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1. Introduction. Analogues of the classical conjugate harmonic func-
tions and conjugate mappings have been studied for a variety of classical ex-
pansions such as ultraspherical expansions by Muckenhoupt and Stein in [6].
Later similar objects were studied by Muckenhoupt [5] for the Hermite and
Laguerre expansions on the real line. The conjugate mapping of Mucken-
houpt may be termed as the Hilbert transform for the Hermite series. In
the higher dimensional case analogues of the classical Riesz transforms have
been studied by several authors (see Meyer [4], Urbina [13] and Pisier [7]). All
these authors have considered expansions in terms of Hermite polynomials.
They have proved that when 1 < p < oo, the Riesz transforms are bounded
on LP(R™, du) where u is the Gaussian measure. In the one-dimensional case
Muckenhoupt has proved that the conjugate mapping is of weak type (1,1).
But a weak type result is not known for the higher dimensional case.

Our point of departure from the above mentioned works lies in the fact
that we consider expansions in terms of Hermite functions rather than Her-
mite polynomials. In [11] we have defined Riesz transforms for the Hermite
operator and proved that they are bounded on LP(R", dz). The Riesz trans-
forms of Meyer—Pisier—Urbina are defined using the Ornstein—Uhlenbeck
semigroup whereas our Riesz transforms are related to the Hermite semi-
group e~ ¥ Hermite function expansions are better suited for L? harmonic
analysis than Hermite polynomial expansions. This remark is justified for
example by the fact that in the one-dimensional case the Hermite polyno-
mial expansion of an L? function does not converge in the norm unless p = 2
whereas Hermite function expansion converges as long as 4/3 < p < 4. For
various summability results for the Hermite function expansions see [1], [9],
[10] and [12].

The aim of this paper is to study conjugate Poisson integrals associated
with Hermite function expansions. Using them we are able to define the Riesz
transforms even for L! functions. The Riesz transforms are then shown to
be of weak type (1,1).

nc-
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2. Main results. Let &, be the normalized Hermite functions on R® :n
which are eigenfunctions of the Hermite operator H = —A + |z|?> with
eigenvalue 2|a| + n. If Py is the projection Py f = Z]a]:k(f’ ®é,)P, then the
spectral decomposition of H is written as H = Y- (2k+n) P. Consider the
annihilation and creation operators A% = 8/0z;+z; and A; = ~0/0z;+x;.
The action of these operators on @, is given by

(2.1) AiPo = (205 +2) 2 Byre,,  AlP = (20;) /P,

where e; are the coordinate vectors. The Hermite operator H can be written
in terms of A; and A} as H = 3 Z?zl(AjA; + A7 A;). In analogy with the
classical Riesz transforms for the Laplacian we define operators R; and R;
by R; = AjH_l/2 and R} = A;-‘H—l/g. The Hermite expansions of R; f and
R; f are given by

22)  Rif=3 (20542722l + )2, B,
a=0

(2.3) R f= i(zaj)1/2(2|a| + 1) V2(f,00)Pae,
a=0

Here 3°>°  stands for the sum extended over all multiindices. R; and R;
may be called the Riesz transforms for the Hermite operator.

Observe that the series defining R; f and R; f converge whenever f is in
the Schwartz class. It is also clear that R; and R} are bounded on L*(R").
If we can show that for f in the Schwartz class

(2:4) 1R flle < Cllflles  NB; £l < Cllfllo

then we can define R, f and R f for LP functions using a density argument.
The estimates (2.4) were proved in {11] for 1 < p < oo. But for p = 1 we do
not have such an estimate and a priori it is not clear how to define R; and
R; on L.

To define the Riesz transforms for L' functions we introduce the conju-
gate Poisson integrals. Let e ~*# "? be the Poisson-Hermite semegroup. The
Poisson integral of a function f in LP(R™) is then the function

(2.5) u(z,t) = e " §(2).
This function satisfies the differential equation
(2.6) Ou—Hu=0, t>0, zecR"

The conjugate’Poisson integrals are then defined by
uj(z,t) = Rju(z,t) = AjH“lﬂe_thf(x),

(2.7) \a
ui(x,t) = Rju(z,t) = AJH Y2 7 f(2).
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We also consider the mazimal conjugate Poisson integrals
(28)  Uif(x) = suwp lus(z,0)l,  Uif(a)= sup [u}(z,8)l.
0<i«1 0<t<1

The basic results on U; and U are given in the following theorem.

