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1. IxTRODLUTCTION

The object of this note i to make further cosments on tho method of
combined intra and inter block analysis of experiments suggested by the nuthor
carlier in 1947, derive explicit expressions in the case of linked block (LB) designs and
suggest & new method more suitablo'to designe which admit easy estimation of block
pacameters as in tho ense of LB, lattice and similar designs (Roy and Laha, 1950;
Ramakrishnan, 1956, appearing in this issue).

2, THe @ METHOD

2.1, The yeneral analysis. In the intra block analysis of varictal trials the
nortaal equation for the estimation of varictal differences can be written, assuming
equal replication for all varietics,

2.1.1)

together with the consistent equation
0= byt -+,
where @; =tho tutal yicld for the i-th vaticty minus tho aum of block means in which
it occurs,
A;, = the number of blocks in which the i-th and j-th variotics occur togothor,
r = tho number of replications,
and & = the block sizo.
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The ting equations for the bined intra and inter block analynis iu shown
to be (Rno. 1947, equation 3.12 with P changed to Q(¢) where ¢ standa for combined)

Q= REZD By By,

togethier with the consistent condition

0=t oo 4,

where R = o’ jik—=1)],
Ay = A (w—w'),
Qfe} = wQi+10'Q; v (213)
@, = sum of means of blocks in which the i-th variety occurs minus r times tho grand
mean

w = the reciprocal of tho estimated intra block variance and 1’ that of inter block
variance (Rao, 1047, equations 4.1, 4.2).

It is scen that the equality of any two A, imply tho equality of the corresponding
Ay Since the equations (2.1.1) and (2.1.2) aro similar, it was noted in Rao (1047)
that the solutions of the former as functions of Q, r and the distinct A, provide solu-
tions for the latter by writing Q{¢), R, A, for @, 7, A;. The same is true of the expres-
sions for the variances. It is necessary for the application of this method that r and
A;, are treated aa parameters and the solutions are obtained as their functions without
recognizing the relationships euch as

k=) =32, e (209)

or any other relationship among the A, valucs, since such relationships may not bo
truo in terms of R and Ay. If a relationship such as (2.1.4) is explicitely used then
R and A, should bo defined as

R = rotw(v— L)tk —1))
{2.1.8)

Ay = A, (wo— w’)+_w.

With these new definitions it is immaterial whether r is conwidered a3 an independent
paramcter or not in solving the intra block cquations.

It is, however, possible to solve tho intra block equations by not recognizing
any relationship among r and 4, in which case the expressions for the combined ense
can Lo obtnined by changes given in (2.1.3). A certain amount of caro may bo neces-
sary involving tho actual examination of the method of solution instend of depending
on published formulae, It will bo seen that the method of solving is similar for the
oquations (2.1.1) and .2) thus cetnblishing tho correapundenco Letween the

luti Let us a fow I
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2.2, The bulanced incompleie block. Tho intra block equations are
(b=l . (220)

0=t e e

Eliminating £ 4 by using the last equation
[

Q= '(—k_qu\ ]

from which L= r(‘__l?;_w\

HQ=Q) 2%
and V(I(—l,)—l7 AlH-f\ r(L—l)+A

It is clear that, if instead of the equations {2,2.1) we had

o = BED,,

-k, i=1,..., e {222
E' 7] v { )

0=ttt

Woe olitain the same expressions for estimates and variances with @, r, A changed to
Qle), ,A. In this special case the transformation is

A = A(w—w')
R = w4’ f(k-1)].

For tho variance, o has to be dropped since it is already taken into account in the above
transformntion,

2.3. Partially balanced incomplele block. Let us consider a partially balanced
design with two classes of associntes (Bose and Nair, 1039; Nair and Rao, 1942).
The @ equationa aro

Q=M= ”/,-_'z =t i

: (2.3.1)

0=t + 0,

where ¥ and X, indieate reapectively tho summintions over tho first and second asso-
cinles of the i-th varioty.
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To solve these equations we follow the method followed by Bose and Xair
(1939), By summing over the i-th equation and its first associntes after eliminating
T, by using tho lnst equation we find

24 Q, = Ayl By Iy,

while_ the equation (2.3.1) can be written
QO = Ayli+ By,

where Ay = rk—1)+2,

kB, =A—A,

k Ay = (Ae—A))py

k By = rik= 1)+ 2)(ph—ph)-

Eliminating £, and solving for ; we get
4= [QBut By £, Q)14
= [(Bre+ B12)Qi+ B),Iy Q)+ A

where A= A,yByy—AyuBy,.

