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1. INTRODUCTION

Let X, be a data matrix of » statistical units and k categorical vari-
ables that can only take the value O or 1. In general, the & variables may
be correlated as is the case for instance when the & variables code the opin-
ions given about the various services offered by a company. An example of
what may be asked in a questionnaire which yeld the matrix X, , is as fol-
lows:

- Do you think party A is innovative?
* Yes, very much
¢ Quite
o A little
* No, not at all
¢ I don’t know

~ Do you think party A addresses issues of interest to youth?
¢ Yes, very much
* Quite
+ A little
* No, not at all
+ I don’t know

(*) Dipartimento di Statistica, Probabilita e Statistiche Applicate, Universita «La Sa-
pienza», Roma.
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— Do you think party A seeks to precede new issues of interest to
civil life?
¢ Yes, very much
¢ Quite
* A little
* No, not at all
+ I don’t know

A dichotomic codification may associate the number code 1 to those
answers that are substantially positive such as “Yes, very much” and
“Quite” while assigning the number code of 0 to those answers which
are negative such as “A little”, “No, not at all”, and “I don’t know™.
This binary codification makes it possible to eliminate the subjective inter-
pretation of the terms which result in their not being read in a homoge-
neous manner by the interviewed persons. It also make possible to eli-
minate a subjective interpretation of the questions (from the side of the
interviewed persons) as well as a subjective interpretation of the answers
(from the side of the interviewers). This is important as well as having
more possibilities when answering gives the respondents a feeling of
greater freedom of expression.

The responses to the questions, moreover, are correlated in that a
person who believes a party is innovative will probably feel that the same
party addresses issues of interest to youth and society in general.

The index of “perceived quality” measures the rating with which the
opinion has been expressed and therefore the quality as perceived by the
respondent. The “opinion” is the index that could regard any other aspect
of the inquiry, or any other thing.

An index of quality can be calculated, by adding up all of the
positive responses and dividing the number by the total number of
people interviewed multiplied by the number of variables:

where R is equal to the sum of all positive responses. This index varies
between O and 1. In this manner, however, the correlation that exists
between the variables is not taken into account in the sense that positive
results originated from other positive results (as is the case for negative
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results). For this reason, then, the value of the index should be reap-
praised. In this paper we will study some of the indices that eliminate
the presence of correlation between the variables.

The indices proposed here refer to research situations in which cat-
egorical variables are present and therefore, especially for nominal scales,
derived by a process of specific measuring. The term “measuring” in the
social sciences is used, as is well known, with a wider meaning than that
used by the natural and physical sciences, etc. Here, “measuring” means
the rules of assignation of the codes (number or words) as a property of
objects or events in such a way as to make it possible to attribute some
characteristics of the members to the properties themselves. Within the
orbit of social phenomena, understood in the same way, the attribution of
a measure is often “indirect” (or assigned according to standardized rules
for measuring), as is the case, for example, for attributes such as pres-
tige, quality of a service, etc. These concepts are highly abstract and can
therefore, be expressed differently by different people.

A dichotomic codification is the first and most basic classification
of a variable; it is always possible and despite implying the simple alge-
braic structure of equal or different, it allows for sophisticated statistical
elaborations which are based on the data derived from codes having a
very reduced subjectivity level.

2. METHODOLOGY

The matrix X, is relative to a set of n statistical units and k vari-
ables that can only take the value 0 or 1.
The matrix X, , will be, for istance, as follows:

1010...1
0101..1

()
0110...1

Ry, is the correlation matrix of X, , that is obtained, as is known, from
the transformation:

Ry =Dy Xy Dy
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where:

~ D, is the diagonal matrix, where the main diagonal has as ele-
ments the inverses of the standard deviation of the & variables;
— X, is the matrix of variance and covariance of X, and is equal to:

1
- S'n,k : Sn,k
n

where S, is the matrix of the difference from the mean of X, , and the
transposed matrix of S, , has been indicated with an apex.

