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Chapter 1

- OPTIMUM CIRCLE FITTING APPROACH



1. introduction There are two stages of parsmetric shape analysls in

imagn processing & pattorm recognition.
1} Detecting the points which belong to a particular shape.

2) Optimum curve fitting from the set of points.

For detection we will use Hough Transform ( H T ). Though Bough

transform is a very useful method for shape detection & 'fittins

but it does not optimize any criterion of fitting . For optimam

fitting two methods can be mentioned.

1) Conic section fitting by regression [2].
2) Closed form expression [1]

Both optimizing some objective criterion.

In Chaudhuri[l] a 4&eneralized circle fitting on multidimensional
weighted data is described. |

It is shown that the method is effective even if the data set makes an
arc of 90 degree. this mt.hod is used in the program to _f:Lnd
parameter (centre & radius) for a single circle. When a set of
points are given we assume in this case that they belong to the
same circle. Next, we tested if multiple circles can be fitted in .
a single image $pace ﬁsing the same technique. The problem
involves both localization and fitting of circles, Wel have
observed that for two circles localization and fitting can be
effectively done when they are separated by an order of (rl+rd)

where r1 and r2 are the radius of two circiles.



In the same paper{1] it is noted that iterative circle fitting
method [2] minimizes exactly same form of error function as in
the method due to Thomas and Chan[3] and they should lead to the
same value of circle parameters.It is proved that they are indeed
tﬁe same.,

An interesting problem is to find the location of centre of a

circle from the supplied points when the radius is known.

Although less number of parameters are involved, it is seen that
no closed form expression for the parameters are found by optimizing

the objective function. On the other hand if the centre is given,

the radius of the optimum circle can be found in closed form.



2. Two methods and speclial cases.

.1 Method proposed by BooksteinlZ].

Any point (x,y) on a circle with centre (XU,YO) and radius r° are

related as (x -~ }{0)2 + (y - YO)Z-—- r2
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So o
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c. Closed form expression Method [3).

The centre ( cl,cz) and radius r, are given by

c,=(BC-BC)/(AB-AB) ,c.,=(AC-AC)/(AB-AB)

2

_ 1 - 2 2 1 2 2
G = é E ( xi - X )(xi + yi ) ’ C 2 E ( yi Y )(Ki + yi )
2.2.1 Special caze 1 3 Radius rq given .
No closed form expression when radius is given
[t {a,b) be centre
. 2. 2 02 2 2 .2 2.2
fla,b) = 46,7 = L x,7 -2ax, +y,“ - 2by, + 8 +Db° - r°)
~. 1 - i i i i
i=1 i=1
{Sf/tf)a = () or
22 % 2 2 2.2 |
iEﬁ(xi - 2axi tyT - Zbyi +a +b" -r" )" (a- xi) =0 ....(1)
SE£/5b = 0 or
E(xz—z.ax +y2—2by +a2+b2—r2)2(b— ) =0 (2)
i i Vi i Vi) =V e

1=1
Equation (1) & (2) nre quadratic in a , b but for which

we have no closed form expression.



See Special case 2 ¢ Centre € a,b ) gilven
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4. Experimental results and discussions.

If maltiple circles are present in a single image space then problem
involves both localization and fitting of circles.Here concept of

window is introduced.We have taken an input image of size (128%128)
as in fig-1. It is assumed that ratio of largest radius to smallest

radius is less than two.In the table shown below we have outputs for

different window size.Window size is needed as we require that at

least in one window an arc greater than 80 degree of a circle

is included.We have taken care of those windows which correspond to

the same circle to get more accurate result.
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Chapter 2

ELLIPSE AND CIRCLE DETECTION BY

HOUGH TRANSFORMATION

1]



1. Introduction.
In an image the pertinent information about an object 1is very often

contained in the shape of its boundary. So first step in image processing

is to find gradient edge image. Which can be found by Sobel s operator.

Our primary goal is to extract ellipse and circles. Cireular objects
appear as ellipses when viewed from on oblique angle.” The rapid and
accurate extraction of ellipses from images can, therefore, be highly
important for any model based vision system. Fast extraction of ellipse
contour is possible using methods such as Freeman chain coding and polyg
onal approximation, however, the reliasbility of these technique are
likely to suffer if the edge data is nolsy or if the image feature space
is cluttered. Direct application of Hough technique requires five

dimensional accumulator array for elllpse extraction.,
The task of extracting ellipses from images can be made practical by
making use of the agradient direction of contour points, by breaking down

the problem into one that can be solved in two, or more, sequentially

executed stages {iii] and exploiting neighbourhood information.
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2. Existing approaches.

