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INTRODUCTION

Representat.ion of ob jeots and their interrelationships ars
often  done using graphs. These graphical repr&senbaﬂimns have
.;}hﬁumerumﬁ applications {n :{,h& - real world llke FLOW DIAGRAMS,
.NE'I;WORKI'NG, PERT-CPM etc. Al&n it. is eﬁtrf&mél? useful for Data Base
Appliﬂatlmws and CASE-TOOL=.  Diagrammatic F.}ﬁepreSentatian 1 widely
used in the functional analysis of 1nformét.10n systems. Now-a-days
’ﬂompuf,m*-—aided diagram creation’ techniques alj-e' employed In  the

areas of advertising and industrial design. + A well~depicted graphic

representation can convey a lot more than meéere words. Properties that
ﬁharaatariz& a-wellﬂdebiatﬂd graph Mm:‘lﬁ

1> 1t has clarity of expression.

(11> it has an aesthetic ﬁppaa‘l. /
(111> 1t has simplicity of notation.

A frequently encountered problem in these applications
is ’LAYDUTING‘. Creation of a layﬂufi for a graph ﬁn' a plane may
become very complex as the numhex; of edge-arosgings, the number of
bends, eta, increase. Such a diagram will be very difficult to
interpret. and analyze, |

In this report an effort is mad:a- t.ﬁ areate a layout, for
A conceptual o graph., The  praph is flest aplit.  intoe  conneetacd
componaents such that the layvout. for each or El‘:t_&ﬂ& component.s can be

eazdly created. Thie number  of edge-croaringas 1s minbmized by Iirmdt,



creating a representation for a maximal planar subgraph of the graph
and  then adding tLhe remainihg  edges such that. the  crossings are

minimized.



CHAPTER 1

PROBLEM DEFINITION-

Our gm.ﬁl ls to formulate an aigbrithm f‘c)r-. rectilinsar
layvout. of a given g—lﬂ&]ﬁh such that Lhe following ﬂanditimna are met.
1. The number of edgea—crﬂﬁéilﬁé&:i#-':_._mif;imizad.
2. .Tl‘ur‘} global numben nfb&ndgiﬂminimizﬂd
3. The glol;al léng't.h.q_:f | edgeaiﬂmiﬁimized

4. 'I'he total area of draw:lng::_' 15 _-'xﬁi-ﬁijﬁiz'&d.

A Tlexible mwim':mtmnt should be created to incorporate

new conditions at ',a: late'l‘r_-:'.}q_'-_'st_ﬂalgé. The layout ' should easily be

interpretable and should mmw{ay - more Informationthan the abstract
graph, The g;erua?r-al flowchart given In the ne&xt. page shows the
dif f'erent  steps of the ﬁlggiﬂthm. These steps are discussed In

details from the next chapter onwards,

Lt
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CHAPTER 2

PREPROCESSING STEPS FOR PLANARITY DETERMINATION

2. 1L.Creating a suitable structure for the llmiauf..':
The Input. graph will Il:fe.;_qt‘ the f‘orm of two lste. For the

sraph shown In Figure I_1‘, the inputawﬂl he

Set ol vertices R S W AR B 4, .

set of adg (1 2) &1 3) LZ 3) (2 4) (.'4 3).

W

Tirst the st of vertiu&_ﬁ'__. is'.-auaﬁbd, and a structure for each
vertex ls created. The actual lst itmelf is constructed by =scanning
the met of edges. For the above example the adjacenay list structure

iz shown in Fig 2.

qv;btﬁx | o
B i & L wermarmresed S e d NULLL
2 >1-_—-—¢-'-->3-—-->4----—>NUL.L
: é ) e 2 o} 4 > NULL,
-
4 —-—-—---——--—)2-—-—-——-—-)3 >NULL.
Ll . NuLL
Figure 1 T F‘igub’e 2

The advantage of such a structure is that the vertices If added in
future can be easily entered to th&&tructur& l;'»yjsimply extending the
ists. Alse such a structure 15‘ very useful in QMWE1ﬂilﬁg queries
regarding adjacenay. |
Z.2.Finding ﬂ"h& connected components

A connected geaph i one In which any vertex of the graph ocoan be

reached from any other vertex by traversing a st of adjacent edeges.

Ui



A Tew import.ant, propertieas of a connected g‘bﬁpl‘: 1s gi\-’ﬁ!h in the

following I mmans,
Lemima 1. A conneacted component of an unconnected graph is a connected
subpraph of the unconnected grajplhi.

Lemma 2. A graph  is  planar if  and only if all 1ts connect.ed

component.s are planar.

The connactedness algorithm outlined helow requires the ocreation
of a V « V :n.-a't,r-l:w:,“. wvhere V_.._iﬂf;_;thé"_'_nqmber- or vertiﬂﬁfﬁ of thé supplied
graph. This =ort of a mat;f'_i'x '-:':l.af!_:_i_h:'t;..lall&d an.""' -HdJ-al‘JEﬁﬁY mat.rix, The
entirles in such @ -m‘aéi-tipixl QA b&eithen 0_1::-1‘- 1.

For example ;a_uh entry of IO i'n_-"_it.'!':n& i’t.h rr::_w JYth colunin of this
mat.rin would mem:n..t.hat. ﬁh&re_ s ni:: .Edg& from the 1’th to Jth vertex.
An wntry of 1 W'I-.':?L:lllj lik&wlﬂﬁ-_' i;ilply the Lhe muliﬁt-#hﬂ#_c:f‘ Aah o endpe Thie
mabtrix is mbvimi&::ljr_swnnm'lt.ric f'or a ﬁndirected g:'::t}aph. For the example

of Figure 1 the adjacency matrix is shown in Figure 3,

h 1 2/ 3 4
] 0 1 . o
P 1 0 1 | '
; Lo
4 0 1 | 1 |
. Figure 3 ? 