With the aim of eliminating the correlation of the variables, any orthog-
onal transformation which transforms the matrix X, , with the correlation
matrix R, in Y, with a matrix of correlation /,;,, where I, is diagonal
with all ones in the principal diagonal and zero in the other cells, can be
carried out. In this way one gets variables that are not correlated with
each other. Among the infinite number of orthogonal transformations that
transform X, , in ¥, , one can consider:

1

Yn,k = Zn,k Qk,k Ak,zk
where:

Z,, is the transformation of X, , standardized per column (zero mean
and unitary variance);

Oy« 1s the matrix of the normalizing eigeinvectors (such that the sum
of the squared components is equal to one);
A% is the diagonal matrix, on the main diagonal of which, are the
inverses of the square roots of the eigein values of R, .

This implies that the eigeinvalues of R, , are positive, as occurs when Ry
is definitely positive and therefore no ceefficient of linear correlation is + 1.

Furthermore, even the transformation of the principal components al-
lows for the transformation of the X, , matrix into a Y, , matrix using non
correlated components ordered according to decreasmg variance. The
principal k¥ components given:

Y;=Z,,-a; (i=1,2,....k) (3)
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where Z , is the matrix of the standardized difference and a; is the ei-
gein vector which corresponds to the i-mo eigein value A; of R, in de-
creasing order.

The presence of correlation is not inconvenient. It is, however, when
the questions are fomulated in such a way as to regard aspects of the sub-
ject under study that overlap. The methodology for arriving at pure data
although somewhat artificial, makes it possible to arrive at variables for
which it is not always possible to give an exact interpretation.

Let 1 be the vector of ones having all components equal to:

1=(1,1,..., 1)

that is, for all favorable answers to questions supplied by a respondent
and inversely with O vector having all the components equal to 0 (com-
plete disagreement or a don’t know answer to all questions posed). With
the aim of defining an index of perceived quality, we consider the ma-
trix in which only one statistical units is characterized by the vector 1
and n—1 by the vector 0, that is:

1,1,..,1
X,, = 0,0,..,0 @
0,0,...,0

For such a matrix the vector of the mean is equal to:

— 11 1
XE(—,—,...,—] &)
nn n
and that of variance, as shown, with a series of simple transformations:
n-1 n-1 n—1
o’= : s (6)
nt n? n?

The correlation matrix is the U, or the matrix formed by all ones.
The matrix (4) is indicated as “the maximum distance matrix”.
The eigein values will be:

M=k Ay=Ay=... =4, =0
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In fact, these are obtained from the expression:

-2 1...11
11-A...11
11...11-A

The determinant at first member is a particular case of:

|A|=
X X...x a
which is the same as:
X X X a
‘A\=(a,-x)(a2—x)...(ak—x) + +...4 -—— =
a—x a;—X A 1— X Oy
1 1 1
=x(aj—x)...{(a—x)| —+ +...+
X a—x ap— X

In fact, if one subtract the k-th column from the first (k~1) col-
umn, putting in evidence the factors: (a, — x), (@, —x), ..., (@, —x) re-
spectively in the first, second, ..., k-th line, and adding to the last line
the sum of all the others, one obtains a determinant in which all of the
elements below the principal diagonal are zero: with further algebraic
simplifications one obtains the previous formula.

By putting in A the value x=1 and a,=a,=...=q,=1-A, one
gets:

1 1 A—k
|Al= (M) [1+—+ +~—) = (—-D)*n ( J‘—‘ (=D* M- (A - k)
- - A

from which only one eigein value is equal to k and (k— 1) are zero.

The same result could be arrived at by considering the characteris-
tic equation of the matrix:
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My Ml 46,=0

and by remembering (Rizzi 1985) that the coefficient ¢, (r=1,2, ..., k)
of the characteristic polynomial is the same as the sum of all the princi-
pal minor of r of A multiplied by (- 1)". Given that with:

a=1Ul=0
C=c=..=¢_; =0
a=D+rU=-k
one gets:
UM =2 - k!
The first eigeinvector (corresponding to A =k) is obtained by solv-
ing the homogenous system of k equations in the unknown &; a; (i = 1, 2,

o )R~k a=0
that is

(A-kyay+a,+...+a,=0
a+(-k)a,+...+a,=0

d1+02+...+(1—k)ak30

which gives the solution:
al =a2= . =ak.

The eigeinvector of normalized positive components, or that for
which the sum of the squares of the components is equal to one, is

1 1 1

A =—=; Q=== ...; Gy =—

\/_Eaz JE"""JZ

The first principal components of the matrix (4) of maximum dis-
tance will have as elements:

k k
I’IE[ﬂk(n—l);— e — J

n—1 n-—1

which is obtained from the equation:
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1 1 1
I~ 1=— ... 1——

n n n
1 1 1

— _ n n n
Pl_'Zn,Ic'al“—

== == ==

1 1 {

noon n
where Z,, is the matrix of the standardized differences per column and

n—1

o=
n?

