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1. IsTRODUCTION

A general class of quasifactorial designs was introduced by Nair and Rao
(1042) and used in constructing balanced confounded designs for nsymmetrical fac-
torinl experiments, Tho full details leading to the construction of asymmetrical
designs are reported in another paper by Nair and Rao (1048). Tho object of this
paper is to construct somo useful quasifactorinl designs for varietal trials. A
number of designs closely resembling the quasifactorial system have also been given,

A quasifactorial design is defined as followa. There are v = pyXpyX... X Py
varictics which can be identified by the multiplo system

[CRENSNES e (L)
2=12.,051=L..n
and b blocks cach containing ¥ different varicties such that
(i) every varicty is used r times, and

(i) the two varietics represented by (zy,...,x,) and (yy,..., y,) occur toge-
ther in Ac,....,c, blocks whero ¢, =1 or 0 according as z; = y;-or x; # y;. There
are (2'—1) parameters AXc,...,r, which nced not le all different, The parameters
satisly the following rclationships

vr= bk . (12)
k—1) = Xp{e1rees €0) Aoy ta
2e1seenr €0) = (Pat— 1 (Ppg—1)-.. (P —1) v (L3)
Wwhere ¢y, ..., €, are unity and tho rest zero.

The quasifactorinl design as defined abovo eatisfies tho parametrio requirements
of a partially balanced deaign (Boso and Nair, 1039; Nair and Rao, 1942).  Wo shall
ider only the two di ional quasifactorial designs which are of special interest,
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2, TWU DIMENSIONAL QUASIFACTORIAL

In tho case of two dimensional qunsifactorial, the varictics, v = p,X p,, ¢an
be arranged in & rectangular lattico with p, rows and p, columns,  Given any variety,
the rest fall into three groups, (p,—1) in the samo column, (p,—1} in tho same row
and (p,—1Xps—1) in tho rest of the lattico. Theso aro respectively the first, sceond
and third associates with A parameters equal to Ay, Ay, and Ay;.

This ix & partinlly
balaneed design with the sccond system of parameters given by

-2 0 0 0 0 P—1
M= 0 4 Pl PP={ 0  p—2 0
0 p=1 (p=Np—2) =l 0 (p—1)p—2)
0 1 -2
=1 1 o P2

=2 P2 (p~2p—2)

When somo of the A, aro equal, the design mny reduce to a partially bulnnccd
design with only two associates though not ly. Some suffici
for reduction to two nssociates aro given below:

) pr=prlu=dn=A, A =2 #2,
(ii) A=A mdy AymA #2, for any p, and p,,
(iii) Ag=Ay=24; A=A, %2, for any p, and p,.

The second aystem of parameters for the ease (i) is, using p for the common

p-2 -1 2 Ap-2
By = s ph=
p—1  (p—Wp-2) v

p—2) (p—2)"

value

and for case {ii)

=2 0 0 m—1
Py= L Py-
0 Plpa—1) n—1 plp—2)

and for case (iii), p;, are obtained by interchanging p, and p, in the expressions for
cane (ii). We will connider only designs with three amsociato clanses since most of
the partially balanced designs with two associate classes have been liated by Boeo,
Clatworthy and Shrikhando {1054).
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3. CONSTRUCTION OF TWO DIMENSIONAL QUASIFACTORIAL DESIGNS
3.1, Series derivalle from orthoyonal Latin squares.

v=pgb=qlg—1), k=p.r=(g—1) . (3L1)
An=2e=0 Ay=1

It is known from the work of Bose (183%) and Stevens (1038) that when q is
a prinie or & prime power, it is possible to construct (g—1) orthogonal Latin aquarcs
in such a way that they differ only in & cyclical interchange of the rows from tho 2nd
to the g-th. Such squares (g—1) are laken and the rows of each nre bordered with
numbers 1,...,q. In ench square there are g* cells which may Lo identified by a pair
of integers one representing the row and another the number in the cell (corresponding
to the Latin square).

If we represent the varieties by an ordered pair of integers and consider the
qlg—1) columns from all the orthogonal squarea as blocks we obtain a design with
Ap = Ay = 0 and A;; = 1. This is because varictics represented by (ij) and (r4) occur
in no column if i = r or j = # and occur in just one column when i # rand j #4.
This result can be easily proved by using the special property of orthogonal squares
derived by the method of interchanging (§—1) rows cyelically. As it stands this is
a design for ¢* varieties. Omitting (g—p) rows of the Latin squares designs for pq
varieties with A,y = Xy = 0 and A;; =1 are obtained. As an illustration, let us
consider the designs for 2x%, 3x4 and 4x 4 obtained from 44 orthogonal Latin
sqQuares.

