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Chapter 1

INm_Aﬁ S JUTLON

The GROUP TESTING problem may be described as follows. Consider a set ol n
items each of which being either defective or good. The objectiveis to identify all the
defective items by a minimal no., of tests. Sach test is performed on a subset of the
n items and can have two possible outcomes either po:itive or negative. A positive
outcome indicates that the subsclt under test is contaminated, 1.e., it conlains at
least one defective item. A negative outcome mdicates that the subsct under test s
pure, i.¢., it contains only good items.

Group Testing was introduced by Dorfman in 1943. In subsequent years a large
no., of papers were published on this subject. There are two basic models in the
literature for this problem- a stochastic model and a deterministic model. I the
stochastic model it is assumed that cach item is agsumed with some probability, and
the objective is to minimize the expected no., of tests required to identaly all Lhe
defective items. In deterministic approach it is assumed that the no., of defeclive
items (or an upper bound on this number) is known in advance, and the objective s
to minimize the maximum no., of tests required to identify all the defective items.
In practical applications, the assumption of the deterninistic model that there 1s an
aprori information on the no., of defective items 1s not reahistic.

APPLICATIONS :- It 1s useful in high speed networlmedical examination, quan-

tity scarching and statistics.

To solve this we will study four algorithms. First one is developed by myself, Second
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one is developed by A.13.Noy I'rank Kessler and 5. huttan. Third one 1s an naprove-
ment over the second. Fourth one is developed by Ding-Zhu snd lHaesun Park.
These Algorithms arce described in the following chapters.




Chapter 2

SATISH—ALGORITHM

This is a simple straight forward divide and conquer algorithm. Starting from the
input set of items, the algorithin tests a set and bisects it when the set is found to
be contaminated. Continue to do this until every item is cither in a pure set or in

a contaminated singleton. This algorithm is developed by me.
COMPLEXITY :-

Let T (n,d) be the no., of tests required by the algorithm to identifly among natems
all d defective 1tems. \VL will assume tahit 7 = 2.

We will prove that the worst case complexity of this algorithni s
2d{l - p)+ LA

where 97 < d < 2Pt =2 [or d # 0 and for d =4, it s 1. o [ind tlic worst case
complexity of this algorithim,we first solve the following equation.

) . I d
T/yd) =1+ 1, 5]+ 1700 (51,

[ra—y ra—

T'(n,1)=24+1ana { '(n,0) = 1, where o= 8

To solve this cquation, we first try to estimate the solution of this equation and and
prove that estimated value is the correct valuefor this we try Lo calculate the values
of this recursive eqation lor fow values ol .



After some simplifications, we get,

T'(n,1) =20+ 1, T (n,2) =40 — 1, 1y d) = 60— 9,
T (n,4) =8{ -9, 7 {(n,5) = 10{ — 15, T e, 6) = 120 = 21,
T7'(n,7)= 140 - 21, 1 (0, 8) = 160 — 33,

If we observe carelully we can {ind an order in the values of 1" /(n, d).
T '(n,d) value is 2ld + @, where @ value is as lollows.

If d is in the interval (27,2741 then @ value is previous w value of T{n,d}, e, of

T(n,d-1) minus 2(p + 1).

After some simple calculations, we sce that the estimated value of T (n, d) 18 Zad{{ —

s ort2 o~ 1ifdis d#£ 0 and il d =0 then it L

LEMMA :- I{ d # 0 then T /(n,d) = 2d{{ — p) + 2717 = 2d = 1,

where 27 < d < 2P+,

and T "(n,0) = 1.

PROOYT :- Let us fix 1 and we will prove it by indiction on .

From the simple calculations we can prove that the result is true for d = 1.

Let us assume that the result is true for o = 1,2.3,...h —1,n

We will prove that the result is true for d = k. Let p 1_;:~.e such that 27 < k < 2771

L o |

Then, 277! < L%J, Pﬂ < 2P if I # 27 + 1. Therelore,

J- Je e k.
T'(n,k) =1+2|z](~] p:1)+2f’+1—2L3J-1+2[;1(3-1—p+1)+21’+1—z[;1---1

= 2k(l — p) + 2°7% — 2k — 4,



as required.

Lot k=274 1.

