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1. INTRODUCTION

The problem of testing outlying obscrvations concerning the mean value of
normal population has been treated by various authors such as W, R, Thompson
(1042), E. S. Pearson and C. Chandrasckar (1938), XK. R. Nair (1948), F. E. Grubbs
(1950) and N. V. SmirnofT (1940). Tho statistics suggested by these authors are mostly
based on the difference between the extremo valuo and the mean value, when the vari-
ences aro assumed to be samo and known to us. Whon the variance is unknown,
the statistic is the difference divided by the estimate of the standard deviation.
Concerning the latter caso the statistics treated by Grubbs and Smimoff seem to be
essentially the same where the standard deviationis estimated from thesample in hand,
whereas K. R. Nair suggested that the standard deviation should bo estimated from
another independent sample.  The former is called the Pearson-Chandrasekar atatistic,
‘The characters of theso statistics, like efficiency or optimum property of power func-
tion, have not been fully treated so far. In this paper, wo propose statistics to meet
the moro general situations, where we have got other independent samples containing
information about the population mean valuo and the variance of the population,
Tho Pearson-Chandrasckar statistic is a special case of ours, We shall prove that
our statistic is optimum in tho senso that it is uniformly best for special class of alter-
native hypothesos among a certain reasonably reatricted class of testing procedures,

In § 2, wo shall formulato the problem in the case when the variance is un-
known and wo shall propose a testing procedure, which will be proved to be optimum
in §3. As 2 corollary, wo shall obscrve that tho Pearson-Chandrasckar statistic is
optimum whercas Nair's statistic is not. In § 4, wo shall discuss bricfly tho problem ’
in tho caso when the variancoe is known to us.

Concerning the tables to bo used for our test proceduro, some results have
been obtained by tho author, which will bo discussed in a forthcoming paper,

2, TFORMULATION OF THE PROBLEM

Let 2 (i = 1, 2,..., Ny) bo distributed as N(m;, 09) (i = 1, 2,..., N}) respee-
tively, and P (i = 1, 2,..., N;) a3 N(m'®, ¢%) and o9 (i = 1, 2,..., Ny) as N(m®, o).
Wo assume that thoy aro mutually independont and tho values of theso parameters
mfi =1, 2,..., N}), m®, m™ and o aro unknown to us.
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Our null bypothesis Hy ia Mg = H(my = m,

my = m™) whero mi,
m® and o aro freo. Wo have N, alternative hypotheses Iy, M,...., Hy, whero
H{i =1,2,...4 Xy} is the hypothesis M, = Ilim; = =my_=m—8 = mgy =
=my, = m®, A > 0). In other words, under I/, tho obscrvations in the fimt and
tho second groups are all from tho samo population, whilo under the hypothesia
H, the i-th observation in the first group only is from & different normal population
with greater mean and tho samo varianco.

Let D, (i = 0, 1,2,...,N,) bo tho decision to aceept J; (i =90,1,2,...,N,).
Our problem is to find out an optimum decizion proceduro as to these Ny+1 decisiona.

At first, wo have to mako tho meaning of optimum clear. Wo introduce the
following requirements or criteria:

(19), We want to acceptthe decision Dy with the pre-assigned probability, say,
1—p, when D, is true.

(2°) The decision proceduro must bo invariant (a) the addition of any
constant to all the first N, 4N, obsecvations and (4) under the addition of any constant
to all the last Ny observations.

(3%) The decision procedure must remain invariant when all the observations
are multiplicdd by any positive constant.

The last two conditiona require that if we have two groups of observations
(A 20y 0 Hp s ) 000 A0 A0 s 9 9P D) a0
there are the following relations
W =ad4b (=12 j=12.,N)
and YW =ade, (=1,2,..,N),

whero a is positive and b and ¢ aro constant, our decision procedure must give the
samo decixion.

(49 Tho probability of a correct decision when the i-th population mean is
shifted to tho right by the anme amount must be the eamo for all 5.

(5°) Wo want to maximize the probability of mnking a correct decision when
D, is correct.

Now our problem is to find out a decision proceduro satisfying the conditions

1% —{5°).