A detalled deaﬂription of the algorithm for splitting a graph
into ite connected components ig in#h below,

2214, Algorithm for connectedness :

<% To nheck whether the given araph is connected. If not Tl ennt,

the connected components  wx/

O



Notconsidered @ set of vertjices

compronent, 1l 0 array of sets of vertices

Ad v o vl oadiacency matrdx of Lhe graph

Cunztion  NOTAD JACGENT |

Input. @ A row number g (e. a vertexl, the adjacency matrixlad_j.'

cutput ¢ The number of vertices in the graph not adjacent to t_,hé

Siven vert e,
W oa b dnteger o
i l‘:" 3 ir;
K & (O

tor 1 = 1 to v do

i Coadj (gd) » 0 )
Lhon k = k + 1
notad jacent K >y
ercl
g Main algorithm . e

Notoorsidered ¢ all vertices

Tor 3w 1 Ly v oo /% v i the number of vertices w»/

-

Cgomponent, | it (o NULL ;

while C notoongidered ® NULL D do

;begin_ )
N component. [j] = _’g U . ﬂcimpmnant. [ {1 e ¢ I8 a verteyx
bel:ﬂnging t.o notconsidered rﬁ/
/% symbol |) stands for UNION
repeat, |

1y (e Notad jacent gl ;

for | = i ta v do

i



i C adj [gdl = 1 )

then g = g OR { ; /% OR the g’th and _1"t-h, rows %/
n, <-— notadjacent [gl ; N
until (n, = h, 2 ;
f'or 1 w1 to v do |
if ¢ ad) [g.i]l = 1 2 then
begin
component. [ §] S aompan&nt 41 g {1} ].
nmt,s_..mmit.ler&d <----- nnt.ccmaid&r-ad - -(1} ;
and; . .

end.

.p.ft.m? th& ~above . algorithm’ has been - pun.”@émbonent 11 will
cont.ain the set. of vertice& belnnging Lo the 1’th coﬁpnhént Each or
the connected: ﬂmﬂpc:m&nt.a | abtailuﬂd by “Lhe ab@vi. mﬁthad i to be
s.ub jected next to a splitting inta biaannaﬂted campanenta
2.9 hﬂpa_rat.ing .- _t.lu& ‘=ell lplqpaj L

Self lﬁaps A exiﬁt will ba auparatadin ---'f_'.-:lf-'::B.'Elﬂ]”l of the
Ceonnected cmmpc}nenta Sim:e th& rexigtence “of i'a melf lcmp has no
r:ant,:r-ihut,icm towardﬂ nanplanarity fﬂ? planarit‘y teﬁtihg these loops

‘can be iglmred Pinally during rm:t.:llin&ar plat.t.ing t.ha loops will be

“added again to the 0riginal graph.
2.4 Finding the bicnnnct:téd c:mnpon&ntﬂ :

Before we explain what -] bicﬁnnaut&d gr-aph :lm , it would be

~useful t.o know what. an ar-t.:lculat.ian point is.

An articulation pciint. 18 a vertex in & graph such that all paths
between two other vertices necesaarily pass t.hﬁr-qugh this point. For

example In the Figure 4 vertices 3 and 5 are the articulation points,

t



since all paths between 1 and 4 pass through 3 and all paths between

1 and 6 pazs through 5.

A biconnected graph s a graph which has nmwubtiﬂulatian points,
1

~“f;FlgUDE 4-

A few important properties of the biconnected domponents are
given in the following leirmmaﬂ.
Lemma 3. A ::mméé’:t;ed'_.-3;_...'g_1~:~aphi_;:-._:l-s o planar  if CandTlenly If  all  its
bicooneated components .- arﬂ; iﬁlar:;é;f:_
" In thiz step all Lhe ﬂohnect&d I_ﬂgmp;:rnant.ﬂ will’ be ‘split into the
biconnected components, The ﬁplit,t.ing into  bigonnected - campbnents
rrravide  an efficient pl‘apbﬂﬂt}&ﬁﬂihg ?-1_-'.::_{ before #th& ,_'2‘-'}quﬂrnf'L—Tar- 1an's

Algorithm is applied on the grmph _

The algoritlm used. ftm 3plittihg;int.0 bicanliaﬂt.éd components ig

/
!

a vardasnt, of tljva “depth-firast ﬂear%t:h 1/ ﬂ&ﬂhniquﬁ; Thiﬂ _i.ﬁz a technique
used Lo mcan a g’l_;.aph | exha'ust,ively.:” It mwur&_aac::'h“"vert,ex of the
graph ol eaah ﬁdge . .-ai*-’e scann&& ::;Z exact.ly [mma. T.Hfﬁi-?.,_"ﬂplit,ting into
biconneaoted cmnpr:menjts. uses the fallowir;g alg‘arithlﬁ._ .

241 Algorithm for biconnectedness !

|

Input. + The input will be a connected component represented by an
ad lacenay st structure, ALV,
Quit.put, : The biconnected component=s of the input component.

S# Initidalizations s



nvarlk all vertiices ‘l'n_-*-w.f' :

covind. s <% used to glve the numbering to vertices »/

DI v
boesin.

mark v o Told? /% the vertex v has been scanned w-

DFNUMBER (v) {—— ¢count. @ 7%

' the vertex hast been numbered =/

ot o ok, + 01
LOW (v {— DFNUMBER (v)> ;

o each w <= LIv) do

heoin

push edge (v,w) into a stack if it 15 _"hcrf.. already in it and
ir 1t does  not helané.- to any ._ Elcﬁﬁnected componernt,
previousliy 'f‘t:mnr,l H .

I w is "new’

Lergin

Tather {wd o V0 g father implles that v =

scanned Jua:t before w and ia w'parent »/

4

DI {w) :

1
I

i ¢ LOW <w) = DFNUMBER <v)> >

t.l"né_n g bicﬂnneq.t&d component. has been found %~/
pop all edges in the stack upto and including <(v,w)

e, these edges . constitute- the biconnect.ed

compohnent,

il
elae % if w is fold” %7
15 ¢ w is nol father v} 2 then

1.LOW {3 e min ¢ LOW (v2> ., DFENUMBER {(w) 3 :

b

EI T R

10



ZERTH N
Nr'.‘r‘l‘.:-‘ﬁ,it.}l'“l:'%;' Virw el

A vertex a is mald to belong to the liat of vertex b

U =

it

z L<b) 3 ir vertex a iz adjacent to b.