Tsuii and Matsumato[v] have presented & scheme for ellipse recognition

whereby the centers of candidate ellipse are extracted during the initial
pass.The technique by which ellipse centers are found is based on a
simple geometric property of ellipses. If a pair of points with equal
tangents lie on contour of the same ellipse then their midpoint 1s the
centre of the ellipse. In the first stages of the centre finding proce
dure, pairs of image points with equal, or near equal, tangents are
extracted. A two dimensional histogram of the midpoints of each extracted .
pair of points is then constructed. Peaks in this histogram define cen |
tres of candidate ellipses in the image. The set of points which contrib
uted to the extracted centre are then identified and a least mean square
technique 1is applied to these to obtain estimates of all five
parameters.This method however suffer if outliers or irrelevant data 1is
present 1n the image or gradient information is not very accurate. ©Sec
ondly, the straight lines in the image must be located and removed before
ellipse are searched far.

A new centre finding technique has recently been presented by Illing
warth and Kittler as part of a scheme for ellipse detection. The adap
tive Hough transform [iv] is used to extract the remaining 3 param
eters.The AHT implementation uses a small(9x9x9) accumulator array and
iteratively focuses in on parameter regions of highest.: accﬁmlaWr densi

ty. It does this by dynamically and independently increasing the resolu

tion of each parameter in the array.
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3. A tristage approachi 3]

3.1 Centre estimation.
The first stage in most Hough-based ellipse detection schemes is that of
centre-finding. It is perhaps the most important, since the accuracy with
which the remaining three parameters can be determined frequently depends
on the ellipse centre measurements. Successful extraction of the ellipse

boundary is made possible if good centre-finding techniques are used. One

centre-finding method ( used in References 5 ) evaluated the mid-points
of pairs of contour points with approximately equal tangents. If the
contour points were both located on the boundary of an ellipse then their
midpoint defined the ellipse centre. A two-dimensional '.histogram was
used to accumlate the midpoint locations. Peaks in the histogram defined

the locations of possible ellipse centres. However, partial occlusion of
the ellipse, often resulted in a significant reduction in the number of
points symmetrical about the ellipse centre. In these situations, the
technique was liable to fail.

Pecause of its ability to handle partial occlusion, we have used the
allipse centre-finding method of Yuen et al[6].This prqcéch.lre is based
on a simple geometric property of ellipses. Consider : the two points,

Pl(xl » ¥y } and 13‘2(x2 Yo ),lying on the boundary ef an ellipse as shown

in Fig. 1.
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Given that P and P have intersecting tangents, then the

1 “
line through the intersection point T(t x ty ), and the midpoint

M(mx . m will pass through the centre of that

L4

y, of Pl and P2
ellipse. The equation of line TM can be expressed as:

Yy —cx + d

Where x and y arce the co-ordinates of points on the line. The gradient of
the line c, and the offset d are given by:
C o= (ty —my)/(*tx - m ) & d = m, - cm

The coordinate of T are given as

t, =Yy Vs T8 X T EX

and for the point M:

moo= (% * X,)/2 & m, = (yy * Yol/2

wWhere g,8, are the slopes of the tangents of Pl and Pz respectively.
Lines constructed from all pairs of points lying on the same ellipse
will intersect at one point,O(xD,yO), the centre of the ellipse. In a
practical implementation of this scheme, P1 and P2 cast thelr votes

in a two-dimensional accumulator array called the centre array. Locations

in this array which intersect the line TM are incremented. Local peaks in

the array give evidence for possible ellipses and their centres in the
images. Votes casted by pairs of points resulting ‘from random noilse or
other shapes in: the image will, in most cases, givq to background accumu
lation in the centre array . In certain situations ﬁever, the accumala

tion of votes caused by pairing points on different ellipses or shapes
cnane result in false peaks in the accumalator array. These peaks may
disrapt the interpretation of the parameter space by masking out -

significant. praks  relating to the centres of smaller or partially

o ivded  ellipoes.



Hence, we need only include a pair of image polnts, Pl(xl.yl) and

PE(xz,yE) . in the voting process if they satisfy the following cri‘ber‘i.ﬁ.

2 ) B 2
drnin ) (xl “‘2)

where d ancl dmin are some preset values.

