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Abstract

In this paper, we study the strong consistency and rates of convergence
of the Lasso estimator. It is shown that when the error variables have a
finite mean, the Lasso estimator is strongly consistent, provided the penalty
parameter (say, A,) is of smaller order than the sample size (say n). We
also show that this condition on \,, cannot be relaxed. More specifically,
we show that consistency of the Lasso estimators fail in the cases where
An/n — a for some a € (0,0]. For error variables with a finite ath moment,
1 < a < 2, we also obtain convergence rates of the Lasso estimator to
the true parameter. It is noted that the convergence rates of the Lasso
estimators of the non-zero components of the regression parameter vector can
be worse than the corresponding least squares estimators. However, when the
design matrix satisfies some orthogonality conditions, the Lasso estimators
of the zero components are surprisingly accurate; The Lasso recovers the zero
components ezactly, for large n, almost surely.
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1 Introduction

Consider the following regression model

yi:X;‘B+€i7 7::1,...,71, (11)

where, y; is the response, X} = (x;1,...,%;p) is a p x 1 covariate vector,
! . . ..
B = (f1,...,0p) is the regression parameter and {¢;} are iid errors. We
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assume that p is fixed. The Lasso estimator of 3 is defined as the minimizer
of the [1-penalized least square criterion function,

n p

B, = argminz (yi — X;;u)Q + A 2 |us, (1.2)

ueRr .7

where, A, is a penalty or regularization parameter. The Lasso estimate
was introduced by Tibshirani (1996) as an estimation and variable selection
method. Recently the Lasso has emerged as a very popular method for both
estimation as well as model selection. Two main benefits of the Lasso are:
(i) the nature of regularization used in the Lasso leads to sparse solutions,
which automatically leads to parsimonious model selection (see Zhao and
Yu (2006), Wainwright (2006), Zou (2006)) and (ii) it is computationally
feasible (see Efron et. al (2004), Osborne et al. (2000), Fu (1998)), even in
high dimensional settings.

The asymptotic properties of the Lasso was first studied by Knight and
Fu (2000) for the finite dimensional regression model (1.1). In addition to
finding the asymptotic distribution of the Lasso estimator, Knight and Fu
(2000) also showed that the Lasso was weakly consistent under some mild
regularity conditions. In this paper, we investigate the problem of strong
consistency of the Lasso estimator under different moment conditions on
the error variables ¢;’s in (1.1). It is shown that when El|e;| < oo and the
regularization parameter \, = o(n) as n — oo, the Lasso estimator of the
regression parameter 3 is strongly consistent. However, if lim, o Ap/n —
a € (0,90], then the Lasso fails to be strongly consistent, and converges to
a different limiting quantity. Thus, when El|e;| < o0, one needs to choose
An = o(n) to guarantee consistency of the Lasso estimator.

Next we consider the rate of almost sure convergence of ||3, — 3| when
the error variables have a finite ath absolute moment for some a € (1, 2).
Theorem 2.3 below shows that for E|e1|* < o0, a € (1,2),

18, — Bl = O(?”f(a*l)/a) with probability 1.

Further, for the Lasso estimators of the non-zero components of 3, we also
obtain a lower bound on the rate of convergence (cf. Theorem 2.4), which
shows that the exact convergence rate of the Lasso estimators of the non-zero
parameter components is n~(®~1)/® as n — co. This is an interesting finding
as it allows one to compare the relative performances of the Lasso estimator
and the ordinary least squares (OLS) estimator of 3. It can be shown that
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under the regularity conditions of Theorem 2.4 on the design matrix, for
~OLS
Ele1|* < w0, a € (1,2), the OLS estimator 3,  of B satisfies

~OLS
18, — Bl = 0<7”L_(O‘_1)/0‘> with probability 1.

Thus, the penalization used in the definition of the Lasso estimator results
in a loss of accuracy for the non-zero components of 3 compared to the OLS
estimator, which uses no penalty. For the zero-components of 3, however,
this is not necessarily true. When the design matrix satisfies an orthogonality
condition and Ele;|* < o, a € (1,2), Theorem 2.5 shows that the Lasso
estimator of the zero-components of 3 recovers the true values exactly for
large n, almost surely. Thus, in this case, the rate of convergence of the Lasso
estimator of the zero-components is O(b,) for any b, — 0, with probability
(w.p.) 1. On the other hand, when the orthogonality condition on the
design matrix fails, the convergence rate of the Lasso estimator of the zero-
components also can be n=(@=1/® exactly (like the non-zero components),
making it worse than the OLS.

Finally, we also consider the case where E|e;|* < oo for some a € (0, 1).
In this case, the mean of the error variables may not even exist. Theorem 2.6
shows that under suitable regularity conditions, ,@n converges to the zero-
vector, almost surely. Hence, it follows that for the (strong) consistency of
the Lasso estimator, finiteness of E|e;| cannot be dispensed with.