Lo 40 Lhe structure is as shown below

a  ee——) D ——

> d —>NULL
Hevrer boond belong e the list of a.

In the abr:me-‘.alg;mrit,hm the depth-firat search technigue splits
the edpes m‘"-'t.l‘;égpaph. into two  nonintersecting asets of tree edges
and - back edgea 1. fronds b 3 It. sives dir*qa-ﬂ_t.iérxs: to the edges (
the direction in which edgea are @asnned ) and & numbering to the
vertloes ¢ called DF‘NUMBER henceforth J. The‘. immberiné Indicates the
arde Iin whiach ;!&1*:'t.i:::&ﬂ E1 1V aa#mmd. The 1"&1@::»1*1’(..11111 invokes lLselfl
recunrsiively. Thesie ﬁrﬁ:ﬁp&r*ti&ﬁ are not. very much uﬂaﬁ here though they
will be used a lot durning planm'-it.yf teat.ing._ More on  them will  be
dizsoussed in the r:.-.—::-xt chapt.er, | -

T]'lﬁ out put, L}f‘ the hit::m*m&qt,&drmam algorithm for a} input. graph of

/

Flaoure 4 1a shown in Flgure 5.

Figufe 5

Tl n&_x{, taak_ to be accomplished is planarity testing. The
vulb.put of Lhe bilconnectedness algorithm will be used as input for the

Lo i Gy testing . The details of 'p.laru:-ur-it,y testing will bhe

dhirzonEsyead b Lhie next chapter.,

11



CHAPTER 3

PLANARITY TESTING

by iyt To determine whether a graph is . planar. If not to get,é
s annal phaiar subgraph of i, A maximal . planar subgraph of a

Cusip laniar geaply s planar graph to which the addition of any more

LT AN nonp banarity,

v --f't

J.8 Mool The Hoporoft-Tar jan planarity algopithm [1lis used for
Lihds puarpose. In addition Lo the planarity deté:r*rnlr:at,im*n, it gives
inforvation  about, the order  and the placement of dir ferent. paths.

Viric  snmes & derpth-Firast  searah and has OV) time and SPhrace Dowads:,

-

A FIRFEIS V = Ll miumber of vertices i the grapl*;. Othes j'rl.“ui.?ll'-i t.y

f

Al Lhins (i Ly Kuratowski and by Auslanden and Parter,

Moriscndwsimd e - BIOX e time, Kurat,mwsakltm g method rescfi roees 18!
- . - 4 . | W - - ' . «6 . - .- m
cdnotidd. of - time proportional to  at least. v7. Auslander and Parter
| | i |

et bod wask Lo constbeuct a representation of a planar embaodding ot e

miven graph. I sych a representation can be completed 'then the raph

¥

e prlanoosy 0 pot, L then  the graph s nonplanar. But it ATAXE INY B RYRTT I

B complexity uf Kel¢ v3 ) 'Tl'ae;"Hfj]::cl"c:ft-Ta_m‘*'jan’ﬁ' algorithm is an
bt o iy, 0 f the iterative #El"ﬂiﬂ}l‘l off the met. ol orleinally
pretosoed by ﬁllﬁ:lﬂﬁdél‘* and P.ar-t,em and ‘f:talﬂi*&ﬂt.ly formulated by
ozt fn, M.r:u'n:lf-.-:im-i‘n[ﬁ] in his algorithm added One  vertex at. a time
it e st iyoe I_ sraply was  constructed., But  the order of vertex

SRR LRSS AR Y Wive cruclal Mondahelnl5) s implementation redulred

OC T Y ime. Tlenee e Hoparoft-Tar jan algorithm whose complexity is=

|



the best iz choosen here.
3.3 Procedure 1F‘ir~3t, depth~first Eearch"(DF‘S)_ is applied on the

bcormected component. It provides numlmring"__-:-t.a t.he vertlaa_&l C may
'rom 1 to N , where N is the total number a::uf. vertices ) in the same
order as in the asesaraoh. The graph to hbe a&afched iz represented by
:aclj:aaency lists Adv) aﬁ described earlier.

!

3.3.1 DFS Algorithm
7% This is " to be applled on the adjacency list _Afv), where Ad{v)
.:-faiure-Eéntﬂ one bliconnéected -cm_mpnhaf'ﬁt.._ The pﬁ:budn code algorithm fon

DFS is as follows. »/

begin
1.:;1*-131_.-'&:1111*&' DF‘S '(v,u) .—"# u,v,w -are vertices & u 1z the
'fathe¥ bf.v "/
bre=gin

n o NUMBERCV) i nti;

a Htét,&mentﬂ 'i:njrr*es‘pnnding to LOWPT aéldulatians are to be.?
inserted.

for wooae  Adv) d::i_i

begin

if NUMBERCw) w 0 then /
begin
Lree edge K (v wd
DFS (w,v) ';.
b : Statements corresponding to LOWPT calculations are
t.o be inserted.
end

#Lze 1 NUMBERCw) < NUMBERCvD) and w & U

13



begin
f‘r:ﬁnd Cmme v wd
¢ ! htatements - rmr*r'aﬂps:mding to  LOWPT
calculations are to he inserted.
t?".*Hlj 3 .
and

end;

for {1 m uhL11 th:HNUMBERCi) 1',0)11

n om0 3
DFS (=,0> | /% & i the *Etabtihé vertex" ilz"!* g
e

The {Z}ut,;}ut. ::::f t,h:la algc}r-:lt.hm will be t.he hﬂtﬂ nf tree and back
edges ( ie. fr'ul'ldﬂ. 3. Alm:: it give.-ﬂ the DF...: number of' each vertex
-aﬁcm':fr-:,ling to the wearah order, Sa it/ 18 = t.rpnait.mn point between
the vertex numb&r-ﬁ given by the uger and t.heanumber in which all
: ;ah ulations have: t.l::. ba dahé f::m det.er-mining planarity