TABLE 1. DESIGNS FOR 2xi, 3x4 AND dx4

row no. orthogonal latin squores

[{] ) {3) {4)

1 1234 1234 1234
2 2143 3412 32
3 3412 4321 2143
+ 4321 2143 3412

The design for 3x 4 is obtained by omitting the last row and considering the twelvo
columns, The actual desiga is

(11, 22, 33), (12, 21, 34), (13, 24, 31), (14, 23, 32)
(11, 23, 34), (12, 24, 33), (13, 21, 32), (14, 22,31)
(11, 24, 32), (12, 23, 31), (13, 22, 34), (14,21,33)

whero the 12 varicties arc rep d by pairs of integers 11, 12, 13, 14,..., 34,
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Another method of construction which is moro general than the above is
as follows.

Let (k—1) bo tho maximum nrumber of orthogonal Latin squares of order q,
‘Then by superimporing all tho equores, with the first row mado identieal, wo obtain
a composito aquare each cell of which contains (k—1) ondered integers taking values
from 1tog. Border tho columna of such a square with integera from 1to g in tho samo
order as they occur in tho first Tow, Omitling tho first row wo now have, including
the bordering elements, glg—1) ordered sets of L elements corresponding 1o the
qlg—1) cells. To the ordered set corresponding to any ecll, we attach integers in the
order from 1 to &, to obtain & pnirs. Theso & pairs represent & varictiea of & block.
We have &xgq distinct pnirs representing tho varictica and g(g—1) Llocks, This
provides a quasifactorial devign with A;, =1, Ap=2g =0.

As an illustration, lot us consider the superimposed two orthogonal squares
of order 4 with its columns bordered.

TADLE 2. SUPERIMPOSED ORTHOUDNAL NQUAREY

1 2 3 +
M & 3 )
1 <] 1 4
23 it 41 32
H 43 12 2
@ 3 o 13

The design for 3x+4 with twolve blocks is given in tablo 2b.

TABLE 2b Quasifactorial design for 3x 4 with 3,,m1, A,gmi,, =0

ondor onlond sota repreacnling blocks

L I T L I o T I I L L
1 1 1 1 2 2 2 3 3 8 + 4
2 R 1 ] L] 1 : 3

3 3 4 2 4 3 1 1 2 4 2 1 3

Tho first block has the varieties (11, 22, 33) tho second (11, 23, 34) and 80 on.

If all tho (k—1) orthogonal squares have & directrix (i.e. have all different
elements in tho diagonal) then the rows and columns can bo bordered with elements
in tho sanie order aa in the disgonal. Each cell now gives riso to an ondered sct of
(k1) el two corresponding to rows and col and (k1) to the orthogonal
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squares. Omitting tho diagonal cl ts and idering the ordered scts in the
glg—1) remaining cells wo can build up as before by attaching integers, 1, 2,..., (k41)
for the order a design for (k+1)X ¢ varietics in g(g—1) blocks of (k+1) plots with
Ay=1, A =2 =0

A design for 2x g always exist b it juat deg on the exi of &
Latin square. Since a Latin square of any order can bo written a0 that it has a direc-
trix, it follows that a design for 3X g exists for all . Designs for 4xXg depend on the
of 3 orthogonal Latin sq) of order g or at least two with a common

directrix and s on.

Table 3 below gives the list of useful designe in the scries (3,1.1)
v=pq b=qlg—1), k=p,r=(g-1)
Aa=Ap=0, Ay=L

The method of construction adopted (sco Tablo 1) gives the design in groups of blocks
representing separate replications wherever such a resolution is possible. The non-
resolvable designs which may ariso by adopting the method of Table 2 are marked
with an asterisk. Designs for p = g are oniitted as they are partially balanced with
two classcs of associates,

TABLE 3. DESIGNS OF SERIES (3.L1Np % ¢)

