x)|

zell
=0< 0, and let pe A= Ly(u). Then {ji@), t > 0} is a classical (commu-

tative) contractive, strongly continuous flow satisfying
i) = I {Guus(@)dAF +j(p($)dAZ

x e L

o B NAA Y+, @)
with jo(¢) = ¢.

Proof : 'We have only to verify the strong convergence of X |m,(.)|% and

appeal to Theorems 4.1 and 3.9. For u e Ly(u).
<uw, T |m()Pu>= Z I Uy, zy)|u@)|?

ze X z#e ye L
= I [ 2 Uy, aylluly)?=— Z Uy, y)|u)P
Yye L **¢ ye L
< 8 lufl®.

Remark : Note that the condition of Theorem 4.2 is also sufficient to define

the generator £ as a bounded map where &£ (¢) () = Z Uz, y) ¢ (y). In fact,
yeL

126) @] < 2 le, 1))+ |1 2)| 196@)]
<2 sup |z, 9)] [flle

re L
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