2 |, 42
+ o Yl - YZ ) ) dm.ax
Thia criteria was applied by Yuen et al. [6] in their implementation of
the ellipse centre-finding scheme. Careful choice of d and d l

provided a degree of control over the particular size t:-f oellipse that was

extracted. In general, d max was set to a value__equal to
twice the expected maximum of the major radius.
The process of pairing up a set of points results.in a line along TH

that passes at some point through the centre of the ellipse. For practi

cal purposes, lines of length L, starting from M, in the direction of the
expected ellipse centre were generated. In order that sufficient votes
were generated to allow accurate aestimates of ellipse centre, the length
I, was set in the region of the expected maximum of the major ellipse
radius.

Since the Hough transform is an incremental evidence gathering proce

b "

dure, shape extraction 13 poszible even if part of the data i3 only |
processed. Point hopping was introduced to speed x' _extraotion. whereby
qualifying feature polnts were paired with every nth ﬁoint in the feature

list rather than with every point.

3.2 Determining ellipse orientation

(nee an estimate of the location of an ellipse centre has been made, the
process of determining ellipse orientation can be carried out. If a shape
is known to have an axis of symmetry with slope-l‘é . then the angular
slopes (In radians) of ite k axes of symmetry are given by :

E}i = ﬂﬂ + (1-1) IN/k i=1,2,...k

16



An ellipse posses two axes of symmetry, 91 and 92 whose

angular slopes are glven by ¢
91290 md%:%‘i‘ﬂ/z
The procedure for estimating ellipse orientation involves identifying

the set of midpoints M. and tangent intersections T, which 1lie on
either axis of symmetry of the ellipse. An important assumption is that
the intersection point of the axes of symmetry of the ellipse lies on .
the estimated ellipse centre. If the distances (JP1 and OPz,fmn any
pair of points, P1 & P 5 ,respeétively, to the ellipse centre are equal,
then the pointz M and T are assumed to lle on elthar axis of symmetry
of the ellipse. Points M and T which lle on the axes of symmetry are
then rotated by a factor of pi/2 about the estimated ellipse centre,
so that they lie in the first quadrant of a co ordinate frame wlm::se-
origin lies on that centre.

The angles subtended by OM and OT increment a one-dismensional
orientation histogram. The mode in the histogram defines +the angular
slope of either the major or the minor axis ( 91 or © > ) of the
ellipse. Which axis the angular slope relates to is‘unimportant at this
stage and can be resolved after the major and rﬁiﬁor radii have been
determined. The procedure for detgrmining ellipse inentation is out

lined below .
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DO =1.M 'Point Pi

3~ 3+ 1,M !Point PJ
dl = OPi
dz = OPJ
IF ((dl .BEQ. d2) .AND. (Pi .NE. Pj)) THEN
{ Work out M and T }
{ Rotate M and T about 0 by a factor of .pi/2 so0 that they lie
in the first quadrant of a co-ordinate frame centered at 0 }
thetal = arctan ({(my - yo) / (mx - xo0)) I
thetaZ = arctan ({(ty - yo) / (tx - x0))
acc (thetal) = acc (thetal) +1 |
acc (thetaZ) = acc (thetaZ) +1
ENDIF
ENDDO

ENDDO

{The location with maximum votes in array "ace” is obtained }

3.3 Estimating the major and minor ellipse radii

Once a maximm, © has been extracted from the orientation histogram

opt.’

the eatimation of ellipse radii can proceed. Pairs of points, P, & P,

in a third pasé through the image are rotated to-
Pi (x1 , Vg ) and

Py (X5 4yo )
through an angle © about the estimated ellipse centre, according to

the transformation :

X = (x - X ) COS eopt -~ (y - Vi) )sin eopt + X0
y - = {x - XU ) COSs eopt - {y - yU Ysin et:rpt + yU

18




This results in a subset of transformed points situated on the boundary
of an unrotated ellipse. For a pair of points

Pl. (X
on the contour of an unrotated ellipse, with centre O(XO’YO)'

1 iyl )1 and P2 (xz IY2 )

We have
_ 2 2 . 2 2
(xl - XO ) / a + (yl _ yo ) / b -~ 1
. % 2 . 2 2
( xz - xo ) / a + ( yz - YO ) / b = 1

These can be combined by eliminating b to give

. 2 . 2 2 . 2 . . 2, 2
(xl ™ KO ) (yz - yD ) / a (yl - yU ) “'(xz - XO ) / a

. 2 . >
== (yz - yﬂ ) /(yl . yo ) - 1

Solving for a,

a=c/d - (1)

e = ((x -xg )0 vy - )T -y - x)? vy - y)¥ )Y

d = ( (yz' - Y )2 - (yl' = y0)2 )1/2

We can also combine the two equaticons so as to eliminate a and solve'

for- b to give

b =e/f —--- (2)

- o 2 .2 . L \2 172
e = ( (X, Xq )" vy Yo) (x4 Xy ) (Mgz YO) )
£= 0 (x, - x )%= (xg - xp )
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For a pair of points attributed to lie on the ellipse, eqns. 1 and 2

can be used to calculate values for the major and minor radii, a and b.