3.3.2 Hoperoft- ~Tar jan plaharit.}? a.lgohit.hm :

Explanation @ The DFS numbered gbaph will’ ﬁ'ﬁ"iﬁﬁﬁt 1nt.c: an initial
cycle <, and & numher- t::f“ path& with t.he help”uf péthf‘inding algorithm.
Thern a planarp E-mb&::iding of t,h& ihitiél cydle im ﬂcsi‘:st.ruf::t.ecl Then the
. paths are added <in t,he- same arder"aa théy are gener-at.ed by the path
‘fil'n'.lil'i;., algorithm 3 .L{D t.h&il‘* darﬁnﬁpaludlng ayﬁln NL‘JW it is to be
- checked  whether t..he cycl& almng wit,h the pat.h Can b& | embedded on a
Plane  without, any 1nt,&_1'-aaat,;lmn. It may PE!‘.‘(Uil‘*E soms t.ranﬂfﬂmmat.imna
ke  one path wl":it;:l*:'. s previously placed inside  the cycle: to be
Lirares T ormed mth..Fci;:i?;a . One example s ahowrn in :F‘igup&- 6. This

proce=s gan be continued until all the paths are embedded without any

14



Intersaection. Otherwise the graph is declared to be nonplanr.

) ey . L, T R R e e —e——
/\ I m e L .. M ———d, wr g - oaed Baa . rh-*_Fﬂ( _F] -
" T et -
- -

_Qtﬁimﬂ of the planarlt.y algnrlthm l

f-J

.{1) Ap[}ly DFS to t.l“ae bicnnnautﬂd gi*aph t.o number the vertices and to

gel o palm Lree, i
(2) Create an ordered adjamﬁncy llat. in ordern ..--qt,cr glve the paths =z
perlect opder,

(O Apply algc:iiwitfl*uln pathfinder f_..ﬂ”f__,;?ll"ihc'l the initial ayole and other

Pratdaw,

1
(42 Uonstruct a pla:mr ambedding f‘::m 1nit.i.-al c:y:...l& C

Gy Now 1m~ Ay a&gm&nt. (l.e. a ﬂ:&t. of patl‘mh - €49 -G
{ Gheck whether C C/ + laawpath .) 1& planar, Ir necessary
change the path I'rom inaide_ to f:;ut;ﬂ_icla or I'rom butzide to inside

%

r < ¢ 4+ newpath >y s plansar t.l*xen_/*"add the newpath to the Plarnar

repirecmentation.
Elee declare it to- be nonplananr, '

RS PR | mt"‘*iﬁlraé plan.ﬁrity algorithm i=m already explained. Stap 2
Is s Follows, | .
R3.21 Formation of ordered adjac&ﬁt:y list
The reason of Finding auch a et ia to get. the paths In a perfact,

ordhiar o that embedding can be done until a nonplanarity is reached.

Becoarie of  GLhis Hstf., the pPaths In one zegment. will be encount.ered at,



a time. Te ind such a st we have  to calculate two values called
LOWETT and LOWEPTETZ, Let., us define these values as

LOWETL @ 1t is Lhe lowest vertex below v reachable by a frond from a

e

llh‘:* N L Sl 'H:i st ol v,

LOWDPTZ : It is the second lowest vertex below v reachable by a frond

From a descendant of v, ) ‘i_
For a complete . graph with five vertices
(l.e H‘f-_-"; » DFS ﬁ?'i'.fl LOWPT Iﬁalﬁe:&-" .'.;1-@{1{&?51'.'fcrllc:wﬁ. I
vertex DFS SN LOWPTi’ :; | .U‘DWPTZ.E{;,
numbyer nmﬁ_ber- numb&r' o nu'!iibéi‘;.-
1 - . 1 Co1
2 2 1 v 2
¢ 5 . Sz
; 4 1 2
3 5 1 2
-. Figure 7
| s

These  values ﬁﬁi‘p:_ j-j e ﬂﬁlﬂﬁlﬁb&d by inserting
statements In . DFS  algorithm I"::n*-.'-.;:icliiffei‘-ent, ﬁm':di{.i:ﬂnﬂn LOWPT wvalues
. depend only on fronds '.i.;,l‘ujﬁi.'é laavingﬂ_xf; ¢l.e.the vertex for which LOWPT

| | |
values Lo be ﬂalﬂulat,ed)....and- d_es:céﬁdanrt. of  v. The Iat.ﬁt._'ement.ﬁ: t.v  be
- added to the DFS alét:rr-it,l:;m ar-é 2% 'ftﬁliﬁiwﬂ.
b

a:  LOWPTiCY) m LOWPT2Cv) = NUMBER(V) ;

b 4f LOWPTH4w)> < LOWPTiC(VY>

10



Chen besin
LOWPTZCv) = min < LOWPTI.{V} » LOWPTZ2dwD J;
LOWPTI(v) = LOWFTI1{w) ; .
alzme 10 LOWPT1I(OwW) = LGWPTi(v} then
LOWPT2<(v) w min ¢ LOWPT2¢v) , LOWPT2Cw) );
elze L(’)WF"I‘I.E.‘{\!; ;- lt1ir1 ( LOWPTZ(v) , LDWETi(w) b H

i NUMBERCw?> < LOWPT1C V)

%3

t.hen begin
LOWPT2Cv) m LOWPTICV) ;

LOWPTI(v)> m» NUMBER(w?

s

g1 |
else if NUMBERCW)Y > LOWPT1C(v)

t.hien LdWF*TE(vZ} m min € LOWPT:‘GCvJ y NUMBERC(w> J;

The output. of the DFS along with these statements is
shown in Flgure 7 for the input graph of Kp}.
/ -

Mrovwe APl values FTor each of the edges are Lo be calculated using

Ghier 1LOWETY values,

’“' 2 K W | | 1f' v == w - ( fr-rﬁnd b
o {2 % LOWPTICw) if v -=> w (tree edge) & LOWPTZ(w) >= V
cod