We now conclude this section with a brief literature review. For the case
of ordinary least squares estimators, results on strong consistency were stud-
ied by Lai et al. (1978) and Drygas (1976), Knight and Fu (2000) proved
consistency of the Lasso estimator and derived its asymptotic distribution
under the moment condition E (e) < oo, in the finite dimensional case.
Recently, Lounici (2008) showed that the ¢y, distance H[Ai’n — B, converges
weakly to zero, and also derived the rate of convergence. There has been
a large amount work on asymptotic properties of the Lasso in high dimen-
sional settings in the context of model-selection. For further details, see
the works of Huang et al. (2008), Meinshausen and Yu (2009), Zhang and
Huang (2008), Meinshausen and Biithhnann (2006), Bickel et al. (2009) and
references therein.

The rest of the paper is organized as follows. The main results on strong
consistency and rates of convergence are stated in Section 2. The proofs of
our results are given in Section 3.
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2 Main Results

2.1. Strong Consistency. Consider the regression model (1.1) with iid
error variables ¢;’s where Ele;| < o0 and E (¢;) = 0. Although the Lasso
criterion function is used mainly for the case where the second moment of
€1 is finite, the Lasso estimators (and also the least squares estimators) are
well-defined even when the second moment of €; does not exist. Here we
consider the problem of strong consistency of the Lasso estimator assuming
only finiteness of the first moment, and some mild regularity conditions on
the design vectors x;’s. The first result asserts strong consistency of the
Lasso estimator when the penalty A, is o(n) as n — oo.

THEOREM 2.1. Let {¢;} be iid random variables with E|e;| < oo and
E (e1) = 0. Suppose that there exists a nonsingular matriz C such that
1 n
nZ;xiX;_)C’ as n — . (2.1)
1=

If%" — 0, then [Ain — 3, w.p. 1.

Theorem 2.1 extends the weak consistency results of Knight and Fu
(2000) who established the convergence in probability of 3,,, under the as-
sumption that E (e%) < oo0. It also shows that strong consistency of the
Lasso estimator holds merely under the finiteness of the first moment of €1,
provided )‘7” — 0. When the regularization parameter \, grows at a faster
rate, the strong consistency of ,@n may fail, as shown by the following result.

THEOREM 2.2. Let {¢;} be iid random wvariables with Ele;| < o and
E (e1) = 0. Assume that (2.1) holds as n — oo.

(a) If%’” — a € (0,0), then

Bn — B —> argmin Vi (u,a),
u

where Voo (0,a) = u'Cu+adyl (|ﬂl + ui| — |ﬁl|)

(b) If% — o0, then Bn—>0, w.p. 1.

Theorem 2.2 shows that, in general, the Lasso estimator is inconsistent
whenever \,, grows precisely at the rate n or faster. Under part (a), con-
sider the special case where all 8; = 0. In this case, it is easy to check

that argmin, Vi (u,a) = 0 and therefore, Bn is consistent for the zero
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components of 3. Part (b) says that for A\, » n, the Lasso estimators are
consistent for the zero components, but not for the non-zero components.
Thus, to ensure strong consistency of the Lasso estimators for all compo-
nents, the regularization parameter A, should be chosen in a such way that
it grows at a rate slower than the sample size n.

2.2.  Rates of convergence. In this section, we consider the rate of almost
sure convergence of the Lasso estimator under a stronger moment condition
on the error variables, where we assume that E|e;|* < oo for some 1 < o < 2.
In this case, we have the following rate bound:

THEOREM 2.3. Suppose that E|e;|* < o0 for some 1 < a < 2 and E(e1) =
0. Also suppose that (2.1) holds and that

maX{HxiH:lgién}:O(l), as n — oo. (2.2)
If, in addition, \,/n"/* — a € (0,0) as n — ©, then

1B, — Bl =0(n~ @), wp. 1

Thus for 1 < a < 2, Bn converges to 3 at the rate of O (n(afl)/a), w.p. 1.
For a > 2, the results in Knight and Fu (2000) shows that nl/Q(Bn —3) has a
non-degenerate limit distribution and therefore, an almost sure bound on the
difference | ,@n — B|| similar to that in Theorem 2.3 for values of a € [2, )
is, in general, not possible. Also, note that in Theorem 2.3, we set the
regularization parameter \, to grow at the rate n'/® which, in particular,
satisfies the requirement of Theorem 2.1.

In general, the rate bound given in Theorem 2.3 cannot be improved upon
for the Lasso estimators of the non-zero components of 3. The next theorem
gives a lower bound on the almost sure rate of convergence for the non-zero
components of 3 which shows that under some additional conditions, the
rate n— (@ D/2 ig optimal. To state the result, let Yo denote the smallest
eigen-value of the matrix C (cf. (2.1)) and let v* denote the largest eigen-
value of the submatrix of C' corresponding to the non-zero components of
3. Also, define

yo=(1—py'), (2.3)

where pg is the number of nonzero components of 3, i.e., po = [{j: 1< j <
p, B; # 0}|. Note that yo € [0,1) for pg = 1. Without loss of generality, for
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the rest of the paper, we will suppose that B; # 0 for all j = 1,...,po (if
po > 0) and B; = 0 for j = po +1,...,p. With this notation, we are now
ready to state the lower bound result.

