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1. INTRODUCTION AND SUMMARY

Supposo that & comparativo trial involving v treatments has to bo carried out using
# oxperimental units arranged in b blocks.  To choose one out of the many possiblo designa
for such an experiment, the criterion generally adopted in the ‘efficiency factor’ of tho deaign.
This is defined ns a ratio £ = V47 whero V s the averago varianco of the intra-block csimate
of the differenco betweon tho effects of any two treatments for the design under consideration
and Vp that for a Randomised Block design using the samo number of cxperimontal unita,
Vg and 7 being computed on tho assumption that the intra-block crror variance is tho same
in both the cases. The problem that ariscs is this : which ono of tho possiblo designs for
an experiment with v treatments with n experimental units artanged in & blocks has the
bighest efficiency factor 1

Kempthorne (1936) derived an explicit expreasion for tho efficioncy factor of a special
typo of designs—to be called * 1 proper equirepli binary design' in this paper.
A more general expreasion is deduced here which leads to Kempthorna's result as a special
caso. An upper bound for the efficiency factor is derived. A design which attains this uppor
bound is definod to bo ‘most efficient’.

It is shown that in & most efficient design the difference botween the cffects of any
two treatmonts is estimable with tho same procision, and vico-vorsa, As & corollary, it
follows that in the class of propor binary designs, & most efficient design, if it exists, ia neces.
sarily & Balanced Incomplete Block design.

New desicns are sometimes constructed from given proper equireplicate binary
designs by dualiring, that is hy interchanging the role of blocks and trcatments. A simplo
pression is derived ing the efficiency factor of the dual design with that of the
original design, from which an interesting result follows, namely that the efliciency factor
of the dual denign is greater than, equal to, or less than the eflicioncy factor of the
original deeign according as tho number of blocks in tho original design is greater thon,
oqual to, or less than the number of treatments in the original design.

2. A THEOREM ON LINEAR ESTIMATION
1t i3 woll-known {Rao, 1952) that in problems of linear estimation of p
involved linearly in the expectations of uncorrelated random variables with the same variance

o9, the method of lenst squares leads to the algobraicnlly consistont system of normal
equations

90=Q . (20)
whore 0( : 1 Xm) are unknown parameters and Q( : 1 Xm) aro known lincar functiona of tha
given random variables. The disperaion matrix of Q is 0*C.

If € is non-singular, tho solution of (2.1) may be writton as
8=0D . (22)
with the disporsion motrix of § givon by
D)y =o.D . 123)
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whero D = C-?  1{ C is singular, of rank ¢, ¢ < m say, the resulta (2.2} and (2.3) still remain
valid provided D is interpreted aa & pscudo-inverno of C (Rao, 1055\, A particutar
proudo-inverse is

D = I'yl” e (24)

whero T is an orthogonsl matrix and § & diagonal motrix with dingonal clemonts
(3,83, .0 87, 0,0, ..., 0) whers & (¢ = 1,2, ..., ¢} aro tho positive latent roots of C.
This is the case whoro the normal equations (2.1) aro solved by apecifying algebraically
onsistent non.stochaatic values of {m—¢) linearly independont functions of the

We thus get tho following :

Theorem 2.1:  The positive lntent roota of the disperaion mairiz of a solution of the
normal equalions are given by o3}4, rwhere 8. (1 = 1,2, ... ¢) are the positive lolen! vools of the
matriz C.

3. SoME DEFINITIONS

By a ‘design’ we shall und 1 an allocation of v ono on ench of 2
experimentsl units (cu's) arranged in b blocks or groups of cu's, Tho mateix of the form
vxb,

N =({n)) w (A
where nj; denotes the numher of cu’s in the i-th block getting the j-th treatment will bo called
tho ‘incidenco-matrix’ of the design. Tho number of replications of the j-th treatment is
given by

5
= ‘:‘.'.l Ry . (32

and the number of cu's in th i-th block by

(3.3}

Obviously, e (348)
wo shall write R = ding (r), 7y, .o {3.5)
K =diag (k, kg o k) . (36)

and call C=R-NK"N’ e 37)

the ‘coefficicnt matrix’ of the design.

Since each row (or column) of C adds upto zero, the rank of C is at most (v—1). A
design will bo eaill to bo ‘connocted” if the rank of jts coofficiont matrix is (v—1}.

A design will bo said to be a ‘binary’ design if & treatment occurs at most onco in 8
block that ia if n,; takes ono of tho only two possible salucs 1 or 0. For a binary desigh,
the matrix

A= () " (38)
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where A denotes tho numbor of blocks in which treatments j and j' occur together
G #§ =12..,v) and A, =ry will bo said to be the ‘associstion-matrix’ of the design.
Obviously

A=NN. (3.9)

A binary design will bo called ‘singular’ if ita nasociation-matrix is singnlar.