THEOREM 1. Assume that n > 2. Then we have

D) NU; fllp < Cllfllp, 1 < p < 00,
(ii) {z : U; f(z) > A} < ClIFll/A

Similar results also hold for U .

When f is a finite linear combination of ®,’s it is clear that u;(x,t)
converges to R; f pointwise. If 1 < p < oo then Theorem 1(i) implies that
u;(z,t) converges to R;f in the norm and hence the R; are bounded on
LP(R"), 1 < p < co. When p = 1, the weak type inequality (ii) implies that
u;(z,t) converges almost everywhere to a function which we call R; f. Thus
for f in L*(R™), R; [ is defined by

(2.9) Ry f(z) = lim u; (2, 1)
Clearly, this R; is of weak type (1,1).
CororLary 1. [{z: |R; f(z)] > A} < C|flli/A

We will also prove the following theorem on the boundedness of R; and
R} on the local Hardy spaces. First let us briefly recall the definition of
the local Hardy spaces h!(R"). Given a nonnegative Schwartz class function
¢ with [odz = 1 let p(z) = t "p(x/t) where t > 0. We say that f €
RI(R™) iff the maximal function f*(z) = supgcs«; |f * i(z)| belongs to
LY(R™). For properties and other characterizations of h'(R™) we refer to
Goldberg [3].

THEOREM 2. The Riesz transforms R; and R} are bounded on the local
Hardy space h'(R").

Both theorems will be proved in Section 4. In the next section we prove
certain kernel estimates which are needed in the proof of the theorems.

3. Some estimates on the kernel of the Hermite semigroup.
Consider the Hermite semigroup e *¥. Since e *H f =37 e~ (Zktn)tp, £
the kernel of e 7*# is given by

Z e~ Claltn)tg (2)d,(y).
a=0
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In view of Mehler’s formula (see [2]) the above sum equals (27)~"/2K,(x,y)
where

(3.1) Ki(z,y) = (sinh 2t)~"/2e=#(bv)
with
(3.2) o(t,z,y) = 1(jz|* + |y|?) coth 2t — z - y cosech 2t.

We can rewrite ¢(t, z,y) in the following way:
(3.3) p(t,z,y) = Slz — y|? coth 2t + z - y(coth 2t — cosech 2t)
=Lz - y|® coth2t + z - ytanht.

Putting

P(t,x,y) = 5lz - y|? coth 2t + z - y(coth 2t — cosech 2t)
we write
(3.4) o(t,z,y) = ;11-|a: — y|? coth 2t + (¢, z, ).

We claim that ¥(¢,z,y) > 0. This is obvious when z -y > 0 and when
z -y < 0 it follows from the inequality |z — y|? > —4z - y.
Thus we have

(3.5) |K.(z,y)| < C(sinh 2¢) /2~ (= —vl*/4) coth 2t

From this we immediately obtain the following estimates for the kernel of
—tH,

e
(3.6) |Ky(z,y)| < Ct™™/2e7Ie=9I/6)  ipg <t <1,
(3.7) |Ki(z,y)] < Cemte—olz—vl* ift > 1,

where a > 0 is a fixed constant. These estimates follow from the trivial
observation that for 0 < ¢ < 1, sinh 2¢ = O(t), cosh 2t = O(1) and for ¢ > 1,
sinh 2¢ = O(e?') = cosh 2¢. To study the conjugate Poisson integrals we also
need estimates for the derivatives of K;(z,y). Such estimates are given in
the following two lemmas.