THEOREM 2.4. Suppose that E|e1|* < oo for some 1 < a <2, E(e;) = 0,
and A /n** — a € (0,00) asn — oo. Also, suppose that (2.1) and (2.2) hold,
and that py > 0 and ~vo/v* > yo. Then, there exists a constant Ky € (0,00),
such that for all 1 < j < pg,

lim inf ‘Bw- - @‘ ne Ve S K S0, wp. 1 (2.4)

Thus, for nonzero components of 3, its Lasso estimator ij has an almost
sure convergence rate that is precisely n(®=1/® when the conditions of The-
orem 2.4 are satisfied. Note that for py = 1, yo = 0 and hence, vo/7* > yo.
That is, if 3 has a single non-zero component, then the corresponding Lasso
estimator cannot converge at an almost sure rate faster than n{®~1/¢ More
generally, the condition ~/v* > yo holds in the case of ‘balanced’ designs
where the eigen-values of C are equal. In particular, when the covariates
X;’s are given by realizations of a collection of normalized iid random vectors
with the identity covariance matrix, (2.1) holds with C' = I, the identity
matrix of order p. In this case, v0/7* = 1, which is greater than yo, and the
Lasso estimator of the non-zero components of 3 has the exact rate n(@—1)/a
of almost sure convergence.

The convergence rate of the Lasso estimator from Theorems 2.3, 2.4, may
be compared with the corresponding rate for the (ordinary) least squares
estimator @(L)LS of B. For iid, zero-mean error variables €, €o,..., with
Ele1|* < o0, 1 < @ < 2 in (1.1), by a weighted version of the Marcinkiewz-
Zygmund strong law of large numbers (SLLN) (cf. Lemma 3.2 below), it
follows that

~OLS
1B, =Bl =o(nle=e), wp. 1. (2.5)

Hence, under the conditions of Theorem 2.4, the Lasso estimator of the
nonzero components of B has a slower rate of convergence than the OLS
estimator of 3. The penalization leads to a loss of accuracy of the Lasso
estimator of nonzero components, compared to the ordinary least squares
estimation with no penalty.

Next consider the zero components of 3. It turns out that the scenario
can be drastically different for the Lasso estimators of the zero-components
of B. Under some structural conditions on the design matrix C, the Lasso
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estimators of the zero component can capture the true parameter value ez-
actly, as shown in Theorem 2.5 below :

THEOREM 2.5. Suppose that the conditions of Theorem 2.4 hold. Let
Ci2 = {((cij), 1 <i<po, (po+1)<j<p}, denote the upper right sub-
matriz of C of order py X p1, where p1 = p — py. Suppose that C1o = O.
Then,

anj =0, eventually w.p. 1 for allj=(po+1),...,p,

i.e., there exists a set A with P(A) =1 such that for all w € A, there exists
ne =1 such that By, j(w) =0 for all j = (po+1),...,p, whenever n = ny,.

The condition ‘C'12 = O’ can be thought of as some sort of an orthog-
onality condition and can be achieved by suitably choosing the matrix X,
in applications that allow design of experiments. Thus, unlike the Lasso
estimators of the non-zero components of 3, the Lasso estimator is more
accurate than the OLS of the zero components, and reproduce the exact
true value of the unknown parameter when this orthogonality condition is
satisfied.

It is worth pointing out that the remarkable property of the Lasso estima-
tors of the zero components may fail for a general C' matrix when C12 # O,
as shown by the following example.

EXAMPLE 2.1. Let {¢;};5, be iid with Ele;|* < oo for some a € (1,2),
E (e1) = 0. Suppose that lim, A~ Y =g € (0,0), and that 3; > 0 for
all j =1,...,po and B, = 0, where p = (pp + 1). Also, suppose that (2.1)
and (2.2) hold and C'is of the form

C - MI,, ~1
vl m |’
where I, is the identity matrix of order pg, 1 € R is a vector of 1’s,
and m, M,y € R. Then, there exists a choice of m,y and M satisfying

0<m<~vy<1land M > vpy and a constant Ky = K¢ (m,~, M,pg) € (0,0)
such that

lim inf n(2—®)/a
n—o0

Brg = Bi| = Ko >0, forall j=1,...p. (2.6)

A proof of (2.6) is given in Section 3. This example shows that in general,
the Lasso estimators of the zero components also cannot converge at a rate
faster than n—(2—a)/a

Thus, for a general design matrix C, the rate bound given in Theorem
2.3 is optimal.
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2.5. The infinite mean case. For the sake of completeness, we also in-
vestigate almost sure behavior of 3, when the error variables have a finite
ath absolute moment for some 0 < o < 1. Note that in this case, the mean
of the ¢;’s is not necessarily well defined. As a result, for the regression
model (1.1) to make sense, some symmetry conditions ( such as the median
of €; is zero) on the distribution of €; is needed. The next result, is however,
valid without such symmetry assumptions.