The variance of the first principal components is equal to k.

The other k — 1 principal components have null elements, in that the
corresponding eigeinvalue is zero and only one component expresses all
of the variability of the data matrix.

In essence, the transformation of the principal components makes it
possible to pass from the matrix of maximum distance:

1,1,...,1

0,0,...,0
Xn,k:

0,0,...,0

to the matrix:
k(n-1,0,0,...,0

’ k

- —,0,0,...,0
n—1
f k

- |—,0,0,...,0
n-1

where k are the variables and n the statistical units.

;U
i
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The term D, is used to indicate the sum of the differences, in abso-
lute value, of the principal components of the (n — 1) statistical units from
those of a statistical unit having unitary components. One calculates, us-
ing the data in matrix (4), the sum of the absolute values of the distances
of the principal components from the units having unitary components.
Similarly, D, is the square root of the sum of the squared differences. D,
is the distance of the “city” blocks and D, is the Euclidean distance.

With the terms D,; and D,, we calculate the distance between unit
1 and respectively, by the distance from the city blocks and Euclidean
distance for the variable j.

For the sum of the distances of the (rn — 1) statistical units from the
first unit, that of maximum consensus, we get:

max D, = ilD“|=(n——1)[‘/ ¢ +«/k(n—l):l=n1/k(n—1)
i=2 n-1

for the “city blocks” and for Euclidean distance it is as follows:

maxD2=§\/D‘§i= [\/\/i+\/fxfn_—ij (n—l):n«/%

n—1

3. INDICES OF PERCEIVED QUALITY

An index of “perceived quality” can be defined as follows:

n Dl
i=22 : Dy Dy
lel— =1- =1-

max D, max D, nk(n-1)

where Dy, is equal to the sum of the absolute values from the distance
between unit i and the unit which has all the unitary components, calcu-
lated in the matrix of principal components. Obviously:

0<Q,<1
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Similarly, it can be defined as:

D
Z - D, D,
QZ =1- =1- =1-

max D, max D, nk

If we consider a total numerosity equal to a cn with ¢ being con-
stant, the maximum of D, becomes:

max D) = cnlk(cn—1)

If the numerator in Q; becomes D] =cD,, as in the case where each
statistical units has a “weight” equal to ¢, the Q, index assumes the value:

CD1 D]
Q =-1-— =]l
1 cnAfk(cn—1) nk(cn—1)

Thus, in order to compare two indices relative to the numerosities
n, and n, with n, > n,, we must consider:

D,
O=1-———
nlﬂk(nl—l)
1—D'ﬂ 1
0l = L

nz«(k(nz Dyn-1n n2\jk(n1_1)

Q| is obtained directly from Q, by multiplying the second addendum by
the relation of the maximum that refers to the units n, and n, respec-
tively.

It should be noted that Q, can assume a negative value if the ratio

™ s particularly high.
m

For the index Q, one has, by the transformation from an n numer-
osity to a numerosity equal to cn, the maximum which becomes cn Jk.

Therefore, the index Q, makes it possible to compare situations with dif-
ferent numerosities.
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It should be noted that when k, and k, respectively are considered
in two different situations, in an instance of equality between n, the
maximums of both Q, and Q, will vary in the relation vk, /Vk, . The
relation between the relative value of D; (or of D,) should vary only
slightly given that when increasing the number of variables, the impor-
tance of the latter components diminishes. Nothing precise however, can
be said.

In practice, particularly in studies that regard the perception of qual-
ity of services to a broad public, it is difficult that the absolute maximum
of disagreement will be reached with respect to an ideal situation. Thus,
both the indices Q, and Q, tend to assume rather high values. In this case
it is possible to follow two different paths.