A L{i}‘fﬁl“*'l“.li'w)"*-i I v ==> wk (Lraao ‘&dg&) & LOWPTZ2(w) < V
e Wooand ¥ f;"-'u':ﬂfgt_;l*:e Df"e‘ﬂ values of the v&:*ticéﬁ_ w and v. Now an

EREYS TRD EERTE BN YR I FS RIS T FYSEL 1_1-:'-:;:‘t..(wit¢h @ value morted Iin the Inareasing  orades s

for b Tormed  which w.ill e the input  for the Hoporoft-Tar jfan

Ak b,

Wht, e Lhee oty 0 ordered adjacency list 2

b bhUinding odgovithm Ct.ov b explained  hext) generaltes  the



patbe. The paths t,i_';x_;ﬁ;' generated are also ordered so t.l':a.t, we can.émhed
Lhean  according to thelr order. Because of L-h"&_ ordered adjacency l.i:.-'gt..
¢ which I= j“‘or-:nrf_:u:-l';-Laking; into cohsideration t.hél LO'W!QT value;a > the
praat.lise A orchiesred.
- G2 Finding Lhé paths
"i‘l.ni:%:'. ls the Yrd step in Hoporoft-Tar Jan’s algnriﬂhm.
To  genemiprate & L;ﬁ:a-t.,l*x we will be #r_gverair:g U':,é- tree edges from the
odeeraed  adiacency Iiﬁ*t. until .-a f'r-crhd is reaahed-.. A Eﬂﬁ@l& frond may
I;a.i:-mi} -:.‘:-:f:-n:;;'t..].Lth.é ;ﬁl path. A path wﬂl EE L&r‘minﬁtéd when a vertex with
DFYS number  lower - than  the. p:::*#éyilauﬂ mr:é_ is  encountered. = The
].‘:re.;hir¥']'1:"il"1t'.iil‘“1{:-‘,‘“ ;a-.igq:wi.tl,‘l*nu .15* .a?..u‘:‘:" f‘c}lls.::wa '_ I
P ATHFINDING ALGBORITHM o
bergin S To ﬁﬁei":&:xﬁate paths 1r1:3.;;b:'lt?.'t::nneﬂted' palm tree with ordered
ad jaenay st AQv), 'Veiﬁt.&x .ﬂ 1s th& ﬂt.ar*i,":"vébtlau of the current.
pat.ly ks |
pracedure PATHFFINDERCY)
for w = Adv) do
17 v D w C(Lree edge) .t.l-‘m'n
h;_:egjitil 'if s = 0 then
. bepin a Im v /;
start:h&w path;
iencl_;_
add (v,wd L:ﬁ current, path ;
PATHFINDERCw) ;
ell‘u;'l..
elve begln /% v —> w (frond)  w/

{ I <« m O {Lhen

l.‘_‘n.;-".'gil'l M

18



ﬁtart'new path;
ol
add (v,w) Lo current path ;
mﬁtput murrent.path I
= ﬂ 0 B
erol;
L O
PATHFINDERC1);
Cend; |
A ¥
The paths thus g&haiﬂat&d haj_v&';éﬂ&?&ral impbftént‘ properties, which
are ﬁlulnu-,-laﬁwl:ﬂt&ﬂl in the f Dllt:r'h-_'ihg lﬂ-n‘lm.as
..].J?'?l'i"iﬂ'l:'?l 4. Let p @ = ....'.;,'* I l:r'a-." a"ééﬁébated pabh If we consider the
fronds which have lfﬂ::rt. been uﬂedinany path W"""ﬂ‘?“'..?fh& firgt edge in p
ls troaversed, Lhen I‘ i the .ltﬁ.wlaéﬂﬁ""";véiﬁtex r&aahai:;im via auch a frond

From any descendant of = If v g ﬂ,“; v o® f, and v’ Hes  on p, then r
iz the lowest vertex vreachable from a descendant ' of v via any frond

Coall frromds from descendants of ‘v are unused when the first edee of

/
s Liraver:sed ).
Lemma 50 et p @0 s ==d f be a generated path. Then £ —3 & is in

¥

they  spaanndng t-.l,'”'l?t?}._ ol p. If p is !’.he fli"ﬁﬂ;‘.'ﬁﬁbh, P I=  a  oyoleg
otherwise p is =simple. If p is not the iriil't_.ial_ path, p contains
erachly Lwo verldees ¢ and 8 ) -.'l_'l"l #ﬂl]llﬂl.‘)l‘l with previously grnerated

Prabiew,
.

. ; . - wmy  § ' me)>" . be two generatod
booeommiey a0 et p (  F, 0™ > 1 ( and P, 2 P
paathee, T Py iz generated before PZ and S is an ancestor of ﬂz,then
I §

1 A

- - - | ) _ o

l.eenuna 7. L, p, @ ® ﬂﬂ)‘f ~and p? : 5 m=> [ be two _generat,ed praths
wit.lhv ey sz sttooant, mud findish vertlices., Let v1 bhe the =mecond verbes

19



%3 4 ]“11 and et v

E

be the second vertex of pz. ‘S_Uppﬁﬂl& p1 is generated

before

5+ vV, ® I and L()WP'I‘Z(vi) < . Then v, * £ and L.oprzw?) { =.

|

Foors Lhe pront o above lmnmaﬂ (1] n‘uay ba refered,

3.3.2.3 Lmbt:*dd[ng t.he pat.hﬂ

Thiz u:mr,uarl_..it.t.lt,..e»ﬂ th&' 4th and 8Lh mt.ep of Hopcroft-Tar jan’s

adg fmit!uu Herae we t:a-ﬂt_. Lhe plarmr'it.y of the bir:cmnet:t.ed component., G

A

by Attempling Lo embed the ipathﬂ(i.e.generated:_.by. -the pathfinder) one

al.. a time in e Pplane, First, 13&1:.]1 will bhe the lnitial cycle Q. This
cyale comnsisls ol a h.&t, Oof Lree ar-ca 1-——-—)\!1---)?2 | — *
. : -..-i ; o 3

