ON THE DUAL OF A PBIB DESIGN, AND A NEW CLASS OF
DESIGNS WITH TWO REPLICATIONS

By C. S. RAMAKRISHNAN
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1. INTRODCCTION AND SUMMARY

By interchanging blocks and varieties in o given class of designs, we get a
new class of designa called the dual of the original class. Bose and Nair (1039) gave
examples of PBIB designs obtained by dualizing some BIB designa. Youden (1951)
investigated theso further. He called the dual of a BIB design by the suggestivo
name of Linked Block designs. Elsewhere in this issuo of Sankhya, Roy and Laha
(1956) have made exhaustive study, classification and enumeration of all Linked
Block designs with », k < 10, In this paper, we give the analysis and structure
of the dual of a PBIB design with two associate classes. By dualizing a simplo class
of designa with 2 plots per block, we also derive a new class of uscful designs with
two replications. These turn out to bo PBIB designs with five associate classes,
but tho analysis of these designs by the dual method turns out tobe extremely simple,
wherens o straightforward analysis of these as PBIB designs with five associate
classes would bo tedious,

2, GENERAL REMARKS OX THE DUAL METHOD

Dualization of known types of designs somctimes lends us to new designs
and sometimes only yiclds designs already known. For example, most of the Linked
Block designa given by Roy and Laha (1956) turn out to bo PBIB designs with
two or threo associato classes. DBut even in these cascs, tho dual methoed gives us a
simpler way of analyzing theso designs, DBeforo starting tho analysis of a design, it
is always worthwhilo to seo whether the dual is ensier to bo analyzed,in which
enso wo may profitably follow tho dual method of analysis, The labour involved
in preparing the analysis of varianco tablo for tho dual of n design is almost tho
samo a8 that involved in tho analysis of tho original design. But there is additional
Iabour in getting the standard errors of treatment contrasts. Wo have to impose
restrictions on tho eriginal design to start with, so that in tho dual design we may
havo only a small number of typea of variotal difforences with different precisions,
and neat expressions for tho standard orrors,
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3. THE DUAL OF A TWO ASSOCIATE PBIB DEBION

Consider a PBIB design with two associnto classes, Wo adopt the standard
notation {cxeept for an asterisk) of Bowe, Clatworthy and Shrikhando (1954). Let
tho parameters of the design be ve, o, k%, 4%, A}, A}, 0%, n5. Let ua also introduce the
constants ¢, and ¢, defined by them, The normal equations for trentment effects
{ 1 } tako the form (ngnin adopting the notation of the ahave authors)

re (K01} = (k0 =gl ey —en)S(Q0)
where Q; = ndjusied yield of the i-th treatment,
8 (Q;) = sum of the @*'s of all tho first nasocintes of tho i-th trentment.
1
Tho dual of this design will have parameters
v=be, r=1Lke, Loy, b =r"
Let [ny] bo the incidence matrix of this design,
e
T, = total yield of tho j-th treatment,
Q; = the correxponding adjusted yichl,

B, = total yield of tho i-th block,
Py = the corresponding adjusted block total.

Then the normal equations for trentment effects {£} and block effects {6} take one
of the two following forms (3.1) or (3.2):

Ty=rl+ Sy b,
i @
B, = kb+ %}n,, A
1 1 &
Q=7,-3 Z‘:n,, By=rk=T)— Z-; Ak
el o (3.2)
P=B=1S m Ty ke-0=1 S iy
r4y T

where A+ = number of blocka in which treatments j and j* oceur together,
and  p;p = number of varictics common to blocks § and i'

If the given design in the dual of the original PBIB design, tho cquations
for block effects tako the form

Hr—1b = (r~x) Prtley— e SP). w (33)
Wo compute {4} by the above formula.
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A NEW CLASS OF DUALS OF PBIB DESIGNS
The over-all analysis of variance table may now be set up.

TABLE 1. ANALYSI¥ OF VARIANCE

sourco formula .. dr. w, formuin sourco
blocka ' blocka
(ignoring i LB}l B b-) By Zop; {oliminating
treatments) treaimentia)
treatments 1 trenl:
{elminating, T—E-B Vg o—1 4 ; ST)=ed. nmm"
blucks) blotka)
error £ M—b—r+] K T-V-By  omor
totul T bk—1 T total
To obtain esti of tr wo pute ¢, from (3.1) which may be
rewritten as
1 .