Tl ol

no. v ] k r no. ° b k [4
a @ ¢ e’ W & @ W ®»
1 1”2 12 3 3 n 38 2 4 [

2 13 20 3 4 12 B2 3 [}
3 18 30 E] & 1 40 3 8 7
+ 21 2 3 L] H 45 72 3 L)
1] 24 56 3 7 15 LES i L] L

[ 27 2 3 8 14 438 56 L} 7
7* [ 3 1 17 (23 K L] ]
8 20 20 4 4 8 &6 o8 7 7

[ 28 42 4 a 1 [+] 72 7 8
HY » &6 4 1 20 72 2 3 8

We now conaider & second series of designe derivable from orthogonal Latin squares
with the following parameters

vapg b=gh k=p, r=g¢g e (30.2)

Ay=1=24 Ay = 0.
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In this caso the partially balanced design has only two asociato clusses as
mentioned in section 2. Tho first and sccond system of parameters aro

m = q{p—1), 1y = (g—1)
N=12=0

, (q(p—‘-') q—l) l_('i(p—l) 0)
2y -1 o = 0 g2 '

1t may be scen that this is also a group divisible design with p groups each contain-
ing g varicties. Two varictica from the same group do not occur in any block while
they occur in just ono block when they belong to two different groups. We shall
not list thess designa as tho actual plans are given, by Bose, Clatworthy and
Shrikhando (1934).

3.2, Series derivable by the method of joiring. Let us write down the p g
numbers representing varicties in tho form of pX¢q rectangular lattice with p rows
and ¢ col Suppose that bal d i plete block designs exist for the para-
meters

vo=p, b=b,r=r1, kA
v=q, b=by re=ryk A

then by forming separato designs for varieties in each row and column and combin-
ing them we get a quasifactorial design for pg varieties with parameters

b = pbytgby, r=rytry, &
Ay =0, Agy = d;, A= Ay

This design is resolvable if the balanced designs used for each row and column are
resolvable. Only special casca are of interest.

v b=2p, r=2,k=p . (3.21)
Ay=0, Ay =A,=1

This is Yates’ two dimensional square lattice obtained by considering the

rows and a8 pl domised blocks. The partially balanced design
has anly two associntcs,

v=pp b=pb, k=p, r=14r o (389
Ay=0,Ap=2, =1,

In this serics tho design ueed for the columns is the randomised block with
onorcplication. Tho list of useful designs together with tho parameters of tho balanced
devign vsed in tho construction is given in Table 4.
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TABLE 4. DESIONS OF THE SERIES (3.2.2)
al. porwmoters of the parameters of the
no. balanced dealgn qunsifuctorinl design
+ emq By rn Ay vmpy b ¢ k=p
m o @ WM ® M m m

14 4 3 2 T ]

2 8 10 &5 2 18 38 6 3

3 1 71 s I S T |

€ 1 o6 e a9 7 3

5 90 12 4 7 4 & 3

e o 4 B8 2 27 81 9 3

7 10 0 8 2 3 100 to 3

8 13 2w 6 1 » B 7 3

¢ 2 2 2 o1 3 4
(LT S A S | [T R )
nmow o5 s 2 o 1 1T 4
121 13 4 2 8 A &
"ot 2 5 1 & b 8 4
o8 N7 3 32 &4 8 4
135 4 4 3 3 B 20 4 4
s 5 5 4 3 0 B 5 4
7 o s 2 55 o6 6 &
B 8 3 3 3 B 20 4 8

The designs marked with® are resolvable.
Moro general forms of designs obtained by the method of joining are
represented by the followiag system of parameters.

r=rtr,k o (3.2.3)

v=pq b =phtod,

Ap =0, Ay = Ay, Agg = Ay

The useful designs of this gencral class are given in Table 5. All of them
are partially balanced with three associate classes except the one corresponding to
serial no, 1, which has only two associates.
TABLF. 5, DESIGNS OF THE SERIES (3.2.3)

pnrametera of the

parameters of the

no, balanced design quasifactorial denign
rows columns
omp b n A vmg b v X v & ¢
m @ o W@ ® ® (1) @ 0 oy bz gy
1 4 4 3 2 4 4 3 2 10 32 L] 3
H 4 4 3 2 L] 10 L] 2 24 (1) 8 1
3 4 4 3 2 1 7 3 t 2R h8 L] 3
1 4 4 3 2 1 " a 2 23 R b ]
] 4 4 3 2 L] ”2 4 ] EL 2] 7 3
L 4 4 2 2 7 7 4 2 a® 42 q +
7 4 4 H 2 10 18 [ 2 0 8 8 4
8 4 4 2 2 4 4 3 3 16 32 3 4
" 4 4 3 3 5 5 4 3 20 10 ki 4
[ L S ) 3 55 4 3 % 0 8 3
I L H T L] 4 4 2 2 2 8a 9 4




