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1, SuMyaRY

Partly of an expository naturo this noto brings out tho fact that an estimator,
though asymptotically much loss officient (in tho classical sense) than another, may yet
have much greater probability concentration (as defined in this article) than tho Iatter.

2, Dermvmioxs

Let (X}, i=1,2,... be an infinito scquence of independent and identically
distributed random variables whose common distribution function F ia known to
bolong to a fomily 11 of one dimensional distribution functions. Let a4 = u(F) bo a real
valued functional defined on 9. By an estimator T = {1,} of s we mean a sequenco of
real valued measurablo functiona of {X;}, where 1, is a function of X,, X,,..., X, only
(n=1,2,...). The estimator T is said to bean asymptoticolly normal estimator of y if
there exists a sequenco {o,(F)) of positive numbers such that as n < %~

{ta—p(F)jou(F)} == N(0,1) forall Feq

whero == stands for convergenco in law and N(0, 1) for the standard normal variablo,
Tho soquence {o,(F)} is called tho asymptotio standard doviation of T, A necessary and
suflicient condition in order that {o,(F)} and {o:(F)} may both bo called the ayymptotic
standard doviation of T' is

li::l {oulF)fonF)}=al forall Feq.

A necessary and sufficient condition in ordoer that tho
T is nlso consiutent in

wymptotically normal
lim o (F)s=x0 forallPrq.
n—p»

Lot & bo the farily of all conaistent asymptotically normal estimators of x, o consider
only tho spoce 7,
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3. THE PARTIAL ORDEI OF EFF¥ICIENCY

Two clements 7' amel 7" of 2 are suil to bo equally eflicient (or equivalent) if they
have the same nsymptotic a.d.g, i.e. il

tim {ou(FlodF)}m ]l foral Feq . @30
o

where  {.(F)} and {o;{F)} aro the corresponding asymptotic s. «l.’s.

It is ensily verificd that the nbove equivalenco relation in reflexive, symmetric, and
transitive.

If limeap {o(F)oi(F)} &1 forallFPen
np®
and liminf (o (F)lesiF} <1 foreome Fe q
Y

then we say that 7 ia more cfficient than 7 and write 7' ) T*. Itis easily scen that
tho relation ) induces a partin] order on 7.

It is known that there do not exist a maximal clement in J with reapect to the
partintorder D), i.r. thero do not exist any element 7 ¢ 7 which i3 ecither equivalent to or
more cflicient than any oliernative 7% ¢ . As & matter of fact it has been demonstrated
(LeCam, 1933) how given nny T «  we ean always find o T° ¢ Z such that 7" ) 7.

4. THE PARTIAL ORDER OF COXCENTRATION

The eatimator T = {t,} of 1 ix consistent if for all € > O nned F e 2
pde, F) = P{lta—p|>c| F} 2 0asn ~ 0,

If wo work with the simple loss function that is zero or ono according as the error
in the estimate is s or > € then pule, F)is the risk (or expected loas) when the estimator
is used with observations on X,, Xj,..., X, only.

The rapidity with which p,(s,F)— 0 mny bo considered to bo & measure of tho
axymptolic accurncy or concentration of T'.  This motivates the following dcfinition of &
partiul order on 7 {and as a matter of fact on the wider family of all consistent extimators
of u).

Definition : Tho ostimator T with tho nssocinted sequences of rixk  functions
Pa(c, F) iu said to have greater concentration than 7 with the aswociated scquences pi(e, F)
if,foralle>0and Feq,

lim sup (pales Flipale, FY} € 1

with the limit inferior boing < 1 forwomo s > O andeomo Fe 2, Wothen writo T > T,
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Intuitively it may seem ble to expect that T D T implies T' > 7' That
this is not so is demonatrated in the noxt section.  An examplo i» given whero

Jlim ;.g')’ =0 forall Fe 0, e (41

P..!C_-F) e w foralle > O nnd Fen. o ($2)

e i, e

B, AN EXAMCLE

Let ench of the X;'s be N{g, 1), the prohlem being to estimate gr.

Let .= Z Xnond 8, = z (X—2
T T

Then X, anid §, are'mutually independent random variables and the distribution of S, ia
indlependent of 5. Let g, bo the upper 100/n % point of S, and let

0 i S,
n,=
1 i Sa>a.

Now let T={)

where 4= 1=\ +n I,
and T =)

where 6 = Rjyaie

(By [z] we mean the largest integer not exceeding 2.)

Sineo P(II_=0)=1—£—-I,

it followa (vide Cramér, p. 254) that v/5{ta—p) = Vi(Za—p)+v/n Hun—21,)

= N, 1)

when # is the true mean.

Henco, T ¢ Z with asymptotio s.d. = {#*1}. Alro T” ¢ 7 with nsymptotio s.d. = {a~1}.
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Therefore (4.1) is satisfiel.  Again, ninoe £, is indlependont of IJ, it followa that, for every
n>atr

Pllty~p) > ¢|p) = Py = 0) P(|Ra—p| > elp) + Pl = 1)

1 1
=it ()
because P Ra—pl> i) =0 (’!‘) o sa may be casily verified.
. 1
Whereas P(ta—p ] >e|p) = n(;)

Therefore {4.2) also [a satisfied.

It may be notesd that in the examplo given the a.d. of f, fa not asymptotically equal
to tho aaymptotic s.d. of T. DBut thin can be easily arranged to be true by, say, taking
a, for the upper 100,a% 9, point of S,.
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