Then, [£] =27~ and [£] = 277" + 1. Then,
(1227 N — ] - p 4 2) 4 2P

T'(n, k) = { —=2%2P71 — ] 4 2(27 1 + 1)
X({—=1—=p-1)4200 202771 4 ) — 1

= 2k(l — p) 4+ 2°+% — 2k — | ( Aller some simplilications } as required. Thercfore, for
every fixed n, we have proved the leinma by induction on d Hence the lemma.

THEOREM :- [[27 < kb < 20t 2 <« g < 2% and p > m+1 then [log(k—g)| = p
or p— 1.

PROOF :- From the given inequalities we can that 27 - 27+ < kb — ¢ <2771 — 2™

After some simplifications we can prove that,
(log(k —q)] =porp+ L.

LEMMA :- If 272 < d < 27%% {lien

T (n, (l)_.l—i—](” [{jj T"—-f 1

.i_l'

T'(n,0) =1and T '(n,1) = 2{ 4+ 1, is the worst case complexity of this algorithm,

PROOF :- We will prove the lemma by inductionn on d for every fixed 7 such that
d < n. For d = 1 we will prove as follws: T'(n,1) = 1+1(%,1)+71(5,0) = 2+7(5,1)
— 2+T(L—‘, 0) +T({-}, 1)+ 1 = 2l+1, as required. Assume the result upto £—1,w hu{,
k> 2. Suppose, T(n, k) =L +T(%,¢)+T(5,k —q),k > ¢ 2 1, al worst case. Let p
and m be such that,27 < & < 2P and 2™ < ¢ < 2™t wlg., we can assume that

p > m. From the above theorem,

WL o g K OPor2 < e — g 2T
Case 1 :- 2778 < b — ¢ < 27,

0



Then,at the worst case
T, k) = 14 2¢({~1—=m)+277° 2~ | 4 2(h~ ) {{— 1 —=p~ 1)+ 2" = 2(k—¢) ~1
= 2k(l —p)+ 212 — 2k — 1 + 2¢(p — m — 1) 4 2mF% — 202
Claim :- 2¢q(p —m — 1) 4 2+ = 2rtlb < ()
Maximum valuc of ¢ is 2™, Therefore,it 1s enough to show that,
24 2MH Gy g — 1) g 2R 2 0 (Sinee, p 2 mA 1)

Lo, p—m < 2P e, peen L < 207 which s always true. Hence the claim.

Atlm=p-1,71T(0 &) = 1"(n & Fherefore, T(n, ®) is the maximum at m = p — 1.
Therefore, 2P~ < ¢ < 27 :llld 2=l < kg <27 then T (n ﬂ) 1s the maximum, m

particular, at ¢ = |_,2J or ¢ = [k]
Therfore,77(n, d) is the maximum.
Case 2:- % < k — g < 2v+!

Therfore, at the worst case,
T'(n,d) = I42g(1—1 =) 2 7 22 00 1420k — ¢)(1—1— —p)+2PF 2k —¢)—1

= k(1 — p) + 2°T2 2k — | + 2pg — Zing + 2" 0L,

Claim:- 2pg — 2mg + 2712 — 2L <0

g — 2mg + 2™ — 2 <Ol g(p =)+ 27t — L <0 p—m <207 for
p—2 > m which i1s always true. Using the geometry we can casily sce taht the claim
is true for the other valucs of m.

Hence the claum.

lence T(n,$) is at most T'(n, &), In particular at ¢ = \_%_[ or ¢ = L (n, ) =
T'(n,H)-Hence, T'(n,d) = 1 + T'(2,15)+ T'(&, 21) is the worst case cenq;lmz!} of
this algorithm.



Chapter 3

AFIS—ALGORITHM

The basic idea of the algorithm is as follows. Since the no., of delective itens 1s
unknown, the algorithm trics to estimate the value of d. It tests disjoint scts of
items of sizes, 1,2,...,2" until the first time a contaminated set is found. Namely,
the answer for the first 7 tests was negative and last answer was positive. Al this
stage,the algorithm detected 1-+2+4.. 427! = 2'—1, good items and a contaminated
sct of size 2¢.Using binary scarch this iten can be detected by performing 2 additional
tests.Since prior to the binary scarch the algorithm performed 2 + 1 tests it tollows
that for the price of 2 -7 + 1 tests the algorithm learned about 2" ilems.In other
words, the status of a new item 1s known by performing 2loga + 1 tests.