L= T, ~Zn,b). e (3.4)

A check on the calculati is got by puting s.8. due to treatments (eliminating

blocks) by the alteroative formula )i!‘ @,- Estimate of any linear contrast of trent-
ment effects is the corresponding linear function of the /'s.
We now turn to the problem of getting the standard error of any contrast,
‘The method usually given in books is to add one more equation to (3.2) say Sf, =0
and invert the matrix of coeftici It is not gnised that these can be got in
& simple and elegant way through the Q" technigue of Rao (1952). Rao's method
is this. Obtain any solution of the normal equations, expressing /, as a lincar fune-
tion of T.'s and B/'s. Thenifc,; he the coefticient of 7'y in this expression, then the
variance of any linear function of the /s is given by
ViELy)=(Z }: Liycy)at e (3.5)
Py

where ¢ is the intra block error variance. Thus
Y, =t ) = (o, -+ =20y 0%
Henco the number of distinct types of standard errors will depend on the number
of distinot ¢,
In our caso, following Rao's method

"=: {T‘— F"ub; }
=_: [T‘ _‘L.%.__ic;) {z;-"u (B:——’l_%:.u,):ll.)}] +
+ o[z 8 (B L Emen)]

136



Vor. 17) SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Parr 2

Then ¢y = cocflicient of T =-_l' ll-}-’; € —C v”}

= i Lr=a Q=4 .,
and ¢ = coeflicient of Ty = " {l(r—l) Ay + “':l)v"}

where vy, = number of times j° occurs in tho first associates of all tho blocks in which
Jj occurs.  Thus ¢, depends on Ay, v, and vy

For a geneenl PBIB design, calculntion of vy, is tedious, and we have to
impose restrictions to limit tho number of distinct types of errors. A very effective
restriction is imposed by taking r = 2.

4. A NEW CLASS OF DESIGNS
Hero wo derive n new clnss of designs with r = 2 by dualizing the following

simplo clnsg of designs. Tnke v* to Lo evon = 2m, write down all pairs and omit
the pairs of the form (2i—1, 2i)

(13) (). (1 2m)
{23) (24)...... (2 2m)
(33)...... (3 2m)

(2m—2 2m—1) (2m—=2 2u1).

This is a Group Divisiblo design {Bose et al, 1934)

groups v m=me=?
1 2 AN=0; a=1
3 4 =1 #g=2Yn-1)
2m_1 2m a2 =u—2 b= Smim—l).

Let i, Lo the associato of the i-th treatment
fo=i+1  if§is odd
=¢—1 ifiis even.
Tho duat of this design has v = 2m{m—1); be2m—1); r=2; b=2m.
Following the method of § 2, normal equations for block oflects {3 }and treat-

mont elfects {1} aro

k+1) 2
p= 240 p P,
ey T RERD) T wy
2% = Ty~ bp—bio
whore 1, 1" aro tho effecta of tho two blocks in which the j-th treatment occurs,

130
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Solving for b; and then for #; wo ean get estimates of any treatmont contrasts,
and s.8, duo to trentments. Tho anelysis of variance table is easily ot up, as in
§2.

To get tho standard crrore, wo compute ¢ and ¢, We get

i E+1
vy =0; f1‘=-2+ﬁ2—)=5(”y)

. k4l _ 1 (4.2
W= o T I ’

Vit,—1y) = 2(c—cy)at.

‘Fhere are five distinct typea of errors for tecatment differences corresponding
to tho following five combinations of values of Ay and v,

M Ay=y vy =0
@ Ap=1 =1
@) =0 =2 - (43)
W Ae=0 vy =1
®  Ap=0 yp=0

Actually, the new design turns out to be a PBID design with five associate classey,
if we define association between two trcatments j and j* by the above five conditions
on Ay and v, . We shall say that jand j* are first associates if Ay =1, v;p = 0;
second associates if A, =1, vy = I; and 30 on. An ensy way of writing down
the association schemo is as follows.