Ny
Let = 5 N 2= XN F N

¥,
m(l’: ‘il,‘ﬁ‘l‘vl. i == (N4 N ®) (N, 4 N),
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t3 h"
81 =X P—2OP,
J=1

R , N

So={ S 0P—5'+ B P-H N+

8" = (N NS NS N, N X . 20)
Ny

S = {3 0nf? =)+ N — s YV )
=1

N+ N,—1)
Say = &t N=D o
== ey
i=123).
Lot M bo the suffix of the population which haa the greatest sample value among the
first N, observations, so that
2y = max a{h
F=h 2N

Our optimum decision procedure will be shown to bo as follows:

if ’-"S__z < A, select D,
©2)
N —2
if I"T > A, sclect Dy,
where A, ia a constant which dependa on Ny, Ny, Ny and p. Concerning the numerical
caleulation of A, when Ny = Ny = 0, the values have been tabulated by ENTAC (sce
Grubbs, 1850).
3. DERIVATION OF THE OPTIMUM PROCEDURE
In tho usual manner, our decision procedure ean bo expressed by the following
Ny+1 functions, dfX), d{X)...., dy (X) where X denotes the observation (#,...,
A, 20, P, e, 2 and g(X), (F=0,1..., ) denote the probabii-
ties of selecting D,,(i = 0,1,..., N,) respectively when the observation X
given. We shall eall thia set of X'y 41 functions a decision function. Naturally theso

N,+1 functions must satisfy the following relations 1 > d(X)>0, (i=0,1,.., X9
N
and Zdl(f) = 1. To meet our mathematical necessity we shall assume that they
i=0
aro measurable functiona,
By condition (2°) wo aco that our decision procedure must depend only on the
‘Ny+ Nyt Ny—2 values of
Y0 = 20— )y =

YO = o =) @)

o = AP g = A
60
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Further by condition (3°) wo se¢ that our decision proceduro muat depend
only on the N,+N,+N,—2 values of

1} y‘.v”r—l

n _ y"’
z) — e =t
170l

e e ) =
TWeinT ™ 2o

Z‘,” o (1)

=t 2 . (32)

w_ e _ W
A g e g

Clearly tho joint distribution of Z%"a does not depend on any parameter of
the population when D, is true, whilo it depends on the value of Ajo and the suffix
i when D is correct.

Let Z denoto Ny + Ny+ Ny—2 (=M say) sample values; £{Z) be the frequency
function of Z when D, iscorrect; f{Z |a) be the frequency function of Z when D, is cor-
rect; and @ = Afe. As we have scen the decision function of our procedure must
be a function of Z only, and hence we can write our decision function as dj(Z),
dl(z-)--"r d.r,(z-)-

Then our problem can be forniulated aa follows, Wo want to find the decision

function (dy(2), dy(Z),..., dy(Z)) such that

]d.(i)!ull')dz= 1-p . (33)
and [duz) puzy1amz . (3)

ia independent of ¢ and is maximum.

Here we need tho frequency function of Z. At first we shall find the probabi-
lity density function of g"'s. As folZ) docs not depend on any parameter and
j‘(ila) depends only on a, wo can assume that ¢ = 1, m™® = 0. m® =10,

Let AUy ==y, My g =My —my. . (3.8)
Then ..., _-/f\‘.’i_,. y‘f',...,yf\i;‘nm normally distributed with mean values Jf,,..., M,l.,.

=y, oy = My and common variances equal to 2 and common covariances equal

tn 1; whilo y9,..., y‘g!'_, aro distributed with mean values oqual to zero and with

0



ON THE TESTING OF OUTLYING OBSERVATIONS

same variances and covariances as thoso of tho former group, and theso two groups
aro independont. ‘Thereforo the probnbility density func(ion is given by

C exp [ 3 '\',TN' {(‘l"'Nl) ( Z (=, ) + Z(y“”+mv,)’)—

Ny=1

(L -t +Zw<*’+»-v ’) x

Nyt Ny—=y
X exp [—- LS y‘.’ﬂ—( > y‘."))’}] e (3.6)
a=]1 a=l
where C is some constant the exact valuo of which is not needed for our purpose.
By a simple transformation we get the frequency function of
N2
B)y=CPAYY >0)[t" oxp|—3 ¢ + - {(N.+N.){.Z(Z‘."t—Jf.)'+«-31~,,,)'+