A design in which &y = kg = ... k, holds, will bo said 10 bo & ‘proper’ deign, the com-
won value of the ,'a being donoted by k. A design in which r, =r, =, holds will
bo eaid to be an ‘cquircplieate’ design and the common value of tho ry's will be denoted
by r. A design with k(< v for i =1,2,...,b will bo callod an ‘incomploto block’ design.
A proper equireplicato design will be said to be ‘symmetric’ if b = v.

A proper equireplicato invompleto block dosign in which Ay = A for all j % j* is said
to be a Balanced Incomploto Block (BIB) design.

A design D* will be said to bo tho ‘dual’ of & design D if the incidenco matnx N* of
the design D* is tho transpose of the incidence matrix ¥ of the dosign D, thet is, If N* = N'.
Obviously botween a design and its dual, tho roles of blocks and treatments are moroly
interchangod,

4. THE EFFICIENCY FACTOR OF A BLOCK DESION

Suppose in an experiment with a given connocted design, the total yicld of the j-th
treatment is Ty and that of tho i-th block is B;, Write

T=(T,Ty..Ty)

B =(B,,B,,.... By
and define the ‘adjusted yields' by

Q= T—BKY\'

where K and ¥ are defined in (3.5) and (3.1). Denote the effect of tho j-th treatment by 6;
and write

0= (01- 0:: ey 0,)-
Then under the assumption that block and treatment effocts are additive, the ‘intra-block’
equations for estimating the treatment elects aro given by

0C=2¢ o (1)

where C is tho coefficient matrix of the design defined in (3.7). The dispersion matrix of
Q is known to be C. o* whoro ¢* is the intra-block error.

Lot 0 = (0,8, ..., 8.} donote any particular solution of (4.1). It follows from
section 2 that the solution must satisfy

8, + 0+ ... +8,=0a - (42)

where a is some pre-assignod constant. Lot D.o* = ({d;,-}). * donoto the dispersion-mnatrix
of 8. It follows from (4.2) that

‘i dye =0 forj=1,2, 43)
7=l
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The ‘efficiency factor' E of a connected design is dofined by

200
E= m i - (34
where 1
P= '(TI_)ZHZ var (8,—8;.). e 45)

QObviouly, thereforo,

.
- 3 o ge—2d,50
v(v—1) ‘}. = (dyy+dj. jo —2d,5. )0
= 2 ‘)_fl dot  becauso of (4.3},
Thus P = 72_:'—1 tr D w (18)

where ‘tr' denotes the traco of 8 matrix. Now tho traco of a imatrix is equal to the sarm of
its latent roots.  Using Theorem 2.1 it follows that

_ gt ]
=53 - @)

where 4t = 1,2,...,v—1) are the positivo latent roots of the matrix C. Substituting in
{4.4) we oltain the following.

Theorcm 4.1:  The efficiency faclor E of a connected design is given by

L
E=21 e (48)

where 8 is the harmonic mean of the positive laten! roots of the coefficient malriz of the desiqn.

For & proper equircplicate binary design the coeflicient-matrix is given by

Carl—:_.A . 49

whore I is the identity matrix and A the associntion matrix of tho design. The latent roots
3; of C are connected with tho latent roots ¢ of A by the identity

f=r— i_' =12 .t . (£10)

The dominant latent root of A is rk and will bo denoted by ¢ = rk. If the design is con-
nected all other latent roots of A aro smaller than rk.  Making uso of Theorem 4.1 and the
formuls (4.10) wo got tho following :

Corollary“4.1: (Kempthorne, 1936} : The efficiency factor E of a connected proper
equireplicate binary design ia given by

v-1
(e=1) 1
EBT/Z{ = - (11)
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where @y{t = 1,2, ..., v—1) are the latent roots other than rk of the association matrix of the
design.

If tho design is singular and tho association matrix has zoro latent root of
multiplicity », the efficiency factor can be writton as

1,;=("_’—L_D {:"L+§ ’.kl_#'} v (412)

whore ¢t = 1,2, ..., v—u—1) are the latont roots otber than 0 and rk of tho association
matrix,
5. CIHARACTERIZATION OF MOST EFPICIENT DESIONS

Since tho harmonic mean of & sot uf positive quantitics is nover greater than the
arithmotic mean, it follows that

=1
1 _ 1
1< g‘_ 4=L 0 - (51)
3 . °

But, 10 = "— b/ G, ] . (5.2)

; { ’ ‘Z‘: x-‘} ok
whero m, = Z nf > max ( l',,‘_;g) e {5.3)

J-1

Lot &' be the number of blocks each having loss than v eu's and n’ the total number of cu’s in
blocks each having v or moro eu's. Then

40 € n=bim "7 < nb. e (54)

Summarizing, we got the following:

Thoorem 6.1: The efficiency factor E of any connecied design cannot exceed E, given
by

__ vin=b")—n’ . (5.
Bo=Tm - B3
185
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For an incompleto bluck design &; < ¢ and therefore m; 35 &, and conrequently wo
got the following :

Corullary 5.1t The efficiency fuator £ of uny connecled incomplete block dexign cannot
exceed E, given by

_ vn=b) -
£, = we—1) o (5.6)

Substituting n = bk in (3.8) we got the fullowing:

Curollary 5.2: The efficiency fuctor E of any connected proper incomplele Ulock deaign
cannot excerd E, given by

=1k
Ey= ﬁi‘i e (57)

swhich ia the efficiency factor of a B113 design, if one exicla for these vulues of v and k.