You. 17) SANKHYAX : THE INDIAN JOURNAL OF STATISTICS [ Parr 2

4. CIRCULAR LATTICE DESIONS

4.1, Construction of designs. Let ua consider n concentrio cricles and n
dinmeters defining 2n? lattice points on the circles. Each circle has 23 points on it
and s0 also each diameter. If the circles and the diameters aro taken as blocks we
get a design with"the following paramoters:

v=2n%, b=2n, k=2n,r=2,

Given any variety the rest fall into threo groups, one occcurring with it on a circle
and on a diameter, 4{n—1) occurring with it either on a circlo or on a dismeter and
2(n—1)* not occurring with it. This design, thereforo, satisfics the requirements of
tho first sot of parameters of a partially balanced design with

ny =1, ng=d(n=1), ny = 2n—1)
M=2A=11=0

1t is not difficult to sce that requirements of the second systera of parameters are also
satisfied. Tho actual matricea are

0 0 0 o 1 0
sh=1 0 -1 o yeb=l 1 2An=2) 2n-1)
[ 0 2n—1p 0 2An—1) 2An—1)n—2)
0 0 1
=\ o + 4n—2)

1 4n—2) 2n-2)

There are only four uscful designs in this serics.

TABLE 6. CIRCULAR LATTICE DESIGNS

32
a
o
-
~

«
8
™
»
.
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The method of construction for the design with serinl no. 1 is illustrated below by
drawing 2 circles and 2 diameters.

The blocks are
Circles Diameters
(1,2,3,4) (1,8,6,3)
(5,8,7,8) (4,5,7,2)

All tho designs are resolvable into two separate replications corresponding to the circles
and the diameters.

4.2, Analysis of designs. Since a circular lattice is partially balanced with

three associate classes the general method of analysing such designs could be used,
But it is simpler to use the ‘P method’ explained in Roy and Laha (1956), Rao (1056) as
the number of blocks is very small compared to the number of varietics,

Let

v=2% b=2n=1%k r=2
Denoting the n circles by ¢,,..., ¢, and n diameters by d,, d,...., d, we define
Bc,) = the block total corresponding to the circle c;,
Bid,) = the block total corresponding to the diameter d;,
P(c;) = B(c;}—the sum of mean yiclds of varietics occurring in ¢;.
P(d;) = ag above for tho diameter d,.

The estimates of the block constants which need not be computed are

wey = B0 EPG),

The sum of squares due to blocks corrected for varieties is

ZHc) Blc)+Ibd) B(d)

= 5 EPE)B(e)+EP() B ) = EPe)ZBe)+EPE)ZBE)

80 that the only quantities need to bo ted are the B and P valucs,

P

173



You, 17] SANKHYX : THE INDIAN JOURNAL OF STATISTICS [ Pane 2
Tho cstimate of i-th varictal effect is

O G

whero ¢, and d, represent the circle and diameter on which the variety ¢ lies,
The variances for comparisons are
Vity=t) = at, if 4, j aro first associates (A = 2)

= (l+ I:-)o', if i, j are sccond ansociates (A, = 1)

=1+ %)0’, i3, j are third associntes (A, == 0).

The average variance of all comparisons is
v—1
o+k=3
which may be used to test all varietal differences if the correapondenco between the
varieties and the integers in the plan of the design is made at random,

It mny be observed that the circular lattico designs can also be obtained by con-
sidering the dual of & group divisiblo design with 2a varietics in 2a? blocks of 2 plots.
(§, n-1)(, n-2) .. (i, 20)
(LadI)i n42) . (5, 28) s=1,.,n
Thia suggests another typo of design obtained by daulising the design with the above
blocks repeated thrice instead of twice. The parameters of tho new design are
o=3n, b=2, k=3n,r=2
with three clnsscs of associates A; = 2, Ay = I, Ay = 0, The expressions for the
estimates of varietal differences and their variances can bo obtained by following the
method adopted in the caso of circular lattice.

The circular Inttico can also bo deduced by considering a square lattico and
replacing cach varicty by a pair of varictics, But what is of intcrest is the simplicity
in the analysis of these designs. The dingramatic representation of the design ns a
circular lattice provides tho association scheme,
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