Ny N2 Ny
+ D22 g )= (O (EN-A =) + T2 me )] x
a=] am] a=]

e [-1 £ 2 - (3 2 o+

+OPY _ <0) [l-“exp[—im{(\‘+h|){z( | N SIS | A

+Z( 24 my) } (Z( IO M= (1= g )+ Z( Ztmy ) ]}]x

Ny—1 Nyl
t 2
X oxp [— % %’ N, Z Z?z - (Z Z‘,m) }]dl. w {39
a=l aw}
As we have relations (3. l) (3.2) and (3.5) we can easily sce that this is equal to

Ny=2 ym R
cp,[z,,,_,.= P~ n) [, exp[ ¥ w [t {3 (= e-an)'+
o=l =
Ny
He-Mn +3 (f.j—"_ tmy, )}

-(Z( ) u)+u-m.-x)+2(;n— Hms )}]

7



Vou 17] SANKHYA : TIE INDIAN JOURNAL OF STATISTICS {Parr 1
x4 £ z(,,, y- (Z A e

1 1 1
— ey = | (N,
] [ } vgn, M_E( N x

N-2

N,
* AD 0y, M = Z(y‘.mwg,',_.m,,)‘ }-

ol

G SR A oI I ]

No=t Na=l
«on[- 14 ,7'—‘{ (5 - )]«
v a=t aw}
- Ny-1
= eIy | tesp [ 2EASA (Z o +Z ')~

v )
sl o, -Fnesm 1]
s -4 Sfol3: )15, )] @

= el =7 oxp [ Wit ) 8° |

- X, Ny
x ! oxp [_‘E' (N1+N;+N,)S'] oxp [ N+ N,){g z‘,“m,—!(gm,)'}]dl. . (3.8)
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It should bo noted hero that this in not the juint density function of X, but is only an
expreasion for the frequency function of Zin terms of X. This enables us to make
our discussion simple.

Now et us consider

¥y
[ DD+ daDifsZ a2, e (39)
=)
This value depends on the decision function and the valucs of A and a. The decision
funictlon. for which (3.0) attaing tho maximum value when A-and a fixed, is easily
proved to be tho following

dfZ) =1 if Af(Z)> [(Z) forallj; e {310)
deZy=1 il J(Z) > AD), 12y > [0Z (3.11)

for all j(is)).
For other points we define the value of decision function and arbitrarily, beeause it
doces not affect ‘the valuo of tha integral (3.9).

We shall prove that for any positive value a and probability p, 0 < p < 1,
there exists a positive number A such that (3.0) attains its maximum for the decision
function (2.2) with probability 1—p of sciccting D, when D, is the correct decision.

It will then immediately follow that the procedure (2.2) is optimum. Because
if it is not optimum, there must be another decision procedure with the'same valuo for
the integral (3.3) but with a greater valuc for (3.4). Thercfore, the value of (3.9)
must jncrease. This leads us to a contradiction,

It is sufficient to prove that the following relations held forsonie suitably
chosen 4,

AL42) > f(Z)a) if and only if (r,—2)s < A, (312
J4Z10y> f{Z1a) if and only if x> =, e (313)

This i o sinco theso relations show that tho decision function (3.2) makes the valuo
of (3.9) maximum becauso of tho relations (3.10) and (3.11). As

(X: fuZ1a) > fiZla} = (X : g(X|a) > gX1a)
where  g(Xla) = g(Ximy = = =mpyy = = my, =0, m=a.
Weo have
u(Xla)—g(X1a) = Clafh ., —a "' oxp (= 2V, 4 ¥ 530) x

x] esp (- SN NS exp[[at 5=} oxp{—attr 3]}t .. (3.19)
°
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This is non-negativo if and only if x; 3> x;.  Thereforo (3.13) is proved.