-Q—-)vn fallﬂwecl
by a frond v ~—o>f. I"h& vertex -numbering is '-iﬂut:h :'-t,lm't. 1 < v, <

}bha B { v, <- -

**<v_'],N;;}w initial LVI le_ o i- E-mb&dd&d t’:' t.l'm p.lar.m - When (

1

vemoved, O falla into sovﬂrm cmmehted pmpaw,aan&d m&gmentﬁ:

'

Segment, (definit ion) rA aegment. GGHSISLS af‘ a gr-oup of paths. The

stabting vertex ol a a&gmtﬁnt iﬂ a ve:r-t&x on t.h& in:lt.:lal c:yc]e», (. The

}

corder of Lhe path g&nﬁl‘ﬂtlﬂn i& auc:h Lhat. all p.at.hﬁ :ln ohne segment
are generated before paths 11‘1 .-any ather ﬂegment. 'h,iﬁ'.' |
J‘\L..L..ﬁ:l].“‘ﬂ.t.l"lg ‘t_.q the Jurqan.j:;curve theqrem -'-:311:._,:- the paths in one

h, .

segment. must  bhe embedded . calnplétélf ._ ﬁnﬁh&ﬂidﬁ of G 5o while

ﬁ%:'i-':l“;fsrchzling the patha 1 any ;:rn& "bat'h lﬁeﬁu.!t.ﬂin : .:?.t_:-.;:cf.l')nf'lict, tLhen all
Lhe paths Delonging to the same Iﬁ&g?&&ht is to be _t.-l‘?anﬂferml t.o tLiwe
other side o (. '1“1*:&‘-.;.1:31;\:&11{,1:::1& s ag fﬁlit}ﬂﬁ.

The =megment, % iﬁ-mnbédd_e;d__:_i:}t‘u_..,t_,_l_f.::,ﬁ;-:-;'lﬁfb of C}iftha ordent.ation of
aedeam (clockwise in the plane}arnund vi 152'”“ (Vi_i,vi}, Cy 1* W o,
. {fvi.vi‘*_ll The zéuag:mg;n-t i= milb&dde&::'ﬂn: the right _“:lf‘. 't,hé orientation of
edges around v is -Cvi_1,?13,{v1,v1+1),(\f1,w). A 5'_frc;tr'id which enters ¢
lr embedded  on Lhe.l_ left, {f the segment to Wh:l:l.':h 1tl.belmng;ﬂ iz on tLhe

ettt of ¢ If xw.> i a frond which enters ¢ on. the lef't.

¢ Lhe
j
orientation of edees around v is {v 2, Ax,v 0,4y v ) The

3 SERRAS M MO AT R

20



embedding  alfporithm i= given below.
Pprocedure EMBED
begoin A To embed a ordered bloonnected graph 11‘1‘ the plane m_-’
Lo Ko 1o Lhe emp.Ly stack ;
Firsd Lhe Indtial avale C
while m;mm_s;:&g;mént, iz un&xplax&&d_.dn
breagin
initiate search for pat.-h 1nh&xt. segm’gnﬁ S ;
when tree arc v -—-—-—>w is :already mn:aiaema ‘delete entries
on L& R and .blmckm‘"_-hg.;:,'n_:._ Bm:mt.ain:lng :_:ik'a-'jrjt.ic'z;ﬂ no smaller
than v ; . |
leﬁy poos nnﬁ*_ r be "th& f:lr-ﬂt, path fc:unr:l ln S
while position of top hlu::--::k d&t.er ‘mines positlnn &f p do
Leein . .
tle.iéte t.op block I J:-EmB‘;
if block entries corresponds to left

t.hen ::..wit,hh blc:c:k nf‘ ent.:bi&ﬂ fm:m L. t.a R and rr-mn R to L:

/
ir atill an antry 1= lﬂft. t:m the blmr:.k annf.liat.ing 8

t.hen Ll{:‘.‘rL.L?ll""E lumlﬁplanal‘- ;.*
e 1d »
i1 i normal
Uhosny awdd Lamd, HF-E’!'.PL-{&}{ of 1’:3. to L }
Aadel new bmﬂks Lo B corr-em:mndiné t.r:»- P and b-_lncka Jl_j_USt. remaoved
frovn 13
combine top two blocks on B ;
14l
I RTH B

Tl above algorithm uses (wo stacks L and R, Whenever a pat.hy s

o3



embedided T3 R \.'vf:r*t,ﬁ-.‘-}c iz entered in elther t_:if the stacks. In this
algarithim  always stack -1 15 used irst. C)ml:m' all t,.he. paths 1in one
seasment,  GRAay 22;2_1} ) $2 _&mbédded, L. will contain t.h&‘ etjd vertices of ;all_'
t.he paths belonging to 5, < 11"* at. all Llﬁere exigts any such planar
representation ). Now the base vértex of the next. segment S, will be
t::réjl-i1p;31~@::l withh the ..112-:{1&{,1:1@'_ éﬂtaﬂk &hbri&ﬁ:. _A.Jl,l élf..l't.:t*iéﬂ which are
sreater than Lhe l)ﬁﬂé vertex 'li:rf'""-Si 'Will be Idaléted; I"r-nm the stack
because 5, st.arts at Ca lowar | v&r-t.&x and éxt,enda" "dawnwardﬂ So

vertices (of the Iuvmer ::..eg,ment. E“s } whlah ai"-e nmr-e t.h.'an the base

vertexy of ‘,m & 10 More u:ﬂeful

The end wa-rt.ex of t.h& firat path c::f‘ SZ -w‘:ill.“”' be placed on
the stack L A0 "it-,l-li lem:m th:an t.-ha ‘t.c:p entry " ﬁf L Ot.hwr-wlne {t. will
he P laced on E;-L;m:ﬂ-; R. Each t.:lmé.- .a VEPLPX 13' ahanged ‘from left Lo
1;*-.1-:3}1'1'1'.. S OIS RIRT 1) r-i;%*l';t{ 1‘..;:} e "1:..' th&ir- ?'i*-ﬂlmt.it:hn Vill iba " mt.ored in A
sﬂii‘f"‘m.ﬁrnt.. stack, B in terma of a p.ail';- (;.x.v) Wl"lt"&f‘ﬁ‘.* x anc:l y EGPI‘EEpDndE