A connected fncomplete block dlesign with efticiency factor E, given in (3.6) witl be
called a "most efficient” dosign.

1f the cquality in (5.4) is to hold, wo must have sy = 1 or 0. 1f the equality in (5.1)
is to hold, tho matrix C must have tho (v—1) positive latent roots all cqual.  Aleo the rows
{or columns) of C each adis to zero. It haa been shown by Roy and Laha (1956) that the
necexsary and sufficient condition for a symmetric matrix € of onler r to have all dingona
elements equal and all off-dingonal elements equal aro that the vector (1, 1, ..., 1) should be
a latent vector correxponding to one of the latent roote and that the other (v—1) latent roota
should be equal. We thus get the fullowing:

Theorem 5.2 : The necessary and sufficient condition for an incomplele block design
to be most efficient ia that the design is binary und its coefficient matrix has all dingonal elements
equal and all off-dingonal elements equal.

It is intcresting 1o noto that & BIB design is most cflicient, but that Theoren 5.2
docs not imply that a most efficient design is necessarily & BIB. However, if we reatrict
oursclves to proper incompleto block designs, the cocfficiont-matrix reduces to the form

C=R- A

of which tho diagonal clementaaro ¢ = ri{l—1/k)

snd tho off-diugonal clements aro  ¢j;. =— '_‘1'. .

From Theorem 5.2: wo now derivo the following corollary

Corollary 5.2.1 : In the cluss of proper incomplete block deaigns a most cfficient design
(if it exista) is mecessarily a BIB.

Another immediato corvllary from Thoorem 3.2 iy the following.
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Corullary 5.2.2: The necensary nnd sufficient condition for @ binury desiyn to be most
efficient ia that the least aquares eatimate of the difference between the effecta of uny tno treatments
kas the same varinnce.

0. THE EFFICIENCY FACTOR OF TIE DUAL OF A OIVEN DESIGN

In this section we shall bo concerned with proper equireplicate binary designs only.
Consider onc such design D invi:l\'ing vtreatments in b blocks each of k cu’s with cach treatment
replicated  times.  Let N denote its incidenco matrix and A = NN” its association matrix,
The efficiency factor E for this design is given by formula (4.12). The dual of thin design,
D* involves v® = b treatmenta in * = v blocks, cach of k* = r cu's each treatment is repli.
catel 0= & cs. The associstion matrix of D® is given by A® = NN’ and tho

cfficiency factor £ by
u* <
= -‘- / {,o‘o z oY

where u® i¢ the number of zero latent roota of A® and ¢+'s are the latent roota other than 0
and rk of A®.

e {81)

Now, the non-zcro latent roots of A and A® ere identical and therefore equating
tho order of tho matrix A® to the total number of its latent roots, we get

u* =b—viu.

On substituting these values in (5.1) we get

o-u=1
-1 b—viu 1
£ = 'L { b +S._“.‘; vk—é.}' . (82)

Using (6.2) and (4.12) we derive the following.

Theorem 6.1: If E is the efficiency fuctor of a proper equireplicate binary design
involving v treatments in b Ylocka each of k ew's then the efficiency factor E* of the dual design
is given by

po . W—DE_
T T oEFw=1) 63)
Sinco £ never exceeds unity, wo conclude that
E* ; E according as b ; v. w (8.4)
< <

New designs have somctimes been constructed by dualising well-known designs.
The Linked Block (LB) designa obtained by Youden {1951) by dualising BIB designa
have been thoroughly investigated by Roy and Laha (1056a) who have found that most of tho
LB designs with r, k & 10 have efficiency factor of the order of §0 porcent. The high
efficicncy of the LB designa iu duo to tho fact that in a BIB design & 2 v, 80 that from
{0.4) it follows that the efficiency factor of a LB design must be at least ag great as” that of
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the BIB design from which it is dualised. Ramakrishnan (1958) obtained & new class of
designa by dualising 8 number of tw iate PBID designs with k % 2. The efficiency
factor of these designs can bo obtained from formula (6.3).

In gencral, the overall analysis of variance of the dusl of any well-known design
can be easily carricd out by the ‘P-method’ suggeatod by Reo (1956). Howover, it bicomes
somewhat cumbersomo to compute the variance of different comparisons of the type 0‘—0,_
Tho une of an averago variance P definad by (4.6) has somotimes ren recommended. It
is enny to see that I for the dual of & design with efficiency factor E and involving v treatmenta
in 8 blocka each of & eu's with each treatment replicated r times ia given by

- 20%tb=v)E+(v—1))
4 —LHE—T)E— . (65)

o being the intra-block ecror.  This can thereforo be very easily obtained.
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