Similarly, Af{Z) > f(Z|a) is equivalent to
- o
AgglX)—gdX | a}

.
= Ol =, M | ioxp (= SV M M8t) x
! 3

x[4~ exp [~ @0t Npsi@] oxpl at—n)] & .o 313)

By a simplo transformation this is equivalent to
{ 1
I 24 “P[" 3 (N1+N|+‘vs)ﬁl] X
H 2

x[A—cxp (_(%,4-.\1,) Sl(a)) exp(aE ﬂb‘_")l dE>0. .. (3.10)

Aa the integral in (3.10) is & continuous increasing function of A and a continuous
decreasing function of (r;~Z)/S, for any a and p thero exists & positive number A
such that {3.16) holds if and only if (x,~2)/$ < A,. Therelore (3.12) is proved. This
concludes the proof.

4. AN OPTIMUM DECISION PROCEDURE WHERE ¢ 13 KNOWN

In case when o is known to us, everything becomes quite simple.  Under the
samo notation as in § 2, we can easily see that tho procedure will not depend on the
values of r¥—2, butit will depend only on20,..., 20, 29,..., x, . Naturally wo
muat cancel the condition (2°).  Qur optimnm solution is found to be the following:

) (L < 2,, sclect D,,

a

e (41)
It ,,,”__; > 2, select Dy,

where A, is & constant which depends on ¥, ¥, and p.

We aro not going into tho dotails of the derivation of the optimum solution,
a8 it is cxactly similar to that of § 3.

In thix caxo, our decision proceduro will dopond only on ¥, ¥,—1 values of
#eer y‘yl_, and 2,..., ¥, defined by (3.1). Instead of the joint density funclion
(Z1 ey My Ly my, } which was required in §3 and given in (3.7), wo used the
donsity function of y0,..., 34.‘.’] Y . y‘g):..

4
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Let us write itnsj(f’lll,....,ﬂl‘\.l_,, my ). This is obviously given by

NPV My My g, my)

Ny~1

Ny
=Cexp [—12 (_S,HI_T.){(N,+.\',)(.Z" -y + Z; L'/."+"'.vl)’)—

Ny=1 Ny
_( Z (fV—3,) + Z (!/‘.3)+le ))l}:l v (42)

a=1 a=]

whero C is some constant, This is equal to tho following  function of z9,..., z‘:)' R
22, .0 20)

P 20, 2By 2, g )
~ I

=Cesp[—- 2 +My {s:,—z[z ma=(S mfe) +si}]. oW
o=l a=l

Proceeding as in § 3 we can ensily prove that the decision procedure given in (4.1)
is optimum. The details are left to the reader,

In the caso N, = 0 tables of the values of A, have been given by Grubbs
(1950) and Nair (1948).

&. FURTHER DISCUSSIONS

Tho arguments given in this paper can be generalized in various ways, For
instance, if we know that tho population mean values of first N, observations are all
equal to that of the sccond group of observations or only one is difforont
i.c. shifted to the right or tho left, then the optimum solution (in the same
sence as before) will be found to bo based on the statistic |zy—Z[ /s which is the
maximum of |2,—%| /s (i = 1,2,..., N;). On tho other hand, if we know that 2
mean values aro shifted to the right by the same amount, the optimum procedure will
bo based on the statistio (z_\,l+z_\,z—23)/a which is the maximum of (% + z—2%)/s
(i#j. 4,7=1,2,.,N,). This does not scem to coincide with the statistic pro-
posed by Grubbas for testing two outlying observations,

As we should not sclect our probability set-up and the decision proceduro after
gotting our samples, we must be very careful in using these procedures, Furtherinvesti-
gations on the following problem are obviously nocessary. Suppose wo have a group
of observations and we know a priori that they are from tho same population or from

7
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two different populations and we have only a vague knowledge abont the actual values
of the parameters of theso two possible cascs.  For instance, in the notations of § 2,
wo may have the alternation hypotheses that the i), iy ..., fa.q and f,-th (1 KN <ip<.e.
<i, & Ny, n = 1,2,..., V,) observations are frota another normal population yrhh a
different mean and.the samo varinnce. .. In this caso we have 2¥3—1 alternative hypo-
theaga.  Our problete Is how to mako dociaion concerning thesa hypotheses,
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