The gecond formula is convenient if the number of second associates is smaller in
number.  The varinncs of {;—t, ia

2{By+By)o®ja
if #; and {, are first associates and

2B,,0%A

if they are second associntes.

In this method tho rolution for varictal differences and the expressions
for the variances would have been the same if Qfe), Jt, A\, A, as defined in (2.1.3)
were used instead of @, r, A), Ay, Henco the expressions for the combined analysis
can be obtained from the above by changing @, r, A to Q(c), R, A. In the expressions
for the variance, o? should bo dropped.

The analysis is similar for designs involving more nssocintes. Special casea
such as lattico designs, triangular designs ete. may be considered in a similar, way
and explicit expressiona obtained or the general expression derived above may bo nsed
with apecial values of A,, A, and pls.  Tho general expressiona for designs with three
asgociate classes aro given in Rno (1047) in such wny as to provide combined
estimates by changing @, r, A to Q(e), R, A.

2.4, Linked blocks. In linked Llock (LB) designs introduced by Youden
(1951) there aro v varicties each replicated r times, b blocks of & plots and any two
blacks have s varietics in common, Roy and Laha (1036) provided a very eimplo
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method of analysing such designs using only the linked block property. This method
will bo explained in § 3 {tho I methol) where an alternative approach to intra and
inter block analysis is considered.

For convenience in proving some results, wo introduce matrix notation and
expresa tho equations in terms of matrices. Let N he the incidence matrix with &
rows and v columns representing the blocks andd varicties. The (i, j}-th element is

unity if tho i-th block containa the j-th varicty and zero otherwise. It ia easy to
see for LB designa

kg owoop
NN = c e | =thk=) 14U
pop ok
whero U is a matrix with all elements unity and I is the unit matrix. Also
ro Ay e A
NN =
Ay A o 7
where 2, is the number of blocks in which the i-th and j-th varieties occur together.
The intra-block @ equations are
1 3
=(r1=1 w3\t 242
Q=(rI-} ¥¥)1 @40
where  ia the column vector (Qy,..., @) and ¢, the column veetor (f,.... f).

Multiplying both sides by N'N and simplifying
YN0 = (rvy_ ) yvy
NNQ= (rNN— | N'NNN)
R O A
= (vt N vy

=(r=E=B) N e (242
_(’ _k.)l\ Nt (2.4.2)
since N'UN{=0.
Eliminating N’ ¢ from (1.4.1) and (2.4.2)
k1) )Q+N'NQ = k= 1)+l
NN
g.,. _ g =1, e (243)
r k=) G
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Comparing clementa on both sides

‘] + rQi+XA,Q,

Atk =1)+p]
—ofl i)y SN
= 01(7 +m)+ br
since {k—1) = plb=1),
The variancs of {—t, is
1,1 Ay
(3 )= ey o

which depends only on Ay besides the parameters r, b, p a3 shown by Roy and Laha
(1956).

From the above analysis it {s not clear how the combined intra and inter block
estimates ean be obtained.  We shall writo down the combined equations and follow
the above procedure. Using matrix notation the combined equations

—1 A 0
Q=MD Ay ey
of (2.1.2) can be written

%o = (nul "I"’ \"vJ e (244)

We follow the same procedure ns above.  Multiplying both sides by N*N and
simplifying we get

¥3Q0 = o 33 =M= )y

= [rm_ ."f;ﬂl (k—p) ] NN = glw—1w)N'N ¢

whore g = Lkrw—(k—r}{w—w')]/(w0—1"). e (2405)
Eliminating N’X7T from (2.4.4) and (2.4.5) as beforo
y/?(c)-{-‘\"x\'?(c) =grwl. e (2.4.0)

Comparing the cloments in the vectors on both sides

= 0N+ E2,00)

grie
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Tho variance of ,~1; iy

g+r=2, ,
T e (247)

which depends only on A, besides other purametera common to all pairs (%)%

Wo thus obtain the cxpressiona for Lho bined annlysis by following the
samo method of solving although it may be difficult to obtain the intra-Llock
solutions in such-a way ns to provido the combineds olutions by changing Q, r, A to
Qc), Rand A, But this is clearly unnceessary unless it is simpler to do so.