In the first, the index of disagreement is considered

D, D,
Q= or L0 =

max D, max D,

and the index is used to measure the temporal variations of disagreement
by considering the relation:

thi 2IQ1

t—1 t-i
1% 1%i

where {Q; is the index of quality at a certain time ¢ (i = I, 2).
In the second, a percentage of the plausable absolute maximum is
fixed (empirically) and the index is then calculated:

D, D.
0=1-—— Q=1-——
pimax Dy pymax D,

where p, and p, range between 0 and 1 and are established subjec-
tively, based on the knowledge of the statistician to other temporal
and spatial situations or similar research etc. Naturally, p, and p, must
remain constant in order to understand the development of the phe-
nomenon which is of course, the most important aspect of the pro-
cess.
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4. APPLICATIONS

In order to calculate the indices that are proposed here, it is suffi-
cient to utilize a program for principal component analysis, such as SAS
or SPSS, that can be operated in tandem with the “file” of the respon-
dents answers and has a first record made up of all codes relative to “pos-
itive” dichotomic answers (all ones for example). On the output of the
principal components it is easy to calculate D, (or D,) as the sum of the
difference in absolute value of the single components of n — 1 statistical
unit from those of the first record artificially composed and formatted by
all ones. The maximum of D, (or D,) is easily ottainable.

This approach was tried with a sample group of 1,000 telephone us-
ers mangaged by Italy Telecom. The study was carried out by a market-
ing research company on the behalf of Telecom in march, 1994. Twelve
indicators were considered and were as follows:

Satisfaction with the service, Overall quality, Telecom efforts with
new lines, Introduction of new services, Bureaucratic procedures, Atten-
tion to customer needs, Bill paying, Evaluation of effectiveness of ser-
vice, Availability of Information, Facility in speaking with a Telecom rep-
resentative, Evaluation of communication with Telecom, Evaluation of
discussion about Telecom.

Each of the questions posed could be answered in five different ways
(two were relative to a good opinion on the quality of the service, two were
negative and one was don’t know-missing). These answers were then cod-
ified in either “1” (for the first two answers) or “0” for the other three. The
matrix of maximum distance (4) was composed of 1,001 rows (the first
was all “1” and the other 1,000 were of “0” and “1” according to the opin-
ion supplied by the respondents regarding the quality of the service).

By applying the procedure of principal components, a matrix of 1,001
rows with 12 independent columns, was obtained. The sum of the abso-
lute values of the difference between the various elements for each of the
1,000 units from that in the first row (that in which a X 44, alla cor-
respondent to “1”) was:

D, =28878.7

For the maximum of D, you got:

max D; = n+Jk(n—1) = 109489,7
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Thus the index:

max D,
is equal to 73,6%.

This value of the index allows one to evaluate the variations in the
quality of services as perceived for example, by students in different uni-
versities, or different academic years.

The value of the index calculated on the basis of only one sample
does not permit making generalizations on the opinions expressed on a
service supplied by the university for example, because reference is be-
ing made to an absolute maximum of “distance”, and it is unrealistic that
the absolute maximum of “disagreement” will ever be attained with re-
spect to and ideal situation (par. 3).

In general, the index Q, is more sensitive than Q, in measuring the
substantial variation in the variables under consideration.

Finally, in its application to empirical situations, sampling groups of
consistent size will have to be considered so that the variability of the
index not be elevated, as happens with sample groups of a thousand or
more units. Naturally, this empirical affermation should be validated by
analyses relative to the theoretical distribution of the index as confirmed
in real situations.
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Indices of agreement relative to categorical variables
SUMMARY

In this paper the A. proposes a new index of agreement relative to categorical vari-
ables. Substantially we first transform the matrix units variables in the matrix of the prin-
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cipal components. Then we calculate the sum of the differences, in absolute value, of the
primary components of (n— 1) statistical units from those of a statistical unit having uni-
tary components. This sum is divided by the maximum that is calculate in the paper.

Indici di consenso relativi a variabili dicotome
RIASSUNTO

Nel lavoro viene proposto un nuovo “indice della qualtia percepita” che misura il grado
con cui un giudizio su, ad esempio, un particolare servizio & espresso con k items binari
da n unita statistiche. In sostanza si sottopone la matrice ad una trasformazione che elimina
la correlazione tra le variabili (componenti principali) e si rapporta la somma delle diffe-
renze, in valore assoluto, delle componenti principali di tutte le n unita statistiche da quelle
di una unita statistiche aventi componenti unitarie, cioé¢ di massimo consenso.

Molte applicazioni indicano che gli indici statistici proposti sono particolarmente adatti
nelle situazioni concrete di ricerca.
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Categorical variables; consensus.
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