Let p and 7 bo the Llocks in which j occurs and p,, g, the respective associates
of these Llocks. Blocks form a Group Divisible design with A} = 0,A; = 1 with
groups (12), (34), ..., (2m—1 2m), and block sizo & = 2(m—1). Consider the four blocka
Py Par @y 4y Wo shall give a method of writing down all the associates of treatment
J by a mere inspection of these four blocks. Tho blocks p and 7 have ono variety
in common namely j. Let Jida and j,, be the varicties common to p, ¢, and
7.0 g Tespectively, Theso twe varicties aro thoso for which Ay = 1, v, = 1. Thus
for any treatinent j, thero are oxactly two second associnles A, = 1; ny = 2. The
remaining 2(k—2) varictics of p and g (omitting tho above threo namely j, j,,, and
Jpey) or0 thoso for which Ay =1, vy =0, Theso aro firet nssociates, Ay = 1,
ny = 2{k—2). Blocks (p,, 7,) have oxactly one varioty in common and this
ennnot oceur in cither porg.  Call this j, . This sntisfics Ay = 0, vy ="2,""Thus
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there is exactly one third asscoiate: A; =0, ny=1. The remaining 2(k—2)
varietics in the blooks p, and g, are the fourth associates A, =0, vy =1;
A, = 0, n, = 2k—2). The varieties not ooocurring in eny of the above four blocks
are the fifth sssociatea: A, = 0, my = 2(m—2)m—3).

Following the above method, the association scheme and the parameters
[p}] can bo written down. For m = 3 we have ny = 0. There are only four asso-
aiate olasses and we get a design given by Nair (1861). For m=4, 5, etc., we get
new designs with five associate classes. For m =8, k=10 and higher values of m
are not desirable.

It may be noted that the analysis of these designs as PBIB with five assaciate
clnsses is tedious, whereas the dual method of analysis is extremely simple, illustrating
the usefulnees of the dual method of analysing designs.

5. NUMERICAL EXAMPLE

Here we give numerical details of analysis of one of our new designs, design
No. 2. in our list. Parameters of this design are v =24, m=4; b =38; k=0,
A=2=1, Ag=A, =2 =0, m=ag=8 r=2 n=l, n=4

TABLE 2. PLAN AND YIELDS

block no. variotion and yiolds®
1 M L5 (2 34 (H 35 () 7.0 (8 68 (8 7.2
18) 5.7 (0) 4.0 (10} 4.9 () 7.6 (1g) 4¥.1

-
3
.
=

3 ) 34 (D 47 (3 44 () 44 (16 5.6 (18 8.1
+ @) 44 (@) 681 () .8 (%) 103 (18) 5.3 (20) 6.0
5 3 TA M 04 (13) 4.0 (IT) 1.3 (2] 8.6 (27) 9.3
¢ (4) 102 (10) 9.7 (14) 8.0 (18) 11.0 (23) 10.5 (24) 12.3
7 B 1.4 0N De (15) 7.6 (19) 6.1 (21) 9. (23) 10.3
8 {8) 10.2 (I12) 1.8 (18) 6.0 (200 7.7 (2) 7.3 (24 1L

*Variotios aro indicatod within brookets. Yiolds arc written by the side.
TABLE 3, ESTIMATION OF BLOCK EFFECTS

blooka I u mr v v vI VII VI sum for
chacks

a (unadjusted
block totals) 2.4 331 288 40.8 50.8 6L.T &1 661 3548

ZnyTy (sum of totals of
) treaumenta in that  76.4 B4 61.4 88.0 88.0  100.7 93.4  108.0 7092
block)

P {adjusted block
totals) —0.1 =21 =22 7.36 6.80 4.0 3.1 [}

b (ostimate of
biock effonte] -2,2 -2.8 -05 -8 1y 1.7 s 07 0

Computational chocks: Z Bf = G = total yiold, 32 nyTy = 20, % Piw 0 m Z &
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TAMLE 4. ANALYSIS OF VARIANCE
sourve [XN m.a. ¥ . F ma, [Ty source
Mlocka blocka
(ignoring 197.74 1 *18.7 10,89 76.19 {climinating
trealments) variclica)
varictiea variction
(climinating  $135.84 5,01 .00 23 237.30  (ignoring
blocka) blncks)
error n.oa 0,852 17 111,09 orror
total 344,67 a 344,07 total
1 obtained by aubimetion, ® miymifiennt at 19,
TABLE 8. ESTIMATION OF TREATMENT EFFECTS
)
{ireatment no.) 1 2 3 4 &5 6 7 8 b 10 11 12
T (unadjunted 4.0 7.8 10,0 I7.2 Q8.2 17.4 7.3 118 134 140 17.2 199
treatment totale)
= npb; (sum of the block
effecta in which
1ho treatment -2,7 ~2.7 ~0.3 -0.56 ~0.0 —1.0 —2.8 —2.8 =0.4 —0.0 —1.0 =).0
occurs)
y {emiimate of
treatment effectn) 3.8 5.3 5.6 88 0.6 904 52 7.3 60 7.6 0.1 10.8
(trestmentno) fronid) 13 14 15 16 17 18 )9 a0 &l 2 23 g
Ty (unadjusted
Ircatment tolals) 9.3 12,4 )3.2 141 191 213 114 14.6 17.6 0.8 2u.8 23,4
2 niby (wum of the block
elflncls in which
the treatment 1.3 1.2 08 02 1.3 1.1 08 02 32 28 3.0 2.4
oceurs)
4 (estimato of
treatment offcts) 4.0 8.6 0.2 2.0 80 0.1 53 7.2 Y2 7.0 89 105
Computational ehocka: ETjm@G: IEnghy = 0; 2X = Q.
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TABLE 6. STANDARD ERROR OF VARIETAL DIFFERENCES