The above-described strategy,called the doubling process, is the heart of the algo-
rithm DOUBLE that is shown in this chapter. However,this strategy by itselt can
be modified.When d is small, the algorithin may periorm many unnecessaty tests
on a large pure set. To overcome this difficulty, the algorithm can test all the 1tems
beflore it starts doubling.One more trick is as follows. The algorithin tests a set of
size three.If the set is pure then algorithm can test the rest of the items and if the
set is contaminated then the algorithm begins the doubling process. By testing three
items instead of two sets one of two items and one of one item, the algorithm saved
a test to spend on testing the rest of the items. If the set contalning the three 1lems
is contaminated.then by two additional tests either two defective items are detected
or a good item and a defective item is detected.

To implement the above idea we have used the following sets. U@ the set of unknown



iterns D @ the set of defective items,and G @ the set of good items.

Initially, U = {0,1,2,...,n— 1} is the sct of all ilems and D and G are empty. These
sets are updated accordingly when a defective item is detected or a good item is
detected. Testing a set of items is done by procedure TEST that returns a positive
answer for a contaminaled set and a negative answer {or a pure set.

Procedure DOUBLLE :- This 1s the main procedure. In this the whole idea described
above is implemented.This calls the following procedures.

Procedure THREE-TEST :- T'he mput for this procedure 5 1s a contaminated sct
of three items. The procedure tests two items one at a ti e and {inds cither two
delective 1items or one good item and one defective 1tem are detected.

Procedure BINARY-TEST :- The input for this is o contaminated set of 0 < £ < 2°
items.for 1 > 2. The procedure performs at most 1 tests and [ind one defective item.

Procedure FINAL-TEST :- This procedure tests the remaining items i the set U.
The maximum size of U at this stage 1s 2.

Procedure DOUBLE ;

U:=1{0,1,2,..n—1}:
x

G = ¢;

while( |U]| 2 3 ) do

{z,y,2z} := arbitrary items from U;
TEST( {z,y,z} );
if positive THREE-TEST( {x,¥,2} );
if negative

Ui=U\{»,v,2};

TEST(U);

if negative

G:=GUU;



U := ¢;

i positive

k = 4;

repeal
C := k arbitrary items from U or U if & > |U]|
TEST(C);

[ positive
x 1= BINARY-LEST(C);
D:= DU {z};
U = U\{a};
abort-repeat;

i negative

lk := 24k;
G:=GUC(C;
U:=U\ C;

end-repeat;
end-while;

FINAL-TEST;

end-lgorithm.

Procedure THREE-TEST( {X,Y, 72} )

TEST({z});

if positive
D =D U{z};
TEST({y});
if positive D := D U {y};
if negative G := G U {y};
U:=UN\ {2,y};

if negative

[0



G:= G U {a};

TEST( {y} );

if positive
D:=DU{y};
U:=U\ {2y}

If negative
D:=DuU/{z};
U:i=U\ {x,z};

end-of-procedure,

Procedure BINARY-TEST(C)

k= {C];
repeat

O = L%J arbitrary items from C;

TEST( C ')

if positive C := C

if negative C := C \ ¢
k = |C|;

unti] k=1;
x := the only item mm C;

return( x );

end-of-procedure.

Procedure FINAL-TEST

while( U # ¢ ) do

11



x 1= an arbitrary item from U;
TEST( {«} ):

if positive D := D U {a};

if negative G := G U {z};
U:= U\ {z};

end-while;

end-of-procedure.

COMPLEXITY :-

Consider the while loop in the DOUBLE algo.There are four possible flows of this
loop.

Flow 1 - A subset of three items is tested and found to pure, and then the rest
of the vet untested items are tested and found to bc contaminated. Therealter,
i — 2(z > 2) disjoint set ol sizes 4,3, 2171 are tested and found to be pure and a
subset of size 2' is tested and found to be contaminated. Finally, BINARY-TIST 1s
invoked and detects one defective iten.

Flow 2 :- A subset of three items is tested and found to be contaminated. Then
procedure THREE-TLEST deteets two delective items,

Flow 3 :- A subset of three items is tested At found to be contaminated. Then
procedure THREE-TEST detect oue defective 1tem and one good itein.

Flow 4 :- A subset of three items is tested is found to be pure , and the rest of the
vet untested items is tested and found to be pure.

Clearly, defective items are detected only in flows -3 and by procedure FINAL-
TEST. Let d: be the total no., of delective items that are detected 1n all occurrences
of Flow i, throughout the algo.Let d be the total no., of defective items. Then,
d~—2§d1—|~dg+d3§d.