LeMMA 1. For 0 < t < 1, there exist positive constants C and o inde-
pendent of z,y and t such that the following estimates are valid:

0

0) | L Kol p)| < om0zl
Zj

(ii) 2; Ki(z,y)| < Ct=(vHD/2g—alz—ul*/t
0
ayi

) 0?
(iv) W—’Q(%y)

kt(m, y) < Ct—n/?—le—a|z—y|2/t,

< Ct—n/Z—le—a|z——y|2/t.
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Proof. Since K;(z,y) is the product of the one-dimensional kernels
Ki(z;,y;) it is enough to prove the lemma in the one-dimensional case.
First consider

(3.8) (;%Kt(x, y) = (sinh 2¢)~1/2e=#(t:29) (y cosech 2t — z coth 2t).
This can be written as the sum of
A¢(z,y) = (sinh 2t) ~3/2e~¢(t29) (y _ g)
and
B, (z,y) = —2(sinh t)?(sinh 2t) ~3/2e~#&:2) g
Since 0 < t < 1, we immediately get
(3.9) |Ac(z,y)| < Ct3/2|z — yle~l==vI*/(40) < Oy~1e—lo~ul?/(80)

Since |Bi(z,y)| < C|zK(z,y)| it is enough to prove the estimate (ii) of the
lemma.
First assume that |z| < 4|y|. Then

2K (2, y)] < Ct™1/2|22y|} 2e—2(my),
When zy > 0 we have
(3.10) |zK(z,y)| < Ct—l/?|2xy|1/2e—zytanhte—[z—ylz/(2t)
and this gives the estimate
K (z,y)] < Cttelo—vl"/(2)

as tanht behaves like ¢ for 0 < ¢t < 1 so that (tzy)/2e~=¥tanh¢ js bounded.
When zy < 0, [2zy] = —2zy < (z — y)? and so

K, (z,y)| < Ct™/?|z — yle—lw—yl2/(4t) < Ot~ e~ z—yl?/(8)

This settles the case when |z| < 4|y|.
Next assume that |z| > 4|y|. In this case when zy > 0,

1o(t,2,y) = 1(coth2t)(z® + y*) — jwy cosech 2t
> 1(coth2t)(z* — 2|zy|) > 3(coth2t)z>.
This proves that
|th($,y)| < Ct——l/2ix]e—(coth2t)ac2/8€—|z~y[2/(4t)

and this is certainly bounded by a constant times ¢t~ exp(=|z — y|2/(4%)).
When zy < 0,

tot,z,y) = 2(coth2t)(z? + y?) — 3zy cosech 2t > 1 (coth 2t)z>

and we get the same estimate as before.
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Now consider the second derivative of K(z,y):
2

dzdy Ky(z,y) = (sinh2t)"%/%e™¢

(3.11)

— 2(sinh t)?(sinh 2¢) ~%/2z(z — y cosh 2t)e™®.
It follows that 82K, /8z0y is a sum of the terms (sinh 2¢) ~3/2e =%, (sinht)? x
(sinh 2t)8/2z(z — y)e~* and (sinht)*(sinh 2¢)>/2zye~*. All the terms can
be estimated as before to get (iii). The estimation of z(8/0y)K(z,y) is
similarly done.

LEMMA 2. For t > 1 the following estimates are valid with two positive
constants C and b independent of z,y and t:

(i) |z;Kq(z,y)| < Ce e ble—vl’,
(i)

The proof is very similar to that of the previous lemma. We have to use
the fact that when ¢ > 1 both cosh 2¢ and sinh 2¢ behave like e?!. The details
are omitted.

9 ~nt _—blz—
%—;Kt(wyy)‘ﬁce temble-ul®,

To establish the boundedness of the Riesz transforms on the local Hardy
space we need certain estimates for the derivatives of the function a(z,¢§)
defined by the integral

(3.12) a(z,6) = [ t71/2(cosh2t) /% Ht=8)
0
where
(3.13) b(t, x,€) = § tanh 2¢(|z|? + |€|?) + 24z - €sinh® ¢ - sech 2¢.

For this function a(z, £) the following is valid.

LEMMA 3. For all multiindices o and (3 there exist constants Cy g inde-
pendent of x and £ such that

]D;"D?a(:r,g)] S Ca,ﬁ(l + |$| + lél)_l_lal_lm.