Lo vertex  numbers o in L and F‘: 031*ta111~ lmpartant. prnpt&rti#ﬂ of

Lprocodare EMBED s l;igt,:a-d in the f‘c}llnwing lammaﬂ. '“ EE
Lemsnac B Path opooovy ) v may ba ﬁcll:l&d LD thﬁ planar embedding - by
piacing it on . H"if?* left Ci‘*ightj t:if' G 1f'-‘ and "‘ ﬂh-.ly no I'rond

RN yprrevinusly pmlm-ddud on the left "”Crfght.) ﬂati$fi&ﬁ VJ‘( Vk'(vl

I- i g

Lasminia . Procedure F‘MHED uns t,t:} "'L*mmpletinn if‘ and c:mly ir O i=

plynor, Otherwine the pvwweduva Madw tawarda m:mplanarity

. ‘1 L : :t o '.: | flu-l:' | : | §
or proof {11 may bE’:' ret el"éd. _" 3 .f-’f:.j F I
AT Ler  atl the abw& ﬂtﬂipﬁ ;a:l.\& l::av-]:*imd wut. plot.  of {,.har

muasdal planar ﬁ;t-ll}gl‘*aph has t.o be t::bt-aimad Theh' the remadning
TSR L poiges " are Lo be added taking into congideration t, lier

At acabheUios, Detalled e:{planatimn“iﬂ iven in the next. chapter.



CHAPTER 4

" RECTILINEAR PLOTTING OF THE PLANAR GRAPH

In this chapter how maximal piaﬁ‘ar-' " subgraph can be
- plotted rédt.iiin&aﬁlﬁ is dlm:umﬁé&. -' Héri‘\'ﬁ . fhlﬂt.{._inig' im done using
h&uriatiﬁ:ﬂ wiLh 't.he. 1nft51*-nlﬁt:ibﬁ. collected fm:;m t.h“_e.-l' . Plﬂnﬂl‘_ﬂ'?l
algorithn. A nimﬁar-t..hy Ilnt ﬁquar-&a 1a uaed t:w&r- whic:h the ..var-tic:ea can
be placed. Th& r't::nvent.im'm is’ aﬂ follﬂws :
Tl"ua- I’t.h square ;rill l::ljl‘lt-l!lil‘l C :Zi-i) !l 4 v&iﬁtiﬂam I
f.ee, 1St ﬂqu;arfé_: —-—-—-—) 4_. v&tt;_ﬂea.
2nd ﬂqt.ia’re —— 12_ var;biaea

' 3rd square ~——> 20 vertices.

o =

In figure 8 above _?Ebticéa can be placed avef_ the positions marked
by ‘'e ’. The unit diﬂbance hetwaah the poﬂitiohhnf’twa vertices lis
called the ’scale’.

1.1. To place the initial cycle G :

From the embedding algorithm we know what. the

23



segments to be placed inside ¢ are ,and which are to be placed
out.side., The =et having more vertices wlll be plotted outside C.
1> Smallext 1 satisfing the two conditions given below will be

select.ed for initial cycle Q.

ot W Nﬂ(the number of vertices on €C 3» = (21-1D> = 4

1-1

a~2 : T <2p-1> « 4 = N o
B ol st .

where N__ . is. the number of vertices in It.ha,__ﬁé_ﬂ of segments to

. v...'llt'.‘.-‘-

be placed inzside ¢ and

p iz the numbef of paths to ba placed inside .
i1> I the 1’th-:c::yc~.leu-. is _chpplggm:__?ft.l-;en-._I;t.hef _s&pm#éibh between t;w:::
vertices will be k times the mam '

N, * k < 'c'zi—n .4

smallest. k satisf ying the abcwﬁ éﬂuatinn will bt takan.
iii> The fivat vexﬁtex will be pla::;e.-d on t.he t.ap laf‘t. corner of the
ith  cycle. The rammmﬁg vartic&ﬂ will l:m blm:md with a gap of

k % scale from t,he f'ir-st ver't.ex :ln t.he clackwiﬂé dir&ctinn

4.2, To pl.m..& f"y-:..lﬁ t‘] fm"- ﬂ&ﬁmaﬁt S !

1

Such a i"J‘}"ElE'_ which is the first path of the segment 51 will be

plotted in the anticlockwise dii‘ﬁfatinl'i. It _.fﬂtaal‘:tﬂ from the iInttial
cycle O (e, :at hase vertex ai‘;d _Lerminﬁtéﬁ_ :?t .a vertex (le. end
vertex 2 whir_:h.'_ is .,'ag,.'ain in CJ. | ";I‘_he rémon I fl‘.‘)l‘ . Igiving t.he paths
;ant,iclm:kwiﬁé di:’?%uthﬁn 1= th:at,.,"_,: the Dﬁhér pat.hﬂ in segment 31 will
e mtapted and f@pminatmi at, vartices whim:hh_'aim more than the end
vertex and leﬁs.'._.tlmalu the base vertex of Gi'; T_ﬁé rest. paths of segment
will be plotted with respect to {11 in the 'ﬂﬁme mannep aé {31 im

plot.ted with respect to initial cycle €. Also the other segsments can

..11

be plotted In the same manner as S x



43 Plot.ting the ':f1'~n11rlﬂ
. A frond has I;:rﬁhly“ht.l"m base varteﬁ. and t.ha and vertex. So the
direction is dependent on other aasthetiﬂﬂ.