THEOREM 2.6. Suppose that E|ei|* < oo for some a € (0,1) and that
(2.1) hold. Suppose Ap/n** — a € (0,00]. Then,

,@n—>0, w.p. 1.

Theorem 2.6 shows that even for such heavy-tailed error distributions,
the Lasso estimators of the zero components of 3 are strongly consistent,
but those for the non-zero components are not.

3 Proofs

Let C,, = n7 13" x;xi, n > 1. Let v, = the smallest eigenvalue of
C,, and 7} = the largest eigenvalue of the the pg x py submatrix of C,,
consisting of the first pg rows and pg columns. In the proofs below, we write
C,C(+) to denote generic constants that depends on its arguments, but not
on n. Let i.0. stand for ‘infinitely often’. Also, let sgn(-) denote the sign
function, i.e., sgn(z) = —1,0,1 according as x < 0, x = 0, z > 0. Let 1(-)
denotes the indicator function. Unless otherwise specified, the limits in the
order symbols and elsewhere are taken by letting n tend to infinity.

LEMMA 3.1. Suppose Ele1| < o0 and E (e1) = 0. Also, suppose that
1 n
2
LS bal? = 001). (3.)
i=1

Then, %Z?:l xie; —> 0 as n — o0, w.p. 1.

ProOF OF LEMMA 3.1. Since it is enough prove the almost sure
convergence componentwise, for notational simplicity, w.l.g., we assume that
the x;’s are scalars. Let

éiZEi]l(|€i| SZ), 1> 1.
Since, Ele;| < o0,

P (e; # €, i.0.) = P (|ei| >4, i.0.) = 0.
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Note that E(e11 (Jer| <)) — E (1) =0 as ¢ — o0. Hence,

izn:xE Zx,{ (el <) }
=1

1 n 1/2 n 2 1/2
< (2333) ( > < {al (o < )}> )
n 4
=1 =1
— 0, asn— .
By Kronecker’s Lemma, it is now enough to show that
>\ T
Z (¢ &)) converges w.p. 1. (3.2)
i=1 ¢
To that end, write s2 = -1 ], > 1. By condition (3.1), s; < Cn for all
n = 1. Hence, forany m > 1,5 > 1,
j+m Jjtm Jjtm—1
2 3% = Z 53 % — Z s2(i+1)72
i—j i=j i=j—1
j+m
= V(2= A m A )T =T
i=j
j+m

CZ (20 +1) z+1)]’2+C(j+m)(j+m+1)_2

< CZ i2e(G+m)Tt < oL (3.3)

i=j
Using (3.3) we can write

iVar(‘ T; 62> 2 22E{€1 (lex| < )}

=1

- S B{dn(y -1 <jal <)} B

=]

.

<C E{|el|]l((j—1)<|el|<j)}=C’-E|el| < .

'MS

Il
—

J

Hence, by Theorem 8.34 of Athreya and Lahiri (2006), (3.2) follows. O
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LEMMA 3.2. Suppose that €;’s are iid with E|e1|* < oo for some a € (0, 2),
and E (e1) =0, if o = 1. Suppose that (2.1) and (2.2) hold. Then,

n
n e Z x;e; > 0, w.p. 1 (3.4)
i=1

PrOOF OF LEMMA 3.2. Under (2.2), one can easily modify the steps
in the proof of Theorem 8.44 of Athreya and Lahiri (2006) (Marcinkiewicz-
Zygmund SLLN) to prove (3.4). We omit the details. O

Proor or THEOREM 2.1. Note that

P
B,, = argmin 2 (yl — xét)2 + A\ 2 |ti]
i i=1

Il
&)
%
:
B
iog
|

2 p
Ei—Xé(t—ﬁ)] +An > |Bi + i — Bl
i=1

p
~ . 2
= (Bn — ,8) = argmin (q - x;u) + A\n Z |G + wil.

u i=1 i=1
Recall that C,, = n! Z?:l XX}, Yon = E the smalles eigenvalue of C,, and
7o = the smallest eigenvalue of C. Let W,, = n~! D xg€. Since Y e%
does not involve u, discarding this term from the criterion function above
and dividing the resulting expression by u, we have

(Bn - ﬁ) = arglrlnin {u'Cnu - ZW;u + i:blzp:l [|ﬂz + ;| — |BZ|]}
= argmin V,, (u), (say). (3.5)

u

Note that for any u € RP,

2 T M
ul” = 2[Wa|ju] - -~ > luil
i=1

— An
ul* = 2[W|[[u] — ~*/p|ul. (3.6)