Proof. The proof is straightforward. The integral taken from one to
infinity has exponential decay as a function of |z|? + |¢|2. So it is enough to
estimate

1
ao(z,6) = [ t7Y/*(cosh 2t)"/2e~tE) gy,
» 0
For 0 <t < 1, tanh 2t behaves like t and cosh2t = O(1) so that

1
lag(z,£)| < C [ t71/2emetl=l+EP) gy
0
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and this gives the estimate
lao(z, )| < C(1+ x| + [¢)) "
In the case of (0/0¢;)ao(z,£) we have two terms. The first term,

1
& f t71/2(cosh 2t) "™/ (tanh t)e*(&®¢) dt
0
is bounded by
€11+ J=)* + [€1*) 72 < C(1 + Ja] + J€) 7

The other term has a better bound since the derivative falling on z-£ (sinh2 t)
x (sech 2¢) brings down z;(sinh® ¢). Derivatives with respect to x and higher
order derivatives are similarly dealt with. This completes the proof of the
lemma.

4. Conjugate Poisson integrals and Riesz transforms for the 1e
Hermite expansions. We first prove the following L? result for the maxi-
mal conjugate Poisson integrals.

PROPOSITION 4.1. Assume that n > 2. Then

WU Fllz < Cllfllzs NUF fll2 < CllS 2
Proof. Recall that for f in L2(R"™), R;f has the Hermite expansion

Rif = (205 +2)"(2la) + n)"/2(f, Pa)Pase,

a=0
where the series converges in the L? norm. From this it follows that
— _n1/2 1/2
(4.1) e DR, f) = Ry f) = uy(z, 1),
Thus
—t(H_2)/?
U; f(z) = sup |u;(z,t)] = sup |e " H-2""R, f(z)]
0<t<l 0<t<1

and since R; is bounded on L2(R™) it is enough to show that

(4.2) n e~ "H=2"" f(2)| < CM f(z)

where M is the Hardy-Littlewood maximal function.
But in view of the subordinate identity

1 7 2
(4.3) e %= — f e /vy =3/2g—0"u/4 gy
VT
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we have the formula

1 o0
(4.4) e t(H=2) vz ﬁ Of e—l/uu—3/2e—(u/4)t2(H—2) du.
As we are assuming n > 2, (4.2) will follow once we show that
(4.5) sup |e T f(z)] < CM f(=).

O<u<oo

This is an immediate consequence of the estimates (3.6) and (3.7) for the
kernel K. This completes the proof of the proposition.

We now come to the proof of the main theorem. In view of Proposi-
tion 4.1 and the Marcinkiewicz interpolation theorem it is enough to prove
the following weak type inequality.

THEOREM 4.1. Assume n > 2. The mazimal conjugate Poisson integrals
are of weak type (1,1).

Proof. We imitate the standard proof for the weak type inequality
of Calder6n-Zygmund singular integrals. Given f in L'(R") we take the
Calderén-Zygmund decomposition f = g+b (see [8]). Suppose we are given
a singular integral operator T' defined by a kernel K (z, y),

(4.6) Tf(z)= [ K(z,y)f(y)dy

If we assume that T is bounded on L2(R™) then the term T'g is taken care
of, i.e. we obtain

H{z : [Tg(z)] > A} < ClIfll1/

To obtain the same inequality for Tb, what we really need is the estimate

(4.7)

0
—K < —n—1
ayj (x,y)l <Clz yl

for the derivatives of the kernel K. Then establishing the weak type inequal-
ity for Th is well known.

Suppose now we have a kernel k;(z,y) depending on a parameter ¢ and

suppose we are interested in the weak type inequality for the maximal op-
erator

sup [Tif(2)| = sup | [ ku(e,0)f(v) dy|
O<t<l O<t<1

If we know that supg., . [T f| is bounded on L2(R") then as before the term
Supg<;<1 |Trg| 15 taken care of. The weak type inequality for supg., , |T;b|
can be established if we know that

(4.8) sup

o<t«1

¥

0
R < n- 1 ] — ..
By]kt( )‘_C|x y| j=1,...,n
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with C independent of ¢. The proof is merely an imitation of the proof of
the t-independent case.