All numbers used f'ﬂi‘* '_vertiqaﬂ .in piaﬁﬁrity testing are
DFS numbers dd.e. this I:l::." different. from t.he humhefing used for t'he.
.m«iginal graph 2> . Now the numbers can ba-.fnplaﬂed by their original
value, Different. -bicmnnected cnmpanentﬂ whlch were de»cc;mpcrsecl
previously in L.h.-aupt.er 2 will bﬂ _‘lainad amd plaﬂad t.agat.her ignoring
tlhe nonplanar edgeg < ch.': tn*! add nanplnﬁnr, edges with minimum
crossing will be diﬂhuﬂﬁl&d ir‘n t.he next. chapt.ur.,ﬂ.

Similarly dif‘f er-er:t. caﬁn&ct&d cnmpan&ntm are to be placed

tazetl han O :ﬂt;.r*m..ting t.he | ﬂl‘icihﬂl grnph; Si.lf' lﬂﬁpﬁ which WEs s

deleted at the beginning wil.l be added bac:.k* Th&n autputs for a numbe:

of  inputs are Ehawn _11_':_ t'h& aﬁnhludinc Pﬁtiﬂl. The - addition of

L'S e 'i R
nonplanar edges disau&'aed in. t,he n&x‘b :..h:apt.er-

o
1




CHAPTER

ADD CROSGSINGS

As long :EI}S.' the gr-aph iﬂ 'planar- there is no need to add any
croszingss. CBut. in t.ha case ot nﬂﬁplanar graphﬂ, 'bh& nonplanar edges
are to be added to the nmxinml planar ﬁubgraph of the original graph,

in such a way that. t..he numba-r- ﬁf edg&-m‘*aﬂﬂingﬂ are minimized. The

!‘
~}1+~

edge-crossings are r-apr-asented aaﬂfint—iticlms varticéa
:"F‘i';ﬁm t.he &mb&ddlng algorithm we ocan
conclude ;ﬂbmﬂ;._ the ncmplanar-it& :and the edgm cant.ribut,ing towards
honpl.an.ar-it.y 1::4:1 delet,ing t.he nm*:pianar-r &dgaﬂ fmm the input. graph we
will obtain the ,-maximal planaxj ﬂubgl‘-aph r:rfi ﬂtl.;a cmiginal graph. Ir
order to Know ﬁaw t,he lmnplanar' Vedges ﬂhm.dd bt added with minimun
crossing du.allty :Df‘ the ma,ximal plaﬁar Subgraph iﬂ nar"eqc:.:ar-v
Bafore Iinding tl\e duality we l‘mvé tu:r aanvert the maxima

planar subgraph iint.::r. _a. form: ‘wh&f‘e t..he number r.’tf nested Taces Ars

o . | | i

/ -
: . /

oo o - t
T S

r . - Figure 9 e

minimuam v shown In Flgure 9 ¢ same  graph  though t.he Jeft.  one

A6



_f.“::f.':nr:.i:_.ai1".1;%:: one nested face ),

How  Lhe l,.h..liﬁl;._it.}! finding helps in minimizing the edgn - crossings
ean be explained with t...h&l help. r;f an examplé L BRAY KE‘: (t,l'm.-d completo
sraph with five vertlces } The paths are gﬁﬁérﬁt&a by the patLhfinder
adgorit.hm in. such a t::I"df-:-}l" bhét Wh&l’l- isath _.4 —> 2 1is embedded,

nonplanacrity  will  be indir:.at.ed '_S-a del&ting* 4 _-—-—) 2 the maximal

planar subgraph of K'S will look like Flgur& iﬂ NDW in the graph of

F‘igur& 10

| A ,
Figure 10 one pt::inb will be plad&d TDI" &#&ﬁh f'aﬁa - € including the

external face ) :ant:l some number-ﬂ ‘are asﬁign&d\ b& {.haﬂe points. Thes=ss

will be the vertices for the. dual; z*aph

*1 A S

If Cacel -Elﬁd fa{:ez Qﬂ/ tphﬂ' maximnl piﬂhﬁf‘I‘UbGPE]]}]I Aare  ad jacent

‘3*« '.
"ﬁil' _F':i

then the vertices fi and fz wﬂl be jain&d in t.hez dual graph. In the

Game  manher r}i h@-r- adges will biZjﬂinud ih t.hﬁ dual exraph for  the
1!5,11*‘1*9‘3[:)!:}!'1(111‘}@,‘ adjaaent fac:&a c:f t.h maximal p.lanm:" graph . So for ow

maximal graph of Figura ‘.'lﬂ dl.'lal ﬁ!‘#ph wi.l].f‘j’ lﬂﬂk like figure 1.
£ | F"“’S“Q* -

Flgure 11



Next. our alm iz to add the edge 4 —> 2. Since in the

_h'nmcim.-ﬁl planays graph vertex 4 is adjacent to faces , ,f. .f we can

| 5 6

| ,fB "fﬁ in {the duad

in  the dual graph of

place 4 In the face surrounded by vertices® f‘l

graph. Now 1 will be jolned with £,  ,f oL

1 3 6
Flpure 12 Similarly 2 will be placed and quihéd to f2 ,fg,f Minimum

disttange l.}et,w&ermr 4 and 2 is found outb. ln the graph of Figure 12.
y - —dy |
| _ e

Other cases aps o4 — t‘E--—---—) f 4-—--)2 or 4 ——p £ 1 —_—p £, —> 2 0or 4 >

aan add the crossings

P 1

Fo—m2b, 2 2. 5o in the maximal planar graph  -we

Lo, Out of the sbove cames

between either the f&ﬂéa'fé-_:’j-f:.'fl"

representation of K i com

F-l""
ot

Figurﬁ 13  |
ted fp—> - 2 s conaidered. and the I-;ﬁmupléi_té - graph s shown
Figuice 13, Out.  of _the thr&ﬁ possible ﬂaeﬂéﬁh.j-'-;’_‘"}the cholce of a
particular case 15 dependent on other aesthetics. For further bend

. o,

mtndmtzation {4] may be referred.

2h



Figure given below is an example of

Office Automation’ uging rectilinear layouting.
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