Vn (u) = Yo,n

= Yo,n

Next fix n € (0,1). Since A,/n = o(1), there exists a ng € (0,00) such that
An/n < nand Y0, > 70/2 for all n = ng. On the set {|W, | < n}, by (3.6),
for any u € RP, with [u| > 1 (4 + 2,/p) /70,

2
[u]

Voo (w) > [ (ro.llu] =20 = vBn) = 5005~ > 0.
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Since V;, (0) = 0, it follows that for n > ng, the minimum of V,, (u) cannot
be attained in the set {u | > n (4 + 24/p) /’yg’n}, whenever {|W,| < n}.
Hence, it follows that for n > ng, {|W,|| < n} implies

(f‘]n —,6) = argmin V,, (u) € {u Dl < 17(4’:_2\/]7))} .
u 0,n

In particular,

~ 2n (4 + 2 ~ 44+ 2
P (mn NE W ) <P (lﬁn B w )

0,n

<P ([W,|>n, io) = 0,

which follows from Lemma 3.1. Since n € (0,00) is arbitrary, this completes
the proof. ]

PROOF OF THEOREM 2.2. First, consider part (a). Let V,,(-) be as in
(3.5). Note that for each 1,

|Bi + wil = 6il] < Jual-

Since )‘7" — a € (0,0), for any compact set K < R?,

sup Vi, (1) = Vo (u, a)|
ueK

p
< sup | JulP|Cn — €| + 2| Wl + [n~ An = a] Y Jui
ueK i=1
=o(l) asn—ow, wp. L (3.7)

Let ng = 1 be such that for all n > ng, A,/n < 2a and v, > 70/2. From
(3.6), for all n = ng, on the set {HWHH < a}, we have

. A,
Vi) > Jul ol - 20,1 225

| ul

70
> ul [ S lul = 20— 2ayp] = 2,

for all Ju| > [1+4a(1+/p)]/70 = co. Since, V;,(0) = 0, this implies

H,@n — B|| < co, whenever n = ng and {\|Wn\| < a}. Thus, the minimizer
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of Vy,(u) lies in a compact set for all n > ng, provided {HWnH < a}. Since

Vao(+;a) is a convex function, by (3.7) and Lemma 3.1, part (a) follows.

Next consider part (b). Let a2 = \,/n. Then, a, — . Also, let
B, = {u Cul € an, |Bi +uwil = a;! for atleast one i = 1,...,p}. By
Lemma 3.1,

p
inf [u'Cnu - QW/,LU +a? Z |Bi + u ]

ueB, b}

_ p
> inf (a2 Y18 + il — 2[Wa ]

eB, L
uebn i=1

_ p
> inf [a2 Y 16; + uil — 2|Wa| sup {|u] :ueIB%n}]

ueB,, L

i=1
- p -
— inf aizzl 18, + uil = 2| Wa |
> an[l — QHWnH] — w, asn— o, w.p. L (3.8)

Also, by Lemma 3.1,
_ ., P
inf |u/Cpu—2W, u+ a2 Z |Bi + wl ]
”u”>a" - i=1

> inf [W/Cou— 2[W,ul

Jul>an |

> it youlul? = 2(W, ful]

lufl>an
— inf |l |ronlu] = 2/ |
lull>an
> ap [an’yom — ZHWnﬂ] — 00, asn—w, w.p. Ll (3.9)

Finally, with By, = {u: 1B;i +u;| <ajl, foralli=1,... ,p},

P
inf [u’Cnu - 2W1nu +a? Z |Bi + u ]

UEBLn =1

p
—
< u6cnu0 — QWnuO + CLEL Z Wl + uO,i| ,

=1
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= ugCnuo — QW;LUD (Where, ug = (UU71, ey U()7p)l = —ﬁ € B17n)7
— B'CBe[0,0), asn— w0, w.p. 1. (3.10)
Note that for any sequence {u, }n>1, with u, € By, |u, +8| < a,'/p — 0,

as n — o0. Hence, from (3.8)- (3.10) and (3.5), it follows that there exists a
set A with P (A) = 1 and for all w € A, there exists a n, > 1 such that for
all n = ny,,

(,@n - B) = argmin V., (u)

= argmln [u Cnou—2W, u+a? Z |ﬁz+u,|]
i=1

= argmin [uC u— 2w, u+a22|ﬁz+uz|]

ueB; n i=1

— —(3, asn — ©,

This completes the proof of part (b). O

PROOF OF THEOREM 2.3. Since
2 p
—argmmZ[ (t—p ] +)\n2|ﬁi+ti_/8i|7
i=1

it follows that
nl/a </@n - B)

n p
argmin Z (Gi — 1/C“x'u) + M\ Z

u i=1

argmin [nQ/O‘u' (Zn: xix§> u—2n Ve 'Z X6
u i=1
P
+An ) ( Bi + nfl/aui‘ - |5¢|)]

i=1
= argmin V,, (u), (say).
u

Bi + nfl/aui‘
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Write W,, = n~1/® > xi€. Then, by Lemma 3.2, |W,| = o(1), almost
surely. Define the sets