Now the conjugate Poisson integral AjH_1/2e'tHl/2

| is given by a ker-
nel K} (z,y). This kernel can be calculated in the following way. From the
subordinate identity (4.3) we obtain the formula

(4.9) a"lem® = ~1/ug=1/2p—c*u/d gy,

1 o0
N Of ¢
from which we get

e o]
(4.10) HY2e—tH? % f et/ (4u) =12l gy
s
0

Thus the kernel Ktj is given by

. 1 o 2 0
j _ —e2/awy, 12 _ 9 '
(4.11) Kj(z,y) NG Of e u ( oz, + xJ)Ku(x,y) du

In view of Proposition 4.1 we need only consider the term b in the Calderén—
Zygmund decomposition. Write

[ K@ yb@) dy= [ Lizuby)dy+ [ M(z,y)b(y)dy

where
1

, 1 0
4) ey = ferene (- L ke
0 7

, 1 7 2 0
(4.13) M) (z,y) = 7= f et /(4“)u_1/2<— oz, + a:j)Ku(x,y) du.
1

The estimates of Lemma 2 show that

R ey e
1

from which it follows that
. _ r— 2
sup | [ M (z,p)b(w)dy| < C [ e by)ldy

0<t<1

and so it is immediate that this term satisfies the weak type (1, 1) inequality.
From the estimates of Lemma, 1 it follows that

.

1
(4.15) aiL{(x’y) < [utirumn/ateal gy
0

Yj

< Clz -y
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with C independent of ¢. Therefore, by the previous remarks it is clear that
the term corresponding to L7 is also of weak type (1,1). This completes the
proof of Theorem 4.1.

To end this section we give a proof of Theorem 2 on the boundedness
of R; and R; on the local Hardy space. For that purpose let us recall the
definition of the symbol class ST. By a symbol of class ST we mean a
function o in C*°(R™ x R™) which satisfies the estimates

(4.16) |D2DYo(x,8)] < C(1+ |g))™ 17l

for all multiindices o and 8 where the constant C is independent of z and .
(In the usual definition it is assumed that C is a function of 2 but we are
interested in symbols which satisfy estimates uniformly in z.) Such a symbol
o defines a pseudodifferential operator o(x, D) by

(4.17) o(z, D)f(x) = [ e f(&)o(,€)de.

In (3] Goldberg has shown that if ¢ € 7 then o(z, D) maps h' bound-
edly into itself. So, to prove Theorem 2 we need only prove the following
proposition.

PROPOSITION 4.2. R; and R} are pseudodifferential operators whose
symbols belong to SY .

Proof. Since R;f = AjH'l/Zf it is enough to show that H~1/2 ig 3
pseudodifferential operator whose symbol belongs to S 1. é. But

gz _ b ft-ln ~tH g
0

and so the symbol a(z,¢) of H~1/2 is given by

_ 1 T
(4.18) a(z, £) = 7 Of t~25,(x, ) dt
where o¢(2, §) is the symbol of e ~*¥. Now for f in the Schwartz class
(4.19) e = e Cleltnt(f ¢ \g,
and the relations (f,®,) = (f, $a) and 5@ = (—i)l*l$,, show that
(4.20) oi(z, &) = e "¢ Z e_(2|°‘|+")ti‘°‘|d5a(a:)@a(f).
In view of Mehler’s formula one obtains
(4.21) ) o(z, &) = (2m) "/ (cosh 2t) "/ 2~ b(t-5:6)
where

b(t,x,€) = 5 (tanh 2t)(|z|% + |€]2) + 2iz - £(sinh? ) sech 2t.
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This shows that, with some constant Cp,

oo

(4.22) a(z, &) = Cy f £=1/2(cosh 2¢)~"/2e~b(1:2:6) gy,

0

Now the proposition follows from the estimates of Lemma 3.

[1]
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