LEMMA :- The total no., of tests performed in all occurrences ol {lows 2 and 3
during the run of the algorithm is 1.5d; + 3ds,and the total no., of items that arc
identified by these tests is dy + 2da.

P2



LEMMA :- In cach of the occurrences of flow 1,the algorithm performs 2loga + 1
and detects one delective item and ¢ — 1 good items,where a = 2 {or some 2 = 2,

LetAq, As, ... Ay, be the d subsets cach of which contains |A;] — 1 good items and
once defective item, that are detected in the corresponding d; occurrences of Ilow
1. Let |A;| = «;. Let T(n,d) be the no., of tests required by the algo DOUBLI to
identify among n items all d delective 1tems.

LEMMA :- (A) sz__l a; < n—dy— 2ds.

(B) T(n,d) < 2%, (2loga; + 1) + 1.5d2 + 3ds + 2.

7=1
LEMMA :- For 0 < d < n/2,
T(n,d) < 2dlog(n/d) + d+ 2.

PROOF :- If d; = 0, then we liave
T(n,d) < 1.5dy +3dy + 2 £ 2d log{n/d) 4+ d + 2
from the above lemma and the fact that d < n/2 gives the above inequality.

Suppose now that dy > 0. T'(n,d) < Zf;’id"'(ﬂ log¢; + 1) + 1.5d; + 2, where ¢; = q;
for | €3 <dyand ¢; =21ord, <j<d;+ds. Then alter some simplifications we

get,
i +d2 1 — dy
fog c; < (dy + d3) log ,
?;‘1 og¢; S (it ) “[:'dl + dy

‘)(dl - (13) lOg t;l;f-(f;a -+ ((11 -} d3) -+ 1.5(32 + 2

(o d) (b ds) | diteda d' 42 =2 Gdy + d3), where d' = dy + dp + d3

= 2(dy + d3) log —5 = :

Using this we obtain that T'(n,d) < 2
¥

since G{z) is an increasing of 2 in the interval 0 < 2 < n — d’ 1t follows that
T(n,d) < G(d; + d3) < G(d') = 2d'log % + d' + 2. Since d — 2 £ d' < d,this bound
implies that |

N

+(d—£)+2}=2dlog-a~+d+:2,

1

T(n,d) £ mazgcicz {E(d — 1) log T
where the equality follows from the fact that d/n < 1/2 < V2/e.
LEMMA :- For any d, T'(n,d) < 2n.

13



PROOF :-

CLAIM - The no., of tests performed so far 1s at most twice the no., items that are

identified so far.

PROOF OF CLAIM :- The claim is proved by induction. Imtially,the clann is true.lor
flow 1 the claim is true since 2¢ +1 < 2-2' for any positive integer 7. In both flow
2 and flow 3 ,three tests are performed and two items are 1dentified.In flow 4 two
tests are performed and at least three items are identified. Finally, FINAL-TESTS
performs exactly one test per item.

The Lemma {ollows from the above claimn.

b4



Chapter 4

SAFIS—ALGORITHM

This is basically an improved version of the AFIS Algorithm. This is improved by
mysell.

(1) In THREE-TEST ,the procedure tests two items. 1 both the tests are negative
then the third one is a delcctive one. Therefore we can remove these three items rom
the unknown set. In the original algorithm, only first and last 1tems are reoved
from the unknown set.

(2) In the BINARY-TEST, the nrocedure finds a delective item. To find this,the
algorithm uses divide and conquer technigque. At any stage, il a test 1s performed
on a set in this procedure and gives a negative answer then the entire set can be
removed from the set of unknown items.In the original algorithin the set is not
removed even if the sct 1s pure,



Chapter 5

DIHA—ALGORITHM

This is basically, an extension to the bisccting algorithin, described in the in the
satish-algo., Starting from the mput sct of items, the algorithm tests a sct and
hisects it when the set is found to be contaminated.Continue to do this until every
item is either is either in a pure set or in a contaminated singleton. A lot of tests are
wasted in the bisecting algorithun in the following situation: When X, and X, both
are contaminated sets with X3 is a subset of X, then the test on X, would render
the test on X useless. From this observation,we make the following improvement:
Once a contaminated set is found, a defective iten 1s eliminated {rom the set.