By, = {u: Ju] > Kynlor2ed
By, = {u rue By, max |u]> Kyn2=o)/a }
1<i<p
Bs, = {u : Kan—o)/e < lu;| < KonZ®/ay j = 1,...,p0;

(3.11)
lui| < Kon@=o/e vy = (po+1),... ,p} and,

Byn = {u : ui| < K3n/% for some i = 1,...,po;

|Uj| < K2n(2—a)/a forallj=1,... ,p},

» 1/2
K = [8@ (2 6] + 1>701]
=1

and Ko, K3 are any given real numbers (not depending on n) satisfying

K2€[4a(p+1)’yol,oo) and ng(0,1— p0<1—%>a>,

where,

v* ) 2%
The sets B3, and By, would be used in the proof of the next result. Let
A={|W,| -0 asn— o}

Then for all w € A, there exists n, = 1 such that for all n = n,,,

~

inf V,, (u)

llEBl’n

uEBLn

p
> inf [n<12/a>vo,n|u|2 = 2 Wl + An Y (0] - 2|@|)]
=1

p
= 2| + Ann—l/a] —on, Y

>imuﬂbwwwm
uEBl,n =1

> inf Jul|n0 sy,
UGBLn

p
jul + 5] =22 Y 18
=1
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p
> inf [n(l_Q/a)Hqu%] - 2An; 13|

UEBLn

p
_ [70 /2] K20 -0 _ gy 3|5
i=1
> Cnl/e. (3.12)

Note that for a > 1, (3 — a) /[2a] < a1, and therefore
sup {Han_l/a ‘ue B;n} = o(1).
Hence for ue Bf ,,

-~ — Ay [ 2 P
V, (u) = n=¥99'Cpu - 2u'W, + m[z sgn (6;) u; + Z |uj|]
n A :
J=1 J=po+1

Po
= n1=29yCu + Z uj (sgn(ﬁj)n_l/a)\n — 2Wj7n)
j=1

P
+ 2 |uj|<n1/O‘>\n—2Wj,nsgn(uj)). (3.13)
Jj=po+1

It is easy to check that for any w € A, there exists n, = 1, such that for all
n = Ny,

. f vn
uelggnv (U)
(1-2/a) 2\ / e
2 i e n - 1 —He n 'n)
T Ca j21|u]|(n Ao + 2| }

uEBQ’n

wl? = 0 Yo, Jul (p + 1)1/2]

= inf
[uleB2,n

Jul [n(”/a)’m,nIUI o (p + 1>1/2]

> Koo/ |:n(12/a),m Kon@l/e _play o 1)1/2]
> O/, (3.14)
Since, by (3.13), V,, (0) = 0,

inf
c
UEBz,n

5(

(u) < v, (0) = 0 < min {Cn@*a)/a, Cnl/“} .
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Hence by (3.12) and (3.14), inf, vV, (u) = infyens vV, (u) for n = n,, for all
w € A. This completes the proof. O

PROOF OF THEOREM 2.4. Next consider Theorem 2.4 and let A be
defined as before, i.e.

AZ{Hﬁ//nH—)O asn—>oo}.

Then, for each w € A, there exists n, = 1, such that for all n = n,, by
(3.11),

Ppo
i v 1 172 2 71 ~—
uelgi,n Vi, (u) = uéﬂﬁ,n [n 1Yo _]21 |u;| (n fan, +2|Wj,n|)
¢ £ ol (o)
J=po+1
/ Po Do ) _

3 1-2 2 ]

> nt {00 300 = ) gl (0 + 2071
’ j=1 j=1
Ppo _

>t 3 {0 0 = fug| (7 + 2| ))

uEB4’nj=1

Now, consider the function f(z) = c12? — cox, = 0, c1, co = 0. This func-

tion is strictly decreasing on (0, 2%), strictly increasing on (2%, oo), and

attains its minimum at = 5Z. The minimum value of f () is given by

02 . C
f (20721) = —1&, and ming<e<q, f(z) = f(z0) for all zg € [0, ﬁ]

Now, apply this to each of the py terms and use the definition of By, to
conclude that for all w € A and n € (0, 1), there exists n, > 1 such that for
all n = n,,,

(n /x4 2\|vvvn|\)2

inf V, = -1 |-
uellr?lm,n n(u) (pO ) 4’}/07nn1_2/04

—2/a —a)/a —Q)/a )\n W
+ |:TL1 2/ VO,nK??nQ@ % _K3n(2 / <n1/a +2|Wn|>:|

—a)/a )\n A
_ o) [VO,an o (nl/a + 2|Wn|>
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| (n—l/axn n 2\|vvvn|\)2