type of timato
samociates j¥hd 1 of
Fity—15) 6%
significnnce
1 1 0 .78 1.83
2 1 1 0.76 1.84
3 [ 2 0.87 1.87
4 o 1 0.85 1.85
& 0 0 0.84 (M5
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{Part 2

The above tablo can be used to test the significance of nny varictal differenco, firat
by determining the type of associates, and then comparting with the correspond-
ing critical difference, For exemplo f4—f; = 1.4. This docs not exceed 1.84, the
eritical difference for second associates, and hence is not significant.

6. PLANS OF NEW DESIGNS

Here wo give plans and parameters of all designs of the new class, with
k < 10. Thero nre four such corresponding to ;m = 3, 4, 5, 6.
giving constants for calculating standard errors,

Wo tabulate K, where

foc the five types of associates.

TABLE 7.

VALUES OF PARAMETERS

We also give a table

RN

vm Im{m—l); ny g = d(me2); ng m 2w =) =3)

gy w0 b e ko 2m—);

design

no.§ m L] k ® np=mn, ny

1 3 [ 4 12 4 0

2 4 ’s‘ :J L 8 ‘

3” 3 10 8 40 12 12

4 8 12 10 00 ] 24

TADLE 8. PLANS OF FOUR NEW DESIGNS
Numbers of blocks ore indicated within brackete. Trraimenta
in the block are written by the side.
prsioN Xo, 1.

m 12 3 4 ) 8 6 1 &
) 1 5 9 10 ") 2 6 11 12
® 3 7 9 1 ® 4 8 10 12
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TABLE B, (Continucd)

DEBtUN No. 2

m 1 : 3 4 5 @ 1 & 9 10 1 12
@ 1 7 13 4 13 16 W 2 8 17 18 18 20
®» 3 9 13 11 2 2 ® 4 0 4 18 23
m & n o1 1won B ® 6 12 16 20 22 N
preioN Xo. 3
m 1 2 3 4+ & 6 7 8 ) o 10 11 12 13 4 13 16
3 1 017 18 10 20 21 (8] 210 23 M 25 20 27 28
{6} 311 17 23 2 30 A 2 8y 4012 18 24 33 M 35 36
{7 6 33 )9 25 020 33 37 W (8} 6 14 20 26 30 34 39 0
m 715 21 27 Al B 3T ¥ {10) 8 18 22 23 32 38 33 10
DEsloY Xo. &
{n 1 2 3 4 8 06 7 8 010 ) 1N 12 12 115 18 17 18 19 20
(] 1120 22 23 24 25 28 27 28 [$)) 2 12 28 30 32 32 33 M a0
(4] 3 13 71 290 37 38 30 40 41 42 (6) 4 14 22 30 43 44 45 46 4T 48
{n 5 15 23 31 37 43 49 &0 51 82 8) 6 16 24 32 38 44 53 B 55 86
9 T 47 21 33 30 45 40 B3 57 58 (10) 8 18 26 34 40 46 50 G4 59 60
(a1 D 10 27 35 41 47 Bl 35 57 69 {12) 10 20 28 30 42 48 B2 56 58 60

We give below K, where V(1;—¢.) = Kj;. o2 for the five types of associates,
For a randomised block experiment with r = 2, F({,~t,) = ¢*. Hence 1/K;» stands
for the “cfficiency factor” as usually understood.

TARLE 9. CONSTANTS Kj" FOR TIIE CALCULATION
OF STANDARD ERROR

design number

nmn‘::l 1 2 3 4
() (2 1) {4 [C)

1 1.2t 115 Lu 1.00

2 1.25 117 1.12 110

3 1.50 1.33 1,23 1.20

4 1.40 1.3 1.24 1.10

L] 1.42 120 1.22 1.18
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