Points P, and P? votes for major and minor radii in a quantized two

1
dimensional radius accumlator array. The location of a peak in this
array defines the a and b radii of the detected ellipse. Ell_ipse orien
tation 1is generally defined as the angle subtended by the major axis
with the horizontal co-ordinate of the image frame. Symmetry of the
ellipse about IT /2 means that the ambiguity arising in the measurement
of orientation can be resolved by inspection of the measured a and b

radii. If b is greater than a, the ellipse orientation becomes

ED = @épt + I /2
and &a and b are exchanged. Otherwise, the measured parameters remain |
valid. In a situation where contours of concentric ellipses with equal
orientation exist in the feature map, these will map to separate peaks

in the radius array. .

3.4 Feature point labeling and accumulator array simplification.

Arplying tho orientation and radius finding prmedurasl (stages 2 and 3)
directly to & feature map in which candidate -ellipse centres have been
axtracted in likely to be computationally exmns:l_.ve_.. Also, it may yield
inaccurate results if the feature space is complex and maltiple el

lipses exist,. To reduce the complexity of the image feature space, it
was necessary to identify the points from which the significant accumu

lator counts originated. That is, a subset, of ‘*ﬁoints lying on the
contour of the ellipse whose centre has been found was required. Appli

cation of stages 2 and 3 to the subset of contour points representing
the ellipse boundary meant that procedures implemented for extracting
the remaining three parameters were more robust and less compuatational

ly intensive. Extraction of the relevant boundary points was achieved



using a method derived from a backmapping technique introduced by Gerig
and Klein [7]. The backmapping technique is based on the assumption
that a given boundary point would be a member of only one curves

in image space. Membership to that curve is defined by an accompanying
accurmlator cell with the highest count and hence, an optimm parameter
set aqpt
To identify the optimaum parameter set for a given boundary point,
the Hough procedure is repeated a second time. But instead of I1ncre
meriting cells intersected by each voting surface, the location of the

cell with the highest count a is found. The boundary point is then

optl
labelled with this location. The identification of boundary points that
contributed to a peak (optimum parameter set) in the accumulator arfay
becomes stralghtforward. Incorporating the Gerlg and Klein backmapping
procedure can also result in a simplification of the accumulator array.
uring the backmapping procedure, if aiil cel_.:l.s except for ampt that,
intersect. the voting surface are cancelled, then the distribution of

votaes in the accumulator array 1s concentranted at peak locations

4 Extending the technigue to detect multiple ellipses

(Two extensions of the tristage Hough transform to detect instances of

miltiple ellipses are outlined).

4.1 Ellipse contour removal C(ECR)

in the first extension, ellipses extracted using the tristage techniqué.
are removed from the binary contour .The éentre-findinc procedure 1=
reapplied and further peaks searched for until the extracted peak 1is
below a predetermined threshold. At this point, no further ellipses are
assumed to be present in the image and the search ends. Peak thre.'s;,hr.}ld
nelection is arbitrary but la largely governed by the expectead ellipne

asize and the extent to which it may be obscured.



4.7 Accumilator peak removal CAFPR)

Rather than delete the detected ellipse from the binary edge imaé, We

can instead delete t,he associated peak in the asccumilator array. This

forms the basis of the second extension. Centre~finding' and - feature

point. labelling are applied only once to points in thes binary edge map.

besks associated with the extracted ellipse are removed by setting
cumilator cells in a 5%5 neighbourhood centred at the extracted peak
location to zero. Remaining pesks are subsequently searched for until

the extracted peak is below a predetermined threshold, at which point

the search ends.

5 Experimental results

We have taken an 128%128 image of coffee-beans as input image (Flg-2)
Fig-3 is the edge image of fig-2. In 1st stage we get the centres.
In 2nd stage we get the orientation in degree. I

In the final stage we get major and minor axis .
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6. Conclusion

We have d&mﬁst.rated the feasibility of circle and ellipse detection
using Hough transformation. The method is mb.rzst and able to detect
parameter from partial data. The amount of storage and the time re
quired is much less than that used in the standaxrd H T implementation
and this greatly increases the range df application which can be inple
mented on small memory computers. Exploiting neighbourhood information

the system is made more robust. If points are comnected or if they are

neighbouring edge pixel with the same edge diréction then more incre

menting factor.
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