- -1
(po 4/70,71
2 2 a2
S [_%K?’ t Hsat (o~ 1) 470] (1+m); (3.15)
Finally, consider V,, (u) for u e Bs,,. Let,
!
Ho = < N Sgn(ﬁl)’ Tttt _Sgn(ﬁpo)a 07 cee 70> K4n(2*a)/a,

with Ky = a/2v*.
Then, for all w € A and n € (0,1), there exists n, = 1 such that for all

inf V, (u) < V,(ug) (as ug e Bsy,)

uEBgyn
Po
<m0l + 3 o (sgn(B))n N, = 217,.,)
<n 1-2/a *p K2 2(2—a)/a pon l/a)\ K4n(2 a)/a + 2K4n(2 o)/a Z |an|
7j=1
Po
- n(?—a)/a [K4p(]n_1/a)\n . szo,y: . 2K4 2 |Wj,n|]
j=1
< —n O [Kypoa — Kipey*] (1 - n) (3.16)
Now check that by the condition, v > 7* (1 - Doy 1), we have
—1)a?
[K4p0a — KZpg’y*] > [—’yng + Ksza + (1)04%)} )
Hence, there exists ng € (0, 1 such that for all n € (0,n9),
—1)a®
[Kipoa — Kipoy*] (1 —n) > [—’Vng + Kza + (17()470):| (1+mn).
(3.17)

By choosing 1 < np, and using (3.12)-(3.17), it follows that for all w € A,
there exists n,, = 1 such that for all n = n,,,

infV,, (u) = inf V,(u). (3.18)
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Theorem 2.4 follows from this. ]
PrROOF OF THEOREM 2.5. Write
Cii Cu
C = )
(021 022)
where C'1; is pp x pp. From the proof of Theorem 2.4 (cf. (3.18)), it follows
that
nt/e (Bn - ,8) — argmin V, (u) = argmin v, (u),

ueBs ,
where Vj, (u) has the representation (3.13), and
B3, = {u : Kan(-o)/e < lui| Vi=1,...,po;
|uj| < Kon®=/ey j = 1,...,p}
with K9 and K3 as defined in (3.11). Fix
ul) = (U, ... up,) € [Kgn(Q*a)/a,Kgn(Z*a)/a] ,
and let
Bg) = {u(2) ug| < Ko (pg +1) < j < P}-
Note that, as C12 =0,

argmin 17” (u(l), u(2))

u(2>€Bgl7)L

= argmin n(l_Q/"‘){(u(2)>/C'22u(2) + 2(u(1))I012u(2)}

u@eBf!)
p S~
+ Z |uj|[n*1/°‘)\n—2Wj7nsgn(uj)]
Jj=po+1

! p ~
= argmin n{1=2/a) (u(2)> Cou® + Z |uj|[n_1/0‘)\n — 2Wj7nsgn(uj)].
u(2>eB§31 J=po+1

Since Hﬁ//nH =o(l) wp. 1, for every we A = {Hﬁ//nH = 0(1)}, there exists
n, = 1, such that for all n = ny,,

n YN, — 2| > % >0, forallj=(po+1),...,p.
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Hence, by the positive definiteness of Cag, the minimizer of the expression
above is u(® = 0. This proves the theorem. O

PROOF OF EXAMPLE 2.1. Let y = n=(2~%/2y, je., u = n?~®/oy,
and,
B3 = n_(Q_a)/aB?; n
= {y: K3 < |yi| < Ko, fori=1,...,pp, and
lyil < Ko for i = (po+1),...,p}.
Note that

V, (u) =V, (n@*“)/ay)

Po
= n(?—a)/oc [ylcny + Z Yj {n_l/a)\nSgn (ﬁ]) - 2Wj,n}
j=1

P
+ Z Y] {nfl/a)\n — 2Wj7nsgn(yj)}] ,
Jj=po+1

2—a)/a

and u = n! y€ B3, & yeBs.

Hence,

argmin V, (u) = argmin v, (u) = argmin n~@-ajey, (u)
u ueBs ,, ueBs

Po
= pE-aja argmin [y’Cny + 2 Yj {nil/a/\nSgn (Bj) — 2Wj:n}

yeB3 j=1

p

+ 2 lul {n‘l/‘% - 2Wj,nsgn(yj)}]
J=po+1

= n(2*°‘)/0‘(1 +0(1))