3. Tur P Meruop

3.1, Intra Ulock analysis, Adopting matrix notation as in sub-section 24,
wo write tho @ equations

1
Q= (rl—-L:N N)g. . (301
Inatead of solving these cquations dircetly we may add to it b other consistent equations
B=k+N¢ e (3.0.2)

where B = tho column vector containing the block totals

& = the column vector of b additional constants by, by, ..., b, which may be
referred to as block constants.

Multiplying (3.1.2) by :- &’ and adding to (3.1.1) gives
Te=ri+¥ - (303)

whero T is the column veetor of total yiclds of varietics,

Eliminating ¢ from tho equations (3.1.2), (3.1.3)

1 NN
P=B- NT=(t-"2 )b (.14
Writing theso oquations in full
k(r—1 t 1 .
P, = { - )bl_/_;rl b,—n-—l-;‘b. e (3.05)

whero I, = tolal yield of tho j-th block minus the sumn of the menn yiclds of vuricties
occurring in the j-th block.
fty = tho number of variotica common to tho s-th and j-th blocks.
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The cquations {3.1.5) will bo referred 10 as the P cquations. It may be easier to solve
theso equations for tho b conatants which mny Lo subject to a restriction of the typoe

by tby = 0,

Having obtained theso valucs they may bo substituted in (3.1.3) to obtain {.
Tho i-th equation in {3.1.3) is

Ti=ri4+ 30,

where £, denotes summation over tho blocks in which the i-th variety occurs. Hence
1 | 3
t= o T—r Eb.
"The estimate of t,—, is é {T4=T)=(E5,— X5} and tho vaciance of (t,—1,) is

Fit—t) = ’l, VT —Tp+ ", Vb, —X0)

2.C,
=t {7 +-1'}
whero 0%Cy = F(Zb,~L,b,).
To computo thia varinnce the simplest way is to find the expression for Th,—Iph,
in terms of £; and use tho following general result.
I Lbyter-+1b, = d Py dy Py
then Vihbyt---+4by) = (dyfy +---+dib)ot

"The eum of squares dus to varictics can also bo obtained by using tho solutions of the
P cruations 8¢ was first shown by Yates (1939, 1040). So the entire analysis can be
earried out by using the P equations (3.1.5) and the T' eqations (3.1.3) involving varictal
totals. This may bo referred to s tho 2 method. In the next section it is shown
that the P method could bo used in tho intra and inter Llock analysis also.

3.2. The intra and inter block analysis. To tho @ equations (2.1.2) for tho
combined intra and inter block cstimates

Qo) = (wri- ."i';.'i' M)y . @2
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wo add the consistent equations

?-—knn.l = k§+N_l e {3.2.2)
whero u ia the column vector with all its clements unity and m, the grand mean,
Eliminating N'N¥{ a8 before

?(c)-}- E._L.E'_A\”(.B—kmt_t) = uri+(w-w)N'd

or writing out in full
w(Ti—rm) = wrl;+(w—w')=d,, $=1,..,0. . {3.2.3)
Substituting for ¢, in (3.2.2) we obtain

bk (o MW\ _ 0=t
wP =%k (w —\ ) - Ep b, - {3.24)

where P, is samo as defined in (3.1.5). The equations (3.2.4) are solved in tho same
way as (3.1,5). The values of b are substituted in (3.2.3) to obtain a solution for ¢

wrl; = wT, —(w—1w')Lh, .. {3.25)
ot = D)0 WEB=Z).
ur
If Tb,—ZP, = wle Py+eyPyt 40Py}

then Vit—t) = Ti {1+('”'T""’(z,c,—z,c,) }

As an application let us consider the analysis of the LB design. The P equa-
tions (3.2.4) for combined estimation are

wP, = b}:(w— w;'w' ) _h(w—r_w’) b,
=5, {tw (M} — byt ).

Sotting(b, - +b, = 0) the solutions are
b = rw Pjir k w—(k—p)w—w')]

= rw P jglw—w')
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whero g is as defined in (2.4.6)
Hw=—=10") = krw—(k—p}w—10').

Substituting for b, in 3.2.3
b= 1—'!——['5.*1’.
r g
omitting the conatant 1 since only the differences of {,,..., 1, are to be considered
t—t)= Lir—T)-Ligp—5p)
Ul r i i g (il ]
2¢1 1 _&,
Vo) = S{5+7-5)

which is samo as the expresion (2.4.7) obtained by following the @ method.
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