ALGORITHM-DIHA :-

input 9

G = ¢;
D = ¢;
Q= {5h
repeat

pop X from queue ;
TEST( X );

16



if X is pure then G := G U X;
elsc
ELIMINATE(X );
if | X| = 1lthen push X into queue Q;

iffX| > 2 then biscct X into X} and X; such that |X| = 2MelX(]-1
and X, = X \ X; and push X| and X, into queue Q;

until () 1s ¢;

end-of-algorithm.

Procedure ELIMINATE( X )

Y = X;
while( Y] > 2 ) do

begin
Y = [Y/2] items [rom Y;
TEST( Y );

if Y7 1s contaminated then Y := Y;
clse

Y =Y \ }"’];

G:=GU Y

X = X\ ¥
end-while;
X:=X\Y;
D:=DUY,;

end-of-procedure.

COMPLEXITY :-

17



LEMMA :- Let 0 be a power of 2. Then for 0 < d < 1,
1

d + 1

PROOF :- Let n = 2%, v = |log(d+1)] and v' = log(d+1)—v. Note that detecting a
defective item irom a sct of size s by procedure ELIMINATE needs [logs] TESTs.It
is clear that ELIMINATE is applied to at most one sct of size n,two sets of sizes
between 1+n/4 and n/2,...,and in general at most 2* sets of sizes between 1+ n/2i%!
and n/2 for 1 < v.Thus, the no., of tests required by procedure is at most

T(n,d) < dlog F4d - log(d + 1) + 1.

1

+2d - log(d + 1).
o + 1 ( og(d + 1)

dlog

Now consider the trec 7' * which is built up by the bisecling process as follows:The
node set of T * consists of S and all sets X’ and X~ appraring in the computation. A
node X is the father of two sons X’ and X" if and only if X’ and X" are obtained by
bisecting X after eliminating a defective item.Clearly,every internal node is contam-
inated set from which a defective item is eliminated. TliusT * has at most d internal
nodes.It follows that the total number of nodes of T*is at most 2d + 1. Therfore,

1t

[+ 1

T'(n,d) < dlog F4d — log(d + 1) + 1.
{

LEMMA :- Let d = dy + dy and n = ny 4+ ny, where d; 2 0,dy > 0,17y > 0 and

n, > (. Then,
n n
dy log NI d, log 2 < dlog
dl I.'lg

71
d’
LEMMA :- [or 1 <d <,

I}

T'(n,d) < d{log y + 4).

PROOF :- We prove it by induction on d. Tor d = 1, the algorithin finds the
only defective item with [logn] + 1 TEST’s which is clearly bounded by logn + 4.
For d > 1, the algorithin eliminates the first defective item with [log n] + 1 Tests’s
and bisects the remaining n — | items into two sets S 7 and S ¥ of sizes iy and ns,
respectively, where ny = 2“1 with u = [log(n — 1)]. Suppose that § * and 5
contain dy and d; respectively. Then the no., of tests Tests’s for idntifying items in

S /15 at most
A

+

dl(lﬂg — ‘fi) — log(dl 4= .I.) -+ 1.
dl 1

13



Case 1 :- d; > 0.By the induction hypothesis, all defective items in S 7 can be
identified in at most dy(log(nz/d;) +4) tests. Thus the total no., of tests is at niost
d(log % + 4), using the above lemima and alter some simple calculations.

Case 2:-n # 2"+ 1 and d2 = 0. In this case u = [log(n — 1)] = [log n] and the
algo., uses one test to detect S Thus the total no., of tests is at most d(log 5+ 3).

Case 3:-n =241 and dy = 0. In this case, u+ 1 = [log n| and n; = ng == 2" land
the total no., tests is at most d(log 5 + 4).

It is an immediate consequence that T'(n,d) < dlog ++4dd, for1 <d<n

Hence the lemma.

19



Chapter 6

IMPLEMENTATION AND
CONCLUSIONS

Arrays have been used for sets.IEnd of array is —1. For, queue also array has been
used.

According to the worst case complexity Ist algorithm is the worst. But if the
algorithms are tested using random inputs, Ist algorithm is the best in the following
case : If the ratio between the no., of defectives and the total no., of items is high
then Ist algorithm is giving the best results. SAFIS algo., also giving very good
results,in fact it is giving the second best.Otherwise, DIHA algo., is giving the best
results. The reason why DIHA algo., giving the best result is : it tries to delete
a defective item whenever it finds a contaminated set.Therefore,if the ratio is less
then DIHA algo., giving the best results. In all cases AFIS algo., giving the worst
results.
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