Po P
X argmin [y'Cy +a {2 sgn (B;) y; + 2 |y]|}] , w.p. 1. (3.19)

yeBs j=1 i>po

Since sgn (3;) = 1 for 1 < j < po, for any y € RP, we have

Q(y)=y'Cy +a (Z yi+ Y ij|>

Jj=1 Jj=po+1
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p
=3 ”y1+22 Z czjyzyj+a<2y]+ Z |y]>

i=1 =17 p0+1 Jj=po+1

p p

Z my,—QZ Z Cz,ylyzllyyl—aZlylera DT Iyl
=1 i=1j=po+1 Jj=po+1
Q(gy),

where, g; (y) = —|y;j|, 1 < j < po and g; (y) = |y;], (po +1) < j < p. Hence,
it follows that

argmin y'Cy + a (2 Y + Z |3~/J)

yeBs j=1 j= po+1
p

argmin Z Ci,iyz 2 Z Z CijYiY; —a Z Yyi +a Z Yj-

K3<yi<Ka, i=1,....,p0 ;1 i=1 +1 +1
0<y;<Ka2, j=po+1,...,.p i=po i=po

Next consider the quadratic form

p
= 2 cm-yl 2 2 2 Ci,jYiY5 — aZ Yi+a 2 Yj
=1

1=1j=po+1 Jj=po+1
=y Ay —2b'y,
where
!
A= { Cl,l _012] and b= ( ,—a,a,. a)
—C, Cx NI AL
Po (p—po)

It is easy to check that Q; (y) attains it minimum (over RP) at yo = A™'b.
Now from Rao (1973) (pp. 33),

1 _[Cch +FE'F' —FE!
A _E IF/ _Efl )
where,

F = —Cl_llclg = —%1, and,
,}/2

E = Ca = C1,C/ Cra =m— 1-1'1 = (m - @)

M
_ 211/
A= {M oo + (3p) M”El]
1! E-1 ]
ME
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Thus for all 1 <7 < po,

2
(A—lb)l, = the i-th coordinate of A™'b = —a |:M—1 n Y Po } n ay.

M?2E ME
_oa [ pr R
ME M M
a bo7y
-4 B2 (1)
ME[ m+ 3 =)
and for i = pg + 1,
-1 _a YPo
(a7, = 5 [1- 57
Clearly
m<y<1l and M > ypo, (3.20)

makes all co-ordinates of A~ 'b positive. Also, note that the eigenvalues of
C are given by (cf. pp. 32, Rao (1973) ):

det (C —AI) =0
(M =\
- ’ ges )
(M =\ 1[<m A) (M = X) = 4%po] = 0
= \; =M, for (po—1) many i’s and

A= {(m + M) {(M = m)® + 472])0}1/2} .

DN =

1/2
Note that for M large, (M +m) > [(M —m)? + 472])0] , and hence,

1
;
=3 |04+ {00 = m)? a2} .

o = {(M +m) — {(M —m)® + 4721)0}1/2} and,

where «, is the largest eigenvalue of C. Since K5 Land K3 can be chosen
arbitrarily small, it is easy to find a set of m,~, M such that (3.20) holds,
70 > 0 and yo = A 'b € Bs. For any such choice of m,~g, M, Yopot+1 =

(A_lb)po+1 € (0,00), and therefore, by (3.19), (2.6) holds. 0
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PROOF OF THEOREM 2.6. Note that,

@
3
I

. 1 & 1.\ 2 >\n %
arg‘inln nija Zzzl (yz - Xit) + nija ZZ; |t:]

p
= (Bn - ﬁ) = argmin n 1/ (u’X'anu> — 2W,nu +n Yoy, Z 18; + i

u i=1

argmin V, (u) (say).
Fix n € (0,max{1,0}), where 6 = max{|Gi]:1<i<po}. (Set 6 = 0 if
Po = 0) Let

Dy = fu: Jul > (4p5 + 1)},
Dgz{u:|ﬁi+ui|>n, for some i, 1 <i<p; ueD‘{},

Dgz{u:|ﬂi+ui|<n, forallizl,...,p}.

Then, there exists a set A with P(A) = 1 such that for all w € A, there
exists a n, = 1 such that for all n > n,,, the following inequalities hold:

~

P
inf V,, (u) > inf | — ZW;u +n Vo), Z |G + uz|}

eD u
uER L i=1

p
> int |~ 20l + Y (ful - Y 161)|
i=1

u

_ p
> inf | |[ul ( — 2| W, + n—l/m) YD) Iﬂi|]
| =1

(4ps +1) 2 — 2 i|ﬁ-|> g,
! 2 ai=1 2/2’

Similarly,

p
. ~ S _ A7 -1/ ) .
Vo> ing | =AWl 0 Anizzlmﬁul@
> —2W,| (4ps + 1) + n~ YN
an

= —, .p- 1.
9 WP
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and, using the fact that 0 < a < 1,
inf ¥, (w) < Vi (-B) < nl VIFC,B+2W,B< T

Hence, for all w € A (where P(A) = 1), there exists n, > 1 and that for all
n = Nw,

argmin Vi, (u) = argmin Vi (u) = (Bn - B) € D3

u ueDs

Hence, it follows that <Bn — ﬁ) — —f almost surely, which implies Bn